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Photographic reports from conferences must be arranged in ZIP files layed out
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We regret we are unfortunately not able to accept submissions in other for-
mats, or indeed submission not strictly adhering to the page and font layout
set out in beatcs.cls. We shall also not be able to include contributions not
typeset at camera-ready quality.

The details can be found at http://www.eatcs.org/bulletin, including
class files, their documentation, and guidelines to deal with things such as
pictures and overfull boxes. When in doubt, email bulletin@eatcs.org.
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about submitted technical contributions will normally be made in 6/8 weeks.
Accepted papers will appear in print as soon as possible thereafter.

The Editor welcomes proposals for surveys, tutorials, and thematic issues of
the Bulletin dedicated to currently hot topics, as well as suggestions for new
regular sections.

The EATCS home page is http://www.eatcs.org
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3

Letter from the President

Dear EATCS members,

first of all let me report you that the
round of Council elections has just taken
place and we are glad to give our greetings
to the ten Council members that have been
elected for the term 2007-2009. You may
see the result of elections in this issue
of the Bulletin. I would like to express
my thanks to all the candidates and in
particular to the six old members that have
been reconfirmed and to the four members
(Krzysztof Apt, Pierre-Louis Curien, Fedor
Fomin, and Madhavan Mukund) that have been
elected for the first time. We have
several important issues to tackle and I am
sure that the new members will bring new
ideas and strong contributions. At the
same time I would like to give a special
thank to Grzegorz Rozenberg who is leaving
our Council after having served for many
years and after having given so many
important contributions to the life of the
Association, both as President, and as
Bulletin Editor, Monograph Series Editor,
and in uncountably many other ways. EATCS
is deeply indebted with him and I hope
EATCS can always count on his advice and
support. I am sure you all share my
feelings.

Another successful ICALP has been held this
year. As you know, this year ICALP has
been co-located with various important
logic conferences (LICS, PPDP, and Logic
Colloquium). Altogether ten Satellite
Workshops have also taken place, giving
rise to a memorable scientific event. I
wish again to thank all the organizers in
Wroclaw and in particular Jerzy
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Marcinkowski and Thomas Jurdzinski for
their excellent work.

During ICALP the Council and the General
Assembly have taken place as usual.
Several items have been addressed,
regarding all aspects of the life of our
Association: organization of future ICALP,
publications, awards. Many decisions have
been taken but several issues still need
more in depth discussions. You can find
the report on the General Assembly in this
Bulletin.

In the meantime, in Reykjavik, Luca Aceto,
Magnus Halldorson, Anna Ingolsfdottir are
working hard for the organization of the
35th International Colloquium on Automata,
Languages and Programming. Please look at
the web site http://www.ru.is/icalp08/ and
be prepared to submit your best papers by
February 10, 2008. Also the deadline for
submitting Workshop proposals is still
open. It will close on October 31, 2007.

Finally let me remind you that the Call for
nominations for the Joint SIGACT-EATCs
Goedel Prize is open.This year the Goedel
Prize will be awarded during ICALP 2008 in
Reykjavik. The Chairman of the Committee
is Volker Diekert. Also the Call for
Nomination for the EATCS Award is open.
The Chairman of the Committee is David
Peleg. Both Calls appear in this issue of
the Bulletin (and of course in the EATCS
web site).

Giorgio Ausiello, Roma
October 2007
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Letter from the Bulletin Editor

Dear Reader,

Welcome to the October 2007 issue of the
Bulletin of the EATCS. As usual for October issues,
this volume contains reports from the annual EATCS
gathering at ICALP. As you will know, the EATCS
Distinguished Achievements Award has been presented
to Dana Scott. Although we cannot report Dana’s
acceptance speech, we publish a transcript of the
laudatio, prepared by the Award Committee on the
basis of the nomination letters they received. The
scientific reportage from ICALP is completed by
Manfred Kudlek’s report �as thorough as always�
including the customary barrage of photographs,
which you will find in the reports section.
Regarding EATCS businesses, the President’s report
on the Annual General Assembly appears in the
‘EATCS Matters’ section.

Looking beyond reporting, the scientific contents
of this issue is �I hope� as interesting as ever,
presenting a blend of original contributions and
some beautiful surveys. In particular, I would
like to draw your attention on Ulrik Kohlenbach’s
piece on the computational contents of mathematical
proofs and on Luca Cardelli’s paper on machines for
systems biology.

In concluding, I would like to take a second to
reflect on the much premature and shocking death of
our colleague Nadia Busi. Roberto Gorrieri has
prepared a beautiful In Memoriam, which I refer you
to.

Enjoy

Vladimiro Sassone, Southampton
October 2007
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ICALP 2007
REPORT ON THE EATCS GENERAL ASSEMBLY 2007

The 2007 General Assembly (GA) of EATCS took place on Tuesday, July 10th,
2007, in Wroclav, at the Institute of Computer Science of the University, site of
ICALP 2007. The President Giorgio Ausiello opened the GA at 17:00.

The agenda consisted of the following items.

REPORT OF THE EATCS PRESIDENT. The President reported briefly on
the EATCS activities between ICALP 2006 and ICALP 2007. He referred to the
more detailed report posted a couple of weeks before the GA on the EATCS web
page at www.eatcs.org. Giorgio Ausiello explicitly mentioned and emphasized
several items. First of all, some figures concerning the status of EATCS mem-
bership were given, followed by an overview of financial matters. Currently the
EATCS members are 882, with a slight decrease with respect to the previous year.
The President reminds all members to renew their membership as soon as it ex-
pires. The membership status can be checked through the EATCS web site. The
financial situation of EATCS is stable. In the future some financial benefits are
expected due to the decision to print and send paper copies of the Bulletin only
to members explicitly asking for hardcopies. The money that will be saved in
this way will be used for other initiatives that the Council is currently consider-
ing. During the period of the report 10 major scientific events took place under
the auspicies of EATCS. Besides EATCS has contributed to a variety of awards,
namely, beside the EATCS Award 2007 that has been assigned to Professor Dana
Scott for his fundamental contributions to the theory of computing, EATCS has
contributed to assigning the Goedel Prize and Best Paper Awards at major con-
ferences in theoretical computer science (ICALP, ETAPS, ESA). Finally, through
an agreement between the ACM Symposium on Principles of Distributed Systems
(PODC) and the EATCS Symposium on Distributed Computing (DISC), SIGACT
and EATCS will also cooperate in awarding the Dijkstra Prize in Distributed Com-
puting, The President reported on the composition of the award committees for
2008. For the EATCS Award Emo Welzl has been appointed to replace Wolf-
gang Thomas (whose three years term has expired). Emo Welzl will supplement
Catuscia Palamidessi and David Peleg (who will chair the Committee). For the
Goedel Prize Jean-Pierre Jouannaud has been appointed to replace Paul Vitanyi
(whose three years term has expired). In 2008 the Committee will be chaired by
Volker Diekert and the award ceremony will take place at ICALP. Subsequently
the President reported on EATCS publications, again referring to the annual report
for details. In the EATCS Texts and Monographs series, a total of three volumes
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have been published in the last year. The Bulletin continues to be the flagship of
EATCS publications. Posting it in the EATCS web pages for open access has been
an important contribution of our association to the theoretical computer science
community.

COUNCIL ELECTIONS. The President reminded that 2007 is an election
year: ten members of the Council have finished their term and ten new members
have to be elected. The members whose term has expired are: Josep Diaz, ZoltĞn
Esik, Jean-Pierre Jouannaud, Juhani KarhumŁki, David Peleg, Grzegorz Rozen-
berg, Branislav Rovan, Andrzej Tarlecki, Gerhard Woeginger, Uri Zwick. Subse-
quently the list of nominations received by the President for the future elections
has been presented to the GA and integrated with further nominations. In con-
clusion the GA approved the following list of candidates: Noga Alon, Krzysztof
Apt, Hagit Attiya, Yossi Azar, Gerth Brodal, Luis Caires, Pierre-Louis Curien,
Xiaotie Deng, Josep Diaz, ZoltĞn Esik, Fedor Fomin, Pierre Fraigniaud, Juhani
KarhumŁki, Yoshiki Kinoshita, Rastislav Kralovic, Yassine Lakhnecht, Madha-
van Mukund, David Peleg, Andrzej Tarlecki, Jiri Wiedermann, Gerhard Woegin-
ger, Moti Yung. Before elections the President will check that all nominees indeed
accept being candidates. The electronic ballot will be held during the month of
September. Before closing this item in the Agenda the President reported that the
Council has discussed about the possibility that in future Council election the can-
didates formulate a short statement that synthetically expresses the objectives they
would like to pursue, if elected. The Council will investigate this issue further.

REPORT ON ICALP 2007. First of all Jerzy Marcinkowski (Institute of Com-
puter Science, University of Wroclaw) presented a report on the organization of
ICALP 2007 on behalf of the Organizing Committee. The scientific program was
divided in three tracks: Track A Ñ Algorithms, Automata, Complexity and Games
(PC Chair Lars Arge, University of Aarhus, Denmark, Track B - Logic, Seman-
tics, and Theory of Programming (PC Chair Andrzej Tarlecki, Warsaw Univer-
sity, Poland, Track C - Security and Cryptography Foundations (PC Chair Chris-
tian Cachin, IBM Zurich Research Laboratory, Switzerland. ICALP 2007 was
co-located with LICS 2007, LC 2007, and PPDP 2007. The following satel-
lite workshops were organized: Cryptography for Ad-hoc Networks (WCAN),
Foundations of Computer Security and Automated Reasoning for Security Proto-
col Analysis (FCS-ARSPA), Group-Oriented Cryptographic Protocols (GOCP),
Structural Operational Semantics (SOS), Probabilistic Automata and Probabilis-
tic Logics (PAuL), Theory of Randomized Search Heuristics (TRSH), Develop-
ment of Computational Models (DCM), Logic and Computational Complexity
(LCC), Traced Monoidal Categories, Network Algebras, and Applications (TM-
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CNAA), Algorithmic Aspects of Wireless Sensor Networks (ALGOSENSORS).
The GA expressed its appreciation for the excellent organization of ICALP 2007,
of ICALP Workshops and of all other co-located events. Subsequently the three
ICALP PC Chairs, Lars Arge, Andrzej Tarlecki, and Christian Cachin presented
their reports containing statistics of the three tracks. Overall 242 papers were
submitted at ICALP 2007 (149, 59, 34 respectively for the three tracks); 76 were
accepted. Details can be found in this issue of the Bulletin in the usual report
contributed by Manfred Kudlek. Again the GA expressed its appreciation for the
excellent work done by the Program Committees. Giorgio Ausiello continued
the tradition to present the ICALP organizers Jerzy Marcinkowski and Thomas
Jurdzinski with small gifts, thanking them for their efforts.

REPORT ON ICALP 2008. M. Mousavi, Workshop Chair of ICALP 2008 re-
ported on the organization of ICALP 2008 in Reykjavik, Iceland, on behalf of
himself and of the team of organizers (consisting of Luca Aceto, Magnus Hall-
dorson, Anna Ingolsfdottir). ICALP 2008 will be organized in three tracks. The
traditional tracks A and B will be respectively chaired by Leslie Ann Goldberg and
by Igor Walukiewicz. Track C will be again devoted to Security and Cryptography
Foundations and will be chaired by Ivan Damgaard. After presenting logistic and
organizational aspects of ICALP 2008 Mousavi reminded that the Call for Papers
was ready and had been posted in the web pages of the Conference. Paper copies
were available at ICALP 2007 for all interested participants. The GA thanked
Mousavi and the whole group from Reykjavik for their organizational efforts.

VENUE OF ICALP 2009. Giorgio Ausiello announced that for the organi-
zation of ICALP 2009 two bids had been formulated, the first one by Catuscia
Palamidessi and Jean-Pierre Jouannaud (Ecole Polytechnique, Paris), the second
one by Paul Spirakis (CTI, Patras) and Elias Koutsoupias (U. of Athens). Subse-
quently the bid from Paris has been postponed to 2010 and therefore, at the time
of GA, the only valid proposal for 2009 was the one put forward by Patras and
Athens. No other proposal was brought up by those present at GA. On invitation
from the President, Paul Spirakis illustrated the proposal. At the end the President
thanked Spirakis for his presentation and asked the Assembly to vote. Although
the precise location was not decided yet (Rhodes being one option) the GA unani-
mously approved that in 2009 ICALP will be organized in Greece, jointly by CTI
and University of Athens. Before concluding this item in the Agenda, the Presi-
dent started a brief discussion on future ICALP conferences. First of all, in view
of the limited number of papers submitted to Track C in 2007 Giorgio Ausiello
reported that the Council is considering the opportunity to identify new topics for
Track C, possibly starting with ICALP 2009. In second place, Giorgio Ausiello
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reminded that both STOC and FOCS, the two main US conferences in theoretical
computer science, have been held once in Europe and suggested to explore the
possibility to bring ICALP once to North America in the next few years, possibly
in connection with the opportunity to co-locate ICALP with LICS. Also this issue
will be investigated further by the Council.

EU RESEARCH MATTERS. The President invited Paul Spirakis to report
about recent developments in EU research and about the initiatives taken to im-
prove EATCS visibility toward the EU Commission. At the end of the report the
President thanked Paul Spirakis for his presentation. The President announced
that the slides of SpirakisÕ report would have been posted in the ÔEU MattersÕ
Section of EATCS web site and reminded to the Assembly that such new section
of the EATCS web site is devoted to reports and news regarding EU research and
may be entered only by EATCS members.

SPECIALS. At this point Giorgio Ausiello gave the floor to Manfred Kudlek
who illustrated the statistics of the authors who published repeatedly at ICALP
and presented the special EATCS badge to those having reached 5 or more full
papers at ICALP. By traditionKudlek also presented the EATCS badges to the
Editors of ICALP 2007 Proceedings.

At 18:30, since no other matter had to be addressed, the President thanked all
present and closed the 2007 General Assembly of EATCS.

Giorgio Ausiello
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T EATCS A 2007
L  P D S

       C  10 J 2007W

Dear Professor Scott, dear Dana, dear Mrs. Scott,

dear colleagues and friends,

as stated in the announcements of EATCS, the EATCS Award is awarded an-
nually, to honor scientists for extensive and widely recognised contributions to
theoretical computer science over a life long scientific career.

After a careful consideration of the nominations for 2007, the award commit-
tee and the council of EATCS have decided in unanimous votes to honor

P D S

with the EATCS award 2007, in recognition of his deep and influential achieve-
ments and his lasting merits to our field. And — as the president of EATCS
mentioned in one of the letters exchanged on the matter — it is a privilege for
EATCS to grant its award to this outstanding scientist.

As chairman of the 2007 award committee, I will try to say some very short
words about Dana’s work, which is not so easy due to the enormous spectrum
of subjects to which he has contributed, often far beyond theoretical computer
science. In fact, the first steps of his career were in mathematical logic, with his
PhD thesis work in Princeton on “Convergent Sequences of Complete Theories”
under the supervision of Alonzo Church.

Soon after his PhD in 1958 we see his first contribution to computer science,
when he wrote a celebrated paper with Michael Rabin, a colleague from Princeton,
entitled “Finite Automata and Their Decision Problems.” This paper introduced
the idea of nondeterministic machines to automata theory. It belongs to the funda-
mentals of computation theory as taught today to every computer science student
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— a pioneering work which earned Rabin and Scott also the 1976 ACM Turing
Award.

Dana Scott took up his first posts as instructor and professor of mathematics
and logic at Chicago, the University of California, Berkeley, and Stanford. At that
time he worked on a great variety of problems in set theory and model theory,
producing for instance a new and very elegant proof of the independence of the
continuum hypothesis. After some time again in Princeton he finally came to
Europe in 1972, when he took up the post of Professor of Mathematical Logic at
the University of Oxford which he held for nine years. By coincidence or not —
I do not know — this move to Europe came with a breakthrough he achieved in
theoretical computer science.

In Oxford, Dana developed in cooperation with Christopher Strachey a mathe-
matical foundation to the denotational semantics of programming languages, also
known as the Scott-Strachey approach to semantics. This work constitutes one
of the most influential pieces of work in theoretical computer science, and can be
regarded as founding one of the major schools of computer science. Dana’s major
contribution is his development of domain theory that allows programs involv-
ing recursive functions and complex control constructs to be given a denotational
semantics. Additionally he provided a foundation for the understanding of infini-
tary and continuous information through domain theory. The impact of this work
was enormous: for instance, Milner developed the Stanford LCF based on a logic
developed by Scott.

Let me add a remark from a more historical perspective. In the 1930’s, the
work of mathematicians such as Gödel, Turing, Tarski, and Church had profound
consequences on Mathematical Logic and gave origin to Computability Theory.
Dana Scott is among the top researchers who carried that mathematical tradi-
tion into Computer Science. Denotational semantics is the natural evolution of
Tarskian (compositional) semantics for logical languages into the realm of pro-
gramming languages, and Domain Theory provides the needed semantic objects.
In particular, effectively-given domains (and Information Systems) extend the no-
tion of computability well beyond natural numbers and strings.

In 1981, Dana went to Carnegie Mellon University to become Hillman Profes-
sor of Computer Science, Mathematical Logic, and Philosophy. His more recent
work has further advanced the foundations of denotational semantics in two direc-
tions: Synthetic Domain Theory (a way to view domains as sets in a non-standard
set theory) and Equilogical Spaces, which represent a natural extension of do-
mains.

Dana Scott has obtained further fundamental results also in Set Theory, Model
Theory, Modal Logic, Topology, Category Theory, and Realizability, a range
much too vast to be discussed here. Let me mention only one aspect: His work on
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constructive mathematics, and also his lucid expositions of the work of others, had
a great influence on the uses non-classical logics in computing — for example, in
constructive reasoning, modal logics for concurrency, and propositions-as-types.
He made a whole generation see the potential of non-standard logics, an idea as
revolutionary as the one of non-standard geometries had been.

His brilliant and masterful style of writing is a standard that is guiding — or
should be guiding — researchers in computer science and mathematics.

In summary, Dana Scott’s research career has been characterized by a con-
cern for elucidating fundamental concepts, with a focus on mathematically hard
problems that bear on these concepts. His influence in forming mathematical
foundations for Computer Science is now visible over a period of over 40 years.
The European research community of Theoretical Computer Science owes a lot
to his thoughts and is flourishing while pursuing the directions he started.
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T EATCS A 2008

C  N

EATCS annually honors a respected scientist from our community with the pres-
tigiousEATCS D A A. The award is given
to acknowledge extensive and widely recognized contributions to theoretical com-
puter science over a life long scientific career.

For the EATCS Award 2008, candidates may be nominated to the Awards Com-
mittee. Nominations must include supporting justification and will be kept strictly
confidential. The deadline for nominations is:December 1, 2007.

Nominations and supporting data should be sent to the chairman of the EATCS
Awards Committee:

Professor David Peleg
Department of Computer Science and Applied Mathematics
The Weizmann Institute of Science
Rehovot 76100
Israel

Email: david.peleg@weizmann.ac.il

Previous recipients of the EATCS Award are

R.M. Karp (2000) C. Böhm (2001)
M. Nivat (2002) G. Rozenberg (2003)
A. Salomaa (2004) R. Milner (2005)
M. Paterson (2006) D.S. Scott (2007)

The next award is to be presented during ICALP’2008 in Reykjavik.
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G̈ P 2008

C  N

deadline:J 31, 2008.

The Gödel Prize for outstanding papers in the area of theoretical computer sci-
ence is sponsored jointly by the European Association for Theoretical Computer
Science (EATCS) and the Association for Computing Machinery Special Interest
Group on Algorithms and Computation Theory (ACM-SIGACT). This award is
presented annually, with the presentation taking place alternately at the Interna-
tional Colloquium on Automata, Languages, and Programming (ICALP) and the
ACM Symposium on Theory of Computing (STOC). The sixteenth presentation
will take place during ICALP 2008, Reykjavik, Iceland, July 6 to 13, 2008. The
Prize is named in honor of Kurt Gödel in recognition of his major contributions
to mathematical logic and of his interest, discovered in a letter he wrote to John
von Neumann shortly before Neumann’s death, in what has become the famous
“P versus NP” question. The Prize includes an award of $ 5.000 (USD).

AWARD COMMITTEE: The winner of the Prize is selected by a committee
of six members. The EATCS President and the SIGACT Chair each appoint three
members to the committee, to serve staggered three-year terms. The committee
is chaired alternately by representatives of EATCS and SIGACT, with the 2008
Chair (Volker Diekert) being a EATCS representative.

The 2008 Award Committee consists of Volker Diekert (Universität Stuttgart),
Shafi Goldwasser (MIT and Weizmann Institute), Johan Håstad (KTH Stock-
holm), Jean-Pierre Jouannaud (École Polytechnique and Université Paris-Sud),
Christos Papadimitriou (UC Berkeley), and Colin Stirling (University of Edin-
burgh).

ELIGIBILITY: (The last change of rules goes back to the 2005 Prize.) Any
research paper or series of papers by a single author or by a team of authors is
deemed eligible if the paper was published in a recognized refereed journal be-
fore nomination but the main results were not published (in either preliminary
or final form) in a journal or conference proceedings before 1994. Hence, ifJP
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(respectivelyCP) is the journal publication date (respectively the conference pro-
ceedings date) of a nominated paper, and ifn denotes the year of the next Award
(heren = 2008) then the following constraints should be respected:

JP≤ (January 31,n) and min(JP,CP) ≥ (January 1, (n− 13))

Here, choosingn−13 is meant as a recognition of the fact that the value of funda-
mental work cannot always be immediately assessed, andCP is taken into account
because a conference publication often is the most effective means of bringing new
results to the attention of the community.

The research work nominated for the award should be in the area of theo-
retical computer science. The term “theoretical computer science” is meant to
encompass, but is not restricted to, those areas covered by ICALP and STOC.
Nominations are encouraged from the broadest spectrum of the theoretical com-
puter science community so as to ensure that potential award-winning papers are
not overlooked. The Award Committee shall have the ultimate authority to decide
whether a particular paper is eligible for the Prize.

NOMINATIONS: Nominations for the award should be submitted to the Award
Committee Chair at the following address:

Volker Diekert
Institute of Formal Methods in Computer Science
Universität Stuttgart
Universitätsstraße 38
70569 Stuttgart, Germany
email: diekert@informatik.uni-stuttgart.de
tel: ++49 711 7816329
fax: ++49 711 7816310

To be considered, nominations for the 2008 prize must be received by January
31, 2008. Nominations may be made by any member of the scientific commu-
nity. A nomination should contain a brief summary of the technical content of the
paper(s) and a brief explanation of its significance. A copy of the research paper
or papers should accompany the nomination. The nomination must state the date
and venue of the first conference publication or state that no such publication has
occurred. If at all possible, we request that the nomination letter and nominated
paper(s) be transmitted via email.

The work may be in any language. However, if it is not in English, a more
extended summary written in English should be enclosed. Additional recommen-
dations in favor of the nominated work may also be enclosed. To be considered
for the award, the paper or series of papers must be recommended by at least
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two individuals, either in the form of two distinct nominations or one nomination
including recommendations from two different people.

Those intending to submit a nomination are encouraged to contact the Award
Committee Chair by email well in advance. The “Subject” line of all related
messages should begin with “Goedel08.”

SELECTION PROCESS: Although the Award Committee is encouraged to
consult with the theoretical computer science community at large, the Award
Committee is solely responsible for the selection of the winner of the award. The
prize may be shared by more than one paper or series of papers, and the Award
Committee reserves the right to declare no winner at all. All matters relating to
the selection process that are not specified here are left to the discretion of the
Award Committee.

PAST WINNERS:

2007: A A. R  S R, “Natural Proofs,”Journal of
Computer and System Sciences,55 (1997), 24–35.

2006: M A, N K,  N S, “PRIMES is in P,”
Annals of Mathematics,160(2004), 1–13.

2005: N A, Y M  M S, “The space complexity of
approximating the frequency moments,”Journal of Computer and System
Sciences,58 (1999), 137–147.

2004: M H  N S, “The Topological Structure of Asyn-
chronous Computation,”Journal of the ACM,46 (1999), 858–923.

M S  F Z, “Wait-Freek-Set Agreement Is Im-
possible: The Topology of Public Knowledge,”SIAM Journal of Comput-
ing, 29 (2000), 1449–1483.

2003: Y F  R S, “A Decision Theoretic Generalization
of On-Line Learning and an Application to Boosting,”Journal of Computer
and System Sciences55 (1997), 119–139.

2002: G́ S́, “L(A) =L(B)? Decidability results from complete
formal systems,”Theoretical Computer Science251(2001), 1–166.

2001: U F, SG, L́́ L́, S S, M
S, “Interactive proofs and the hardness of approximating cliques,”
Journal of the ACM43 (1996), 268–292.

S A  S S, “Probabilistic checking of proofs: a
new characterization of NP,”Journal of the ACM45 (1998), 70–122.

S A, C L, R M, M S, 
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N B
(1968 – 2007)

Nadia Busi passed away, unexpectedly, on September 5, after a brief illness, at
the age of 39. She leaves a 5-year old son, Luca, and many friends and colleagues
in deep sadness.

Nadia studied first in Bologna (Master in Computer Science in 1993), then in
Siena (PhD in Logic and Theoretical Computer Science in 1997). In 1998 she
received the annual EATCS (Italian Chapter) prize for the best Italian PhD thesis
for her doctoral dissertation “Petri Nets with Inhibitor and Read Arcs: Seman-
tics, Analysis and Application to Process Calculi”. In 1997 she was appointed as
an assistant professor at the University of Bologna, and in 2001 she became an
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associate professor at the same university.
It is usually difficult to draw a picture of the scientific contribution of a person,

especially when the person is so young. This is even more true for me since, as her
PhD thesis advisor, I run the risk of not being objective in setting her contributions
in the right light. Nadia’s main interest was the study of expressiveness problems
in concurrency theory, also developing novel proof techniques to do this. She
started in her PhD thesis by singling out a particular subclass of Petri nets with in-
hibitor arcs (a Turing-complete formalism), called primitive nets, for which some
interesting properties are decidable. She showed that it was possible to map an
interesting fragment of the pi-calculus on primitive nets, hence proving that such
a fragment enjoys the same decidability results of primitive nets. In her thesis, in
joint work with Gianluigi Zavattaro (who co-authored most of her papers on ex-
pressiveness), she also provided a proof that a core process calculus, built around
the coordination primitives of Linda, is Turing-complete or not depending on the
actual definition of the output operation (synchronous vs asynchronous). Starting
from that basic experiment, she then studied several calculi, many of which in-
spired by coordination languages (with shared data space, with publish/subscribe
mechanisms, or with event-driven mechanisms), for which she offered, in a series
of papers, a thorough study of their relative expressive power. A common theme
in these studies was the use of Petri nets (or well-structured transition systems)
semantics for such calculi as a medium to prove different decidability and unde-
cidability results. It is indeed a pity that such a long series of papers was not
complemented with a comprehensive overview for easy access to the interested
scholar. Nadia also developed deep foundational work in studying the relative ex-
pressive power of recursion, replication and iteration in basic process calculi, as
well as some work on the expressiveness of fragments of the ambient calculus. In
joint work with Michele Pinna, she also studied some aspects of Petri nets with
read and inhibitor arcs, e.g., providing this class of nets with a truly concurrent
semantics. Some of her secondary interests included service-oriented computing,
security and stochastic Petri nets.

More recently, she was quite fascinated with bio-inspired models of computa-
tion, both coming from process calculi (such as Cardelli’s brane calculi) or from
automata theory (such as Paun’s P systems). She developed new classes of mod-
els, such as Genetic P systems (in joint work with Claudio Zandron), as well as
foundational studies on decidability properties of other well-known formalisms
(e.g., brane calculi). This line of research was the one that most excited Nadia’s
interest in the last year of her life. She talked to me about her deep interest in
such problems, and I was astonished by her ability to connect different aspects
of different formalisms in terms of their relative expressive power. But, all of a
sudden, silence: an irreparable loss.

Roberto Gorrieri
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R   J C

K. Makino(Tokyo Univ.)

EATCS-JP/LA Workshop on TCS

Theseventh EATCS/LA Workshop on Theoretical Computer Sciencewill be held
at Research Institute of Mathematical Sciences, Kyoto Univ., January 28∼ 30,
2008. The workshop will be jointly organized withLA, Japanese association of
theoretical computer scientists. Its purpose is to give a place for discussing topics
on all aspects of theoretical computer science.

A formal call for papers will be announced at our web page early November,
and a program will be announce early January, where we are also planning to
announce a program in the next issue of the Bulletin. Please check our web page
around from time to time. If you happen to stay in Japan around that period, it
is worth attending. No registration is necessary for just listening to the talks; you
can freely come into the conference room. (Contact us by the end of November
if you are considering to present a paper.) Please visit Kyoto in its most beautiful
time of the year !

6th EATCS-JP/LA Presentation Award

The sixth EATCS/LA Workshop on Theoretical Computer Science was held at
Research Institute of Mathematical Sciences, Kyoto Univ., January 29∼ 31, 2007.
Mr. Keita Xagawa (Tokyo Inst. of Tech.) who presented the following paper,
was selected as the 6th EATCS/LA Presentation Award.

A lattice-based cryptosystem and proof of knowldge on its secret key
by K. Xagawa, A. Kawachi, K. Tanaka (Tokyo Inst. of Tech.)

The award was given to him at the Summer LA Symposium held in August
2007.Congratulations!Please check our web page for the detail information and
the list of presented papers.

On TCS Related Activities in Japan:

TGCOMP Meetings, January∼ June, 2007

The IEICE, Institute for Electronics, Information and Communication Engineers
of Japan, has a technical committee calledTGCOMP, Technical Group on foun-
dation of COMPuting. During January∼ June of 2007,TGCOMPorganized 4
meetings and 43 papers (including two tutorials) were presented there. Topics
presented are, very roughly, classified as follows.
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Algorithm: On Graphs (12)
Algorithm: On Strings (6)
Algorithm: On Other Objects (11)
Combinatorics/ Probabilistic Analysis (1)

Computational Complexity (2)
Cryptography (1)
Distributed Computing (5)
Formal Languages and Automata (5)

See our web page for the list of presented papers (title, authors, key words, email).

Forthcoming Events in Japan:

ISAAC 2007 The 18th International Symposium on Algorithms and Compu-
tation (ISAAC 2007) will be held in Sendai Excel Hotel Tokyu, Sendai, Japan,
December 17-19, 2007. The symposium is intended to provide a forum for re-
searchers working in algorithms and theory of computation. The invited speakers
for ISAAC 2007 are Pankaj K. Agarwal (Duke University) and Robin Thomas
(Georgia Institute of Technology). The list of accepted papers is available via the
conference website http://www.nishizeki.ecei.tohoku.ac.jp/isaac07/.

IWAAG 2007 The International Workshop on Algorithms and Graphs (IWAAG
2007) will be held in Sendai Excel Hotel Tokyu, Sendai, Japan on December 16,
2007. This workshop honors Professor Takao Nishizeki on the occasion of his
60th birthday. The list of the invited speakers for ISAAC 2007 includes Fran-
cis Y. L. Chin (U. Hong Kong), Ding-Zhu Du (U. Texas), Peter Eades (U. Syd-
ney), Seokhee Hong (NICTA), Wen-Lian Hsu (Academia Sinica), Der Tsai Lee
(Academia Sinica), Md. Saidur Rahman (BUET), Dorothea Wagner (U. Karl-
sruhe), and Hsu-Chun Yen (National Taiwan U.). See also the website http://www.
nishizeki.ecei.tohoku.ac.jp/iwaag07/.

The Japanese Chapter

Chair: Kazuo Iwama

V.Chair: Osamu Watanabe

Secretary: Kazuhisa Makino

email: eatcs-jp@is.titech.ac.jp

URL: http://www.is.titech.ac.jp/~watanabe/eatcs-jp
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News from India

by

Madhavan Mukund
Chennai Mathematical Institute

Chennai, India
madhavan@cmi.ac.in

Winter is approaching and, as usual, this is the busy season for conferences for
India, so look ahead to some of the conferences and workshops coming up in late
2007–early 2008.

FSTTCS 2007 The 27th edition of FSTTCS, the annual conference of the In-
dian Association for Research in Computing Science (IARCS) will take place at
the India International Centre in New Delhi during December 12–14, 2007. Two
one day workshops are planned in conjunction with the conference, on Decem-
ber 11 and 15.

The Program Committee is chaired by V. Arvind (IMSc, Chennai) and Sanjiva
Prasad (IIT Delhi). The invited speakers for FSTTCS 2007 are Maurice Herlihy,
Richard Karp, Benjamin Pierce, Thomas Reps, Salil Vadhan and Andrew Yao.
The list of accepted papers is available at the conference website,http://www.
fsttcs.org.

Indocrypt 2007 The 8th International Conference on Cryptology in India, In-
docrypt 2007, will be held in Chennai during December 10–12, 2007. The Pro-
gram Committee is chaired by C. Pandu Rangan (IIT Madras), Moti Yung
(Columbia, USA) and Kannan Srinathan (IIIT, Hyderabad). The invited speakers
are S.V. Raghavan (IIT Madras), Ramarathnam Venkatesan (Microsoft Research)
and Jonathan Katz (Maryland). There will be a preconference tutorial onSide
Channel Attacksby Ingrid Verbauwhede (Katholieke Universiteit Leuven, Bel-
gium) and two postconference tutorials onTheoretical Foundations of Public-Key
EncryptionandRobust Combinersby Manoj M. Prabhakaran (UIUC, USA) and
Krzysztof Pietrzak (CWI, Amsterdam, the Netherlands), respectively.

The list of accepted papers and other details are available at the conference
website,http://www.cs.iitm.ernet.in/~indocrypt2007.
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QIP 2008 The Eleventh Workshop on Quantum Information Processing, QIP
2008, is being organized in New Delhi during December 17–21, 2007 by IARCS,
with support from the Indian Institute of Technology, New Delhi, and the Tata
Institute of Fundamental Research, Mumbai. The QIP workshop series began in
Aarhus in 1998 and is the premier annual meeting in the field. QIP 2008, like its
previous editions, will feature invited talks, contributed talks and a poster session.
The workshop website is athttp://qipworkshop.org.

TECS Week 2008 The Tata Research Development and Design Centre
(TRDDC), Pune, India continues its annual TCS Excellence in Computer Sci-
ence (TECS) Week series of instructional workshops with TECS Week 2008, to
be held at TRDDC during January 7-11 2008. TECS Week is jointly conducted
by TRDDC, the International Institute for Software Technology (IIST), United
Nations University and IARCS.

This year’s talks are on the topicsHuman Computer Interaction, Virtual Real-
ity, and Data Visualization. The speakers for TECS Week 2008 are Stephen Ellis
(NASA AMES, USA), Tamara Munzner (U British Columbia, Canada), Sethura-
man Panchanathan (Arizona State, USA), Harold Thimbleby (Swansea, UK) and
Kentaro Toyama (Microsoft Research, India. For more details, seehttp://www.
tcs-trddc.com/Tecs’08/tcs_excellence_in_computer_scien.htm

Madhavan Mukund, Chennai Mathematical Institute
Secretary, IARCS (Indian Association for Research in Computing Science)

http://www.cmi.ac.in/~madhavan
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News from Latin America

by

Alfredo Viola

Instituto de Computación, Facultad de Ingenierìa
Universidad de la República

Casilla de Correo 16120, Distrito 6, Montevideo, Uruguay
viola@fing.edu.uy

In this issue I present SISAP 2008, AMW 2007, LATIN 2008, and the invita-
tion for participation in SPIRE 2007. At the end I present a list of the main events
in Theoretical Computer Science to be held in Latin America in the following
months.

SISAP 2008

The International Workshop on Similarity Search and Applications (SISAP) is a
new conference devoted to similarity searching, with emphasis on metric space
searching, and will be held on April 11 - 12, 2008 in Cancún, Mexico. It aims to
fill in the gap left by the various scientific venues devoted to similarity searching in
spaces with coordinates, by providing a common forum for theoreticians and prac-
titioners around the problem of similarity searching in general spaces (metric and
non-metric) or using distance-based (as opposed to coordinate-based) techniques
in general. SISAP aims to become an ideal forum to exchange real-world, chal-
lenging and exciting examples of applications, new indexing techniques, common
testbeds and benchmarks, source code, and up-to-date literature through a Web
page serving the similarity searching community. Authors are expected to use
the testbeds and code from the SISAP Web site for comparing new applications,
databases, indexes and algorithms. Contributions to the conference should fall
into the following categories:
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• Basic techniques: general methods that apply to arbitrary metric spaces,
nonmetric or (dis)similarity spaces, or high-dimensional vector spaces.

• Applied techniques: methods that apply to specific similarity search prob-
lems.

• Spaces and similarities: poster papers that present challenges, in the form
of searching in new spaces.

The Proceedings will be published by IEEE Computer Science Press. A special
issue with the extended versions of the best SISAP 2008 papers will appear in
the Journal of Discrete Algorithms (Elsevier). For more information visithttp:
//www.sisap.org.

AMW 2007

The South American Database School and II Workshop on Foundation on
Databases and the Web (AMW 2007) will take place in Punta del Este, Uruguay,
from October 23 to 26, 2007. This event continues the previous edition of the
Workshop on Foundations of Databases and the Web. Together with the work-
shop this year we will organize a School consisting in four tutorials of three hours
of duration each and a Graduate Colloquium.

The School is oriented to graduate students, young researchers, researchers
from neighboring disciplines, as well as industrial researchers and practition-
ers. The Graduate Colloquium is aimed at bringing together students within
the Database and Web fields to discuss their research in an international fo-
rum. For more information, visithttp://www.fing.edu.uy/inco/grupos/
csi/AMW07/.

LATIN 2008

The 8th Latin American Theoretical Informatics Symposium will be held on April
7-11, 2008 in Búzios, Rio de Janeiro, Brazil. LATIN was launched in 1992 to
foster the interaction between the Latin-American community and computer sci-
entists around the world. LATIN’08 will be the eighth of a series, after São Paulo,
Brazil (1992); Valparaiso, Chile (1995); Campinas, Brazil (1998) and Punta del
Este, Uruguay (2000), Cancun, Mexico (2002), Buenos Aires, Argentina (2004),
Valdivia, Chile (2006).

The invited speakers are Claudio Lucchesi (Brazil), Moni Naor (Israel), Woj-
ciech Szpankowski (USA), Eva Tardos (USA) and Robert Tarjan (USA). For more
information visithttp://www.latin08.org/.



39 39

39 39

The Bulletin of the EATCS

31

SPIRE 2007

SPIRE 2007 is a Symposium on String Processing and Information Retrieval in
its fourteenth edition, that will be held in Santiago, Chile on October 29 - 31,
2007. SPIRE has its origins in the South American Workshop on String Process-
ing which was first held in Belo Horizonte (Brazil, 1993). Starting in 1998, the
focus of the workshop was broadened to include information retrieval due to its
increasing relevance and its inter-relationship with the area of string processing.
In addition, since 2000, the conference venue has been in Europe in even years.
The last conferences have been in Padova (Italy), Buenos Aires (Argentina), and
Glasgow (UK). As in past editions, the proceedings of SPIRE 2007 will be pub-
lished by Springer in the Lecture Notes in Computer Science series.

The invited talks are "Measures of Measurements: Robust Evaluation of
Search Systems" by Justin Zobel (Australia), "Trends in Online Social Inter-
actions" by Andrew Tomkins (USA) and "Near Space-Optimal Perfect Hash-
ing Algorithms" by Nivio Ziviani (Brazil). For more information visithttp:
//www.cwr.cl/spire2007/.

Regional Events

• October 9 - 12, 2007, Valparaíso, Chile: 10th Information Security Confer-
ence (IST’07)http://www.isc07.cl/.

• October 23 - October 26, 2007, Punta del Este, Uruguay: AMW 2007

http://www.fing.edu.uy/inco/grupos/csi/AMW07/.

• October 29 - October 31, 2007, Santiago, Chile: SPIRE 2007.

http://www.cwr.cl/spire2007/.

• October 31 - November 2, 2007, Santiago, Chile: LA-Web 2007.

http://www.cwr.cl/la-web2007/.

• November 5 - 10, 2007, Iquique, Chile: SCCC 2007 — Chilean Database
Workshop.http://prat.unap.cl/jcc2007.

• April 7 - 11, 2008, Rio de Janeiro, Brazil: Latin American Theoretical IN-
formatics (LATIN’08). http://www.latin08.org/.

• April 11 - 12, 2008, Cancún, Mexico: SISAP 2008.http://www.sisap.
org.
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News from New Zealand

by

C.S. Calude

Department of Computer Science, University of Auckland
Auckland, New Zealand

cristian@cs.auckland.ac.nz

1 Scientific and Community News

The latest CDMTCS research reports are (http://www.cs.auckland.ac.nz/
staff-cgi-bin/mjd/secondcgi.pl):

306. C.S. Calude and J. Gruska. Quantum Informatics and the Relations Be-
tween Informatics, Physics and Mathematics: A Dialogue. 05/2007

307. A. Raichev and M.C. Wilson. Asymptotics of Diagonal Coefficients of
Multivariate Generating Functions. 05/2007

308 M. Zimand. Two Sources Are Better than One for Increasing the Kol-
mogorov Complexity of Infinite Sequences. 05/2007

309. C.S. Calude, E. Calude and S. Marcus. Proving and Programming. 06/2007

310. S. Drape. The Suitability of Different Binary Tree Obfuscations. 06/2007

311. S. Drape and A. Majumdar. Design and Evaluation of Slicing Obfuscation.
06/2007
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2 Quantum Informatics and the Relations Between
Informatics, Physics and Mathematics: A Dia-
logue with Professor Jozef Gruska (second part)

We continue our discussion reported in the previous column.

CC: To explore the relations between the classical and quantum worlds is
another challenge.

JG: Well, views on these two worlds can be very different. Niels Bohr
said “There is no quantum world. There is only an abstract quantum physical
description. It is wrong to think that the task of physics is to find out how Nature
is. Physics concerns what we can say about Nature.” A. Zeilinger noted “The
border between classical and quantum phenomena is just a question of money.”
I find very interesting D. Greenberger’s position who said “I believe there is no
classical world. There is only quantum world. Classical physics is a collection
of unrelated insights: Newton’s laws. Hamilton’s principle, etc. Only quantum
theory brings out their connection. An analogy is the Hawaiian Islands, which
look like a bunch of islands in the ocean. But if you could lower the water, you
would see, that they are the peaks of a chain of mountains. That is what quantum
physics does to classical physics.”

CC: This is interesting.

JG: The search for such borders between classical and quantum worlds came
recently to the experimental level. An important current research agenda is to
find out for what kind of macroscopic objects such phenomena as superposition
or entanglement hold. For example, these phenomena have been demonstrated
already on an ensemble of 1014 atoms and on large molecules.

CC: Do you believe in Greenberg’s position, or do you think that quantum
mechanics holds only in certain parts of the physical world? Certainly your car
mechanic is a classical mechanic, not a quantum one.

JG: Quantum mechanics surely brought a revolution in our view of the
physical world. I would like to join those expecting that this revolution is not
finished. One reason is that all attempts to get within this theory a unified
understanding of time and space, cosmology and gravitation failed. One has
therefore to admit that this is one of the reasons quantum mechanics is still not
“the theory” of the physical world. Smolin, seequant-ph/0609109, has recently
explored the hypothesis that quantum mechanics is an approximation of another,
cosmological theory, that is accurate only for the description of subsystems of the
universe. He found conditions under which quantum mechanics could be derived
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from the cosmological theory by averaging over variables that are not internal to
the subsystem (and can be seen as non-local hidden variables of a new type).

CC: Should informatics get involved in such megastar problems?

JG: I even argue that this is one of the main challenges and tasks for theoreti-
cal informatics. These are really theproblemstheoretical informatics should try
to deal with instead of being concerned so much with numerous attempts to close
various log∗ n and log logn gaps, to say it metaphorically.

CC: This makes us to come to the question: what are really the main reasons
to pursue quantum information processing and communication?

JG: On a common sense level, I see, as it was already mentioned, that QIPC is
the result of a marriage between perhaps the two most important areas of science
of 20th century: quantum physics and informatics. It would therefore be very
surprising that such a marriage would not bring important outcomes for the whole
science and technology. On a more technical level, I see the following reasons:

• QIPC is believed to lead to a new quantum information processing tech-
nology that will have deep and broad impacts, on science, technology and
society in general.

• Several sciences and technologies are approaching the point at which they
badly need expertise with isolation, manipulation and transmission of parti-
cles.

• It is increasingly believed that new, quantum information processing based
tools for understanding quantum phenomena can be developed.

• Quantum cryptography seems to offer higher levels of security and could be
soon feasible.

• QIPC has been shown to be more efficient in interesting/important cases.

CC: May I observe that with the exception of the last “reason” everywhere
else you have used terms like “it seems”, “it is believed”. Could you give us the
simplest example of aprovableQIPC solution which is more efficient than any
classical solution (except Grover’s algorithm)?

JG: Several: quantum teleportation cannot be made classically; if com-
municating parties share entanglement this may increase the capacity of their
classical channel; in the area of quantum communication complexity, exponential
separation has been proven for some problems. Finally, let me mention Simon’s
problem: Check whether a given finite function is one-to-one or two-to-one.
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In this case it has been proven, in a reasonable sense, that quantum solution is
exponentially faster than any probabilistic solution—the weak point of this result
is, however, that it is a promise problem and we work with query complexity.

CC: Deutsch’s problem—test whether a bit-function is constant or not—was
considered for many years the simplest example of a problem in which the
quantum solution is superior to any classical solution; apparently nobody really
checked this claim. Inquant-ph/0610220I showed that classical solutions as
efficient as the quantum one exist. Is any of the above listed examples in the same
category?

JG: Your classical solution of the Deutsch problem has been a big surprise.
People have realised that what has been claimed to be a more efficient quantum
solution of the Deutsch problem is actually a solution of a different problem,
with a different black box and inputs. It was only believed that this is not
something essential, but you have shown that it is. I tend to believe that this
will not be the situation in the cases mentioned above, but I have to admit that
I am not fully sure. Another surprising recent result along these lines is the
recent discovery,, quant-ph/0611156, that Quantum Fourier Transform overZq,
which has been thought to be the key quantum ingredient of Shor’s algorithms,
can be simulated on classical computers in polynomial time. All that actually
demonstrates how little we actually know about the computational power of
quantum phenomena—entanglement, superposition and measurements.

CC: In connection with that, it is perhaps useful to mention that many
solutions offered by quantum information processing make a crucial use of
several hard to accept, counterintuitive phenomena as randomness of quantum
measurement, the existence of entangled states and quantum non-locality. In
some other cases, even more weird phenomena are used, for example, quantum
counterfactual phenomena. Could we now turn our attention to them and perhaps
start with quantum measurement.

JG: Results, both classical and quantum, of the basic quantum projection
measurement should be random and should result, in general, in a collapse of the
state being measured. Already Erwin Schrödinger had problems to accept it and
his position is well known: “Had I known that we are not going to get rid of this
dammed quantum jumping, I never would have involved myself in this business.”
Albert Einstein famous claim “God does not play dice” got a superb response
from Niels Bohr: “The true God does not allow anybody to prescribe what he
has to do.” However, experiments seem to confirm randomness—summarised
by Nicolas Gisin in his “God tosses even non local dices”—-to emphasise the
existence of the shared randomness the quantum measurement of entangled
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states produces. Interestingly enough, physicists seem to have more problems to
accept randomness than informaticians, because informatics has a lot of technical
results showing the power of randomness for computation and communication. I
would therefore like to say thatGod is not malicious and provides us with useful
randomness. One should notice there are still very prominent old physicists
and some bright young physicists having problems to accept randomness at
quantum measurement. However, I have different problems concerning quantum
measurement. A key step in some quantum algorithms is the measurement at
which Nature finds, in a single step, for a given (actually any) integer functionf ,
and randomly choseny from the range off , all x such thatf (x) = y, and then
incorporates all suchx into a superposition of basic states. I have really problems
to believe it fully in spite of the fact that the mathematics behind it is perfect once
we accept the principles of quantum projective measurement.

CC: Entanglement is even a more esoteric phenomenon.

JG: Again, mathematically the existence of entangled states is very easy
to understand. However, if physical consequences are considered, the situation
is different. Look, a very simple CNOT-gate should be able to process two
independent particles in such a way that they get entangled and stay entangled
no matter how far away they move. This is extremely hard to believe, though
experiments (not really perfect) confirmed entanglement already among very
different physical objects, as, for example, photons and atoms, and even for
the distance of 144 km as recently demonstrated by Weinfurter’s group in open
space in Canary Islands—what has been a quite shocking recent experimental
outcome. In addition, using the process called entanglement swapping, one can
make entangled particles that have never been interacting.

CC: In spite of that entanglement is an important information processing
resource.

JG: Some even say that it is a new gold mine of the physical world because
entanglement allows to create such events, impossible in the classical world,
as quantum teleportation, to create quantum algorithms that are faster than any
known classical algorithm (for the same problem). Entanglement is a key tool to
make some communications even exponentially more efficient than what one can
classically achieve; to increase the capacity of communication channels; to act as
a catalyst and so on. In addition, entanglement allows to create pseudo-telepathy.
Asher Peres pointed out nicely that “entanglement allows quantum magicians to
do things no classical magician can do”.

CC: There are quite different views on entanglement.
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JG: Indeed, entanglement has many faces. One can see it as a bridging
notion between QIPC science and fields so different as condense-matter physics,
quantum gravity and so on. There are various approaches to generalise this
concept. A recent one is based on the idea that quantum entanglement may be
directly defined through expectation values of preferred observables—without
reference to preferred subsystem decomposition. Such a framework allows the
existence of non-trivial entanglement within a single indecomposable quantum
system . . .

CC: Possibly the most controversial issue concerning entanglement is the
existence of non-local correlations created by a measurement of entangled states.
Could we discuss this counterintuitive phenomenon in more details?

JG: Not many realise that “physics was non-local since Newton times with
the exception of the period 1915–25", as recently Nicolas Gisin pointed out. In
other words, since Newton’s time the main physical theories implied the existence
of non-local phenomena with the exception of the above period. In 1915, Albert
Einstein came with the theory of relativity that denies the existence of immediate
non-local effects, but quantum mechanics then brought certain non-local effects
back into the mainstream physics.

CC: Newton himself had noticed counterintuitive consequences of his theory
of gravity.

JG: Yes, for example, Newton realised that according to his theory if a stone is
moved on the moon, then weights of all of us, here on the earth, are immediately
modified. However, he actually believed that the reason is an imperfection of his
theory. His words on this subject are very interesting: “That Gravity should be
innate, inherent and essential to Matter, so that one Body may act upon another
at a Distance thro a Vacuum, without the Mediation of any thing else, by and
through which their Action and Force may be conveyed from one to another, is to
me so great an Absurdity, that I believe no Man who has in philosophical Matters
a competent Faculty of thinking, can ever fall unto it. Gravity must be caused by
an Agent acting constantly according to certain Laws, but whether this Agent be
material or immaterial, I have left to the Consideration of my Readers.”

CC: Newton’s observation may further complicate the attempts of losing
weight . . . More seriously, Leibniz criticised Newton’s theory of gravity as a
revival of the “occult properties” of medieval philosophy. However, quantum
non-locality is different. It does not allow superluminal communication and
therefore it does not contradict relativity. Did Einstein realise that? Can we have
stronger correlations than those induced by entanglement without contradicting
relativity theory?
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JG: There have been many interesting recent developments in entanglement
and non-locality. For example, Methot and Scarani inquant-ph/0601210pointed
out that there are good reasons to consider quantum entanglement and quantum
non-locality as two independent resources. Namely, they have shown that for the
main known measures of non-locality, not maximally entangled states are max-
imally non-local. However, the main new impulse for the study of non-locality
came from the introduction of so-called PR-boxes by Popescu and Rohrlich, in
1997, in a paper that started to attract attention only fairly recently.

CC: The introduction of PR-boxes was an unexpectedly stimulating idea.

JG: They were intended as a toy tool that demonstrates (in a reasonable sense)
a non-locality stronger than quantum non-locality which does not contradict rela-
tivity. PR-boxes are easy to describe. Indeed, a PR-box can be seen as consisting
of two black boxes operated by two (very) distant parties that cannot have any
direct communication. If one party, sayA, puts on the input of its sub-box a (ran-
dom) bit xA, then it gets, immediately, as an output, a random bityA. The same
for other partyB. However, in spite of the fact that each of the inputs and out-
puts are random, the outputs should be always correlated with inputs as follows:
xA · xB = (yA ⊕ yB).

PR-boxes could be very powerful. Indeed, having enough of them we could
have unconditionally secure bit commitment and, moreover, each distributed
computation of a Boolean function could be done using only one bit of com-
munication, something no one could believe. This quantum communication
complexity result implies that PR-boxes cannot exist physically. This result was
again one of the impressive contributions of the complexity theory to quantum
mechanics.

CC: In spite of that PR-boxes keep being investigated.

JG: Yes, because they play a central role in the study of non-locality that
does not contradict relativity theory. For example, an interesting question
is how well we can approximate PR-boxes. It was shown that with shared
entanglement one can approximate PR-boxes with success probability 0.854 and
in no physical world this can be done with success probability of more than 0.908.

CC: Quite interesting! Counterfactual effects are other mysterious phenom-
ena.

JG: I see them as another indication that something may not be OK in our
understanding of the physical world. Counterfactual effects allow, for example,
for the possibility to get the result of a quantum computation without actually
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performing the computation. Recently, Paul Kwiat has presented the first
demonstration of counterfactual computation using an optical-based quantum
computer (see the Feb. 23 issue ofNature).

CC: A deeper understanding of all these phenomena is a challenge for physics.

JG: And for informatics too. There are of course many other very big chal-
lenges. Let me mention some of them: Is our universe computable? Efficiently
computable? Is our world a polynomial or an exponential place? (As pointed out
by Scott Aaronson.)

CC: Could our world be exponential?

JG: Well, without believing in exponentiality of our physical world we could
have problems to explain some experiments already done. We do not consider
as feasible a computation requiring exponentially growing number of steps,
but no one actually seem to complain to have exponentially large probability
distributions. The situation with exponentiality is therefore far from obvious
and far from simple. As pointed out by Goldreich, we may need more realistic
complexity models of quantum computations and, I think, also of communication.

CC: Can we really have a powerful quantum computer?

JG: This challenge is an important current research agenda for physics and
informatics. Could it happen that quantum mechanics “breaks down” before
factoring large integers? Landauer was perhaps the first sceptic and his statement
“One will need more than rain to stop this parade” reflects feelings of his time,
but these feelings keep coming back again and again.

CC: Why “quantum mechanics can break down before factoring very large
integers"?

JG: There are many arguments. From the history of physics one can
extrapolate that each theory has its limits and therefore one could expect that
current quantum mechanics does not hold for too small and too large scales.
Some believe that the size of measuring devices will have to grow exponentially.
In addition, there are people believing that we cannot fight decoherence or
theoretical results that claim that if the reliability of elementary gates and “wires”
reaches a certain threshold, then quantum information processing can be done in
any time and space distance, are wrong or improperly interpreted.

CC: On a more general level an important problem is that of feasibility in
physics.
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JG: Feasibility in physics was for a long time determined by the following
statement of Dirac: “Can every observable be measured? The answer theoretically
is yes. In practice it may be very awkward, or perhaps even beyond the ingenuity
of the experimenter, to design an apparatus which could measure some particular
observable, but the theory always allows one to imagine that the measurement
can be made.” Nowadays, it is obvious that this is not so. Theoretically, we can
have quantum states with uncomputable amplitudes. It is therefore clear that not
everything one can find in quantum theory is feasible in practice.

Informatics is already quite far in its attempts to develop important concepts
of feasibility. It first realised that there are non-computable numbers and later that
there are unfeasible tasks and hard to compute computable numbers. It seems
to me that physics is still behind the goal to get a very reasonable concept of
feasibility. And it is an important task for both physics and informatics to work
on it.

CC: Dirac’s idea was that unitaries and projective measurement in Hilbert
space exist in Nature. The fact that there are uncomputable numbers and unsolv-
able problems can be seen as implying that not all unitaries and measurements
can be constructed. Does it mean that they cannot exist in Nature?

JG: This is an interesting and fundamental question. I do not have a sharp
view on this issue. Is the question about the existence of a different category than
the existence of uncomputable numbers? I guess yes.

CC: Let us go back to the possibility of constructing universal quantum
computers. This is a much discussed question. What do you think?

JG: First of all, it is far from clear whether we would really need them for
usual computations. The number of cases they may be more efficient can be
practically small. That can be seen from the fact that we still have relatively
few impressive quantum algorithms. A need for a general purpose quantum
computer is therefore questionable. Another issue is the need to have powerful
quantum special purpose processors or devices to simulate quantum phenomena
and processes. To make a long story short, I believe that either we will have
quantum computers or we will discover some new important limitations of the
physical world.

CC: This brings us to the controversial issue of interpretations of quantum
theory. There are various sophisticated interpretations and a lot of articles have
been written on this issue by scientists and philosophers of science.

JG: I think that there is a sophisticated mess concerning interpretations. I like
the observation that not only philosophers of science cannot agree on a particular
interpretation, but they have even a problem to agree on what is an interpretation.
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On the other hand, I believe that outcomes of quantum informatics, especially
in the area of quantum computation and communication theory, but also in cryp-
tography, broadly understood, can bring more light into various interpretations
and into the relations between them.

CC: By the way, how did you get involved in quantum information process-
ing?

JG: In 1989, after being appointed as chairman of the newly created IFIP
Specialist Group on Foundations of Computing (SGFCS 14), I worked out a very
ambitious, and idealistic, program how SGFCS 14 could support the development
of TCS. One of my suggestions was to create a working group Informatics
and Physics. No one complained, but such an idea turned out to be too much
ahead of time. In 1992 and 1993, during my three years stay at the University
of Hamburg, I run, together with Manfred Kudlek, a physicist by education,
a seminar “Informatics and physics”. One of the papers we discussed was
Deutsch’s paper where the model of quantum Turing machine was introduced . . .
To make a long story short, in 1997–99 I wrote, partly on the beach in Nice, my
bookQuantum Computing.

CC: Could we now discuss the relations between physicists and informati-
cians. My first question is what should informaticians learn from physicists?

JG: I see three main directions: (1) physics sells itself better and in a more
mature way; (2) physics is better organised; (c) physics has a better and mature
publication policy.

CC: Of course, physics is much older than modern informatics.

JG: Correct, but still differences concerning the quality of selling are enor-
mous. The main impulse for enormous support for physics came from the needs
of the Second World War, and later of the cold war. Informatics has made in the
last 50 years arguably larger contributions to science and society, but still the
amount of money going into physics is much larger than the amount informatics
gets. I think physics leaders have realised that the society support of science is
not mainly due to the fact that it brings important outcomes, but that generates
mysterious problems and phenomena and solves some of them. Physicists have
made some great marketing moves as making one of their goals to create atheory
of everything(S. Hawking). Who could really believe in it? But this idea brought
much support for physics in general and in UK in particular.

CC: Ignoring age, do you see any specific reasons why informatics is not as
well organised as physics?
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JG: Informaticians should start to understand that the way a field performs
as the whole depends not only on how many clever young people it has, but
even more on how many wise people it has in its leadership. The current value
system in informatics, with such emphasis on accepted papers at “prestigious
conferences”, prefers young bright people and even the middle generation is very
soon “out”. This seems to be true especially in theoretical informatics. As a
consequence, the field is scientifically doing very well, concerning solving hard
open problems, but far less in the attempts to attack important new problems of
the field and of science in general. The overall standing of theoretical informatics
within the informatics community is quite low and goes actually down, quite fast,
I think. Those that should be and could be leaders are put much too soon aside.
Everybody in the field is then paying for that, in long terms.

CC: It seems that an emphasis on 3-4 page long papers dominates the
publication policy in physics . . .

JG: From the point of view of physics that was a clever idea. It is now
embraced by a large number of authors. By writing two pages a scientist
can have 10 publications (with 10 authors each) and if each such paper is
cited, then physics has 100 citations. I am a bit dramatising situation, but not
essentially. In any global evaluation of sciences, physics (and other natural
sciences) dominate, to a large extend due to such publication policy, and, as a
consequence, their interests dominate the current science in spite of the fact that
the global interests of society would need to put the focus to other areas of science.

CC: Since there are now large possibilities for electronic publishing, infor-
matics should be a leader.

JG: But it is not, and it is getting, again, far behind physics. Look how much
(and how cleverly) physicists use the Los Alamos archive. However, this is not
all. Informatics clearly needs a more mature publishing policy. The current
publishing policy in informatics, inherited, to a very large extend, from mathe-
matics, is not well suited for informatics. As a consequence, once the number of
publications, citations and impact factors start to be counted, informatics looks
like performing not so well than areas of science with arguably smaller current
impact on science, technology and society.

CC: On the other side, what physics can learn from informatics?

JG: On a very general level, one can say that informatics offers for (quantum)
physics paradigms, concepts, and results that can allow physics to see sometimes
faster what is impossible, to formulate and to sharp better results and to see deeper
into the physical world.
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One can say that quantum information processing concepts, paradigms,
models and results forced physicists to reshape their ideas of reality, to rethink
the nature of things at the deepest level, to revise their concepts of position and
speed, their notion of cause and effect, . . .

CC: And what physicists should learn from informaticians?

JG: Many things. In the area of quantum information processing, the use of
the big-O notation to express scalability and feasibility. Then, an understanding
that after learning an issue for small cases one should try to understand the general
case, and to replace hand-waving arguing by precise proofs. Physicists are start-
ing to learn that using complexity-theoretic models and results one can learn that
certain phenomena are (likely) impossible and to understand the power of various
quantum information processing resources, as entanglement, and non-locality.

One should realise that informatics has brought new views on old phenomena,
and that is perhaps its main contribution.

CC: Complexity theory seems to be the main area of theoretical informatics
physicists may find useful . . .

JG: Correct. One can even say that the main reason why already von Neu-
mann did not come with the idea of quantum information processing was the fact
that in his time science couldn’t see that quantum information processing would
pay off. It was mainly due to (quantum) complexity results that made clear that
quantum computing could pay off. Moreover, the main killer-applications for the
whole field were actually Shor’s algorithms motivated by (quantum) structural
complexity results.

However, I believe that other areas of theoretical computer science can
significantly contribute to our understanding of the physical world. For example
a recently emergingquantum programming, specification and reasoning theory.

CC: What else in informatics may be useful to physicists?

JG: For an informatician it is almost shocking the level of referencing in
physics. For example, they do not write titles of the articles in references and the
paper size (last page), though this is often a very important information.

CC: There has to be a reason for that.

JG: As I see it, a well-done dissemination of knowledge is still not the main
goal of publications in physics as it is in informatics. The main goal of the whole
publication system in physics seems to be a fast documentation of the priority
of new discoveries. Physics was for centuries influenced by goals and customs
that dominated when the science started. I think most of physicists even do not
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realise what is behind the rules that are imposed on them by journals and their
publication culture. The emphasis on ensuring the priority of authors as the
main goal of publications has as a consequence the fact that papers are (actually
have to be) written in such a way that they are not easy to be read, checked
and understood. This does not seem to be desirable. The main goal seems to
be able to say (for authors): I was (we were) first to do that and that, it was
published in . . . Another goal of such publications, again inherited from old
times, seems to prevent, as much as possible, the reader to make very fast use
of the published results. One can say that physics papers are, at least to a large
extent, “readers-unfriendly”. The younger generation of physicists started to be
different. While they may not realise why the publication policy is as it is, they
still do not have enough power to change long time ago established policies and
traditions. However, I should notice that a similar publication policy was used in
former Soviet Union in mathematics. Easy to read papers had small chances to
get accepted. Authors were under pressure to establish heavy formalism and to
compress the paper as much as possible.

CC: I see this kind of tendency in many papers in theoretical computer
science . . .

JG: This is true, but this is more due to the abstraction the field goes into,
the difficulty to describe informally formal systems and reasoning about them.
Fortunately, nowadays we do not depend so much on powerful editors. You can
just put the complete version on your web page. Moreover, journals compete (and
put prices) for best papers, . . .

CC: Are the two communities of quantum information processing, one
coming from physics and one coming from informatics, getting closer?

JG: Significantly, and I think that many physicists in QIPC have started to
fully realise the power of informatics methods, and use them. (Actually, I do not
know any other area of science, where TCS outcomes would be so useful and had
such big impacts as in QIPC. QIPC can be seen as a really big success story of
TCS.) Informaticians have started to appreciate the importance of many related
theoretical problems of physics.

CC: Many have the feeling that after a big boom during 1993–96, the progress
in the area of QIPC has been recently far less spectacular. Is it true?

JG: Comparing with 1994, the number of papers submitted to quantum
archive has increased more than 10 times. This characterises pretty well the
increase of the research in this area. Both theory and experiments have made
an enormous progress. Theory results seem to be more technical and less
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spectacular. Experimental results, especially in quantum cryptography, may not
be spectacular for a non-specialist, but for experts it has been achieved recently
far more than one could have expected 10 years ago. For example, the first
experiment in quantum cryptography was based on the transmission of photons
for a distance of 32.5 cm. Nowadays the maximum is approaching 200 km, when
fibres are used and was done for 27 km, from one peak to another, in Alps, and
for 144 km, from one island (La Palma) to another (Tenerife), via an optical
free-space link. Some foresee even transmission to 1000 km using quantum
repeaters. Hardly someone could have believed in such achievements 10 years
ago. Experimental cryptographic networks, for example the DARPA network in
Boston, are remarkable achievements.

CC: The situation seems to be very different in the attempts to design more
powerful quantum processors. Factorisation of the number 15, and an experiment
with 8 qubits, are still the most publicised results and that is far from being
impressive.

JG: It is correct that impressive results in this direction are missing. The
field is in the process of exploring various technologies and searching for
various primitives and from this point of view the field is in cumulating state of
knowledge, methods and experience. There have been many surprising outcomes,
as, for example, an understanding that quantum computation can be performed
by measurements only, or the idea of one-way computing. It is true that there are
still many pessimists not believing that we can win our fight with decoherence.
However, while progress in science is often done by pessimists, progress in
technology is always done by optimists. I like to remember the famous story
of the Colossus, of our first really powerful electronic computer, designed by
Tommy Flowers, in a post office laboratory, in spite of the fact that his proposal
was rejected by a panel of experts as unfeasible. He did that because he knew that
thermionic valves are reliable provided they are not turned on and off too often.

CC: Could a discovery of a simple technology make a miracle for quantum
computing?

JG: Who knows, I believe so, I am an optimist.

CC: It takes a long time until new ideas make a real impact.

JG: Of course. For example, in the development of the last three centuries we
can notice, from the science and technology point of view, the following common
scenarios:

19th century was mainly influenced by the first industrial revolution that had its
basis in the classical mechanics discovered, formalised and developed in the
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18th century.

20th century was mainly influenced by the second industrial revolution that had
its basis in the electrodynamics discovered, formalised and developed in the
19th century.

21th century can be expected to be mainly developed by quantum mechanics and
informatics discovered, formalised and developed in the 20th century.

To summarise, it used to take about a century for new discoveries in science
and technology to have a decisive and global impact on the society developments,
and usually in a way no one could image at the very beginning.

CC: We have started our discussion with an observation that the concept
of information plays such an important role nowadays for physics and our
understanding of the physical world. A similar situation may apply to the security
and related cryptographic concepts.

JG: Indeed, I am expecting, more and more, that basic cryptographic (in
a broad sense) concepts will play a very important role in our understanding
of both information processing and physical worlds. They may play an even
more important role (than the concepts related to information processing and
transmission themselves) in our understanding of the laws and limitations of the
physical and information worlds. Moreover, the impact of cryptography, again in
a broad sense, goes fast even much farther. Growing needs to provide security,
privacy, anonymity and authentication, especially in connection with one of
the “ultimate, and never fully reached, goals of science and technology”—the
design of global computation and communication networks, called usually grid
networks, will create big and important specialised industries. This can be
even one of the important driving forces of many industries and of the overall
development of society.

CC: You seem to have again a very strong position . . .

JG: I would also like to foresee, as another important area of science and
technology, the emerging security science and technology. A science not only for
security providing technologies, but as a really fundamental science. And not only
that.

It is well known that history of mankind can be seen, in a very simplified
form, as consisting of the following three eras. Observe that their descriptions
differ basically only by one word. The three magic words arefood, energyand
information .
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Neolithic era: Progress was made on the basis that man learned how to make use
of the potentials provided by the biological world to havefood available in
a sufficient amount and whenever needed.

Industrial era: Progress has been made on the basis that man has learned how to
make use of the laws and limitations of the physical world to haveenergy
available in a sufficient amount and whenever needed.

Information era: Progress is and will be made on the basis that man learns how
to make use of the laws and limitations of the information world to have
information available in a sufficient amount and whenever needed.

In this context the following question arises: What can we expect to have as
“being” in the fourth era to come? Of course, this is hard to predict.Artificial
(worlds, intelligence, life,. . . )? That may be the case, but I would like to foresee
the fourth coming era as one in which the key concepts are those of security,
safety, privacy, anonymity and so on. Modern cryptography, broadly understood,
is the key science behind.

CC: How do you see modern cryptography?

JG: The general goal of modern cryptography is the construction of schemes
which are robust against malicious attempts to deviate from a prescribed func-
tionality. The fact thatan adversary can devise its attacks after the scheme has
been specifiedmakes the design of such schemes very difficult—schemes should
be secure under all possible attacks. It makes very difficult to specify precisely
enough when a cryptographic scheme is perfectly secure.

CC: We have several concepts of security.

JG: Correct: informational security—an enemy has not enough information
to break the scheme; computational security—an enemy cannot have enough
computational power to break the scheme and so called unconditional security—
an enemy cannot break the scheme, due to physical laws, no matter how much
computational power she has.

CC: How successful is actually our “fight” for security?

JG: In this area we have a constant fight between “good” and “bad”. Both
sides are trying to (maximally) use whatever sciences and technologies bring us.
Adi Shamir said that concerning securitywe are winning battles, but losing wars.
One of the key issues is that society has still problems to realise and accept that
security is very costly, requires sophisticated tools, and we have to pay for it with
time and freedom.
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CC: Why the study of security would lead to deeper issues into information
processing and physical worlds?

JG: Look, in all problems concerning security, authentication, but especially
concerning more subtle problems of anonymity and privacy, we have as goal
to getperfector unconditionalsecurity, anonymity, privacy, authentication and
such a goal is much more demanding than to have more efficient computation or
asymptotically best computation.

CC: Already well-known fundamental cryptographic concepts, as one-way
function, one-way function with trapdoor, hard predicate, zero-knowledge proof,
are fundamental for information processing.

JG: In addition, look how stimulating the study of variations of bit com-
mitment, coin tossing and oblivious transfer protocols, has been for our
understanding of the quantum information processing world and its relations to
the classical information processing world.

CC: Please highlight a simple result in quantum cryptography.

JG: Unconditionally secure generation of classical keys and the impossibility
of having unconditional secure bit commitment are theoretical highlights. How-
ever, even more surprising, at least for me, is that using a simple quantum version
of a one-time pad cryptosystem one needs only two bits to hide perfectly any
qubit even if its specification requires infinitely many classical bits.

CC: How about relations between cryptographic concepts and foundational
issues of quantum mechanics?

JG: One of the big things of interest to foundational people is whether we can
derive quantum mechanics from some simple axioms that have a natural physical,
or information processing based, interpretation. Fuchs and Brassard suggested to
consider as axioms (a) the existence of unconditionally secure cryptographic key
generation, and (b) the impossibility of secure bit commitment. One such attempt
was done, as I have already mentioned last time, by Clifton, Bub and Halvorson
with three axioms: No signalling, no broadcasting, and no bit commitment.

CC: At a first glance, it seems odd that quantum mechanics could be derived
from the axioms (a) and (b).

JG: Actually, it is not. Look, unconditional secure key generation is possible
only if the no-cloning theorem holds and quantum measurement causes a
disturbance of quantum states. Unconditionally secure bit commitment is impos-
sible only in case we have correlations similar to those quantum entanglement
provides. And here we are.
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CC: We can therefore expect interesting developments at the intersection
between informatics and physics.

JG: Of course, and at the end of our discussion I would only like to mention
several citations to illustrate how the views of the physics and physical world keep
changing. Demokritos is quoted as saying (400 BC)Nothing exists except atoms
and empty space; everything else is opinion; Ernest Rutherford said in 1912,All
science is either physics or stamp collecting. My position is thatPhysics is not
the only science capable of producing a deep understanding of physical world.
Informatics can and should help. Or, even, it should take the initiative.

CC: Many thanks for this interview.
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The initial development of efficient Quantum algorithms for the factorization of
integers drew much attention to this area of computation. It was soon observed
that the methods could be extended to other symmetry finding scenarios like
the hidden subgroup problem for the case of abelian groups. The question
of whether quantum methods could also solve the problem for general finite
groups is a central one in quantum computing. A positive solution to it would
imply efficient quantum algorithms for the Graph Isomorphism problem. Gor-
jan Alagic and Alexander Russell give in this column an excellent overview of
the progress achieved in the last years towards the solution of this exciting
question.

Q C  
H  H S

Gorjan Alagic∗ Alexander Russell†

1 Introduction

In 1994, Peter Shor gave efficient quantum algorithms for factoring integers and
extracting discrete logarithms [20]. If we believe that nature will permit us to
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faithfully implement our current model of quantum computation, then these al-
gorithms dramatically contradict the Strong Church-Turing thesis.1 The effect is
heightened by the fact that these algorithms solve computational problems with
long histories of attention by the computational and mathematical communities
alike.

In this article we discuss the branch of quantum algorithms research arising
from attempts to generalize the core quantum algorithmic aspects of Shor’s algo-
rithms. Roughly, this can be viewed as the problem of generalizing algorithms of
Simon [21] and Shor [20], which work over abelian groups, to general nonabelian
groups.

The article is meant to be self-contained, assuming no knowledge of quantum
computing or the representation theory of finite groups. We begin in earnest in
Section 2, describing the problem ofsymmetry finding: given a functionf : G→
S on a groupG, this is the problem of determining{g ∈ G | ∀x, f (x) = f (gx)},
the set ofsymmetriesof f . We switch gears in Section 3, giving a short intro-
duction to the circuit model of quantum computation. The connection between
these two sections is eventually established in Section 4, where we discuss the
representation theory of finite groups and the quantum Fourier transform - a uni-
tary transformation specifically tuned to the symmetries of the underlying group.
Section 4.2 is devoted toFourier sampling, the basic algorithmic method that con-
nects the symmetry finding problem and the Fourier “symmetry” basis effected by
the quantum Fourier transform. Finally, we discuss some algorithmic successes in
Section 5.

The reader should be cautioned that in many places we have forsaken preci-
sion for the sake of improved readability (such as it is), and have made no attempt
to survey the rich and fascinating landscape of quantum algorithms. In fact, our
selection of algorithms to highlight in Section 5 is motivated by an attempt to em-
phasize the relationship between representation theory and quantum algorithms;
as such, many of the exciting technical advances in this area are unrepresented.
The reader is encouraged to explore these other directions; indeed, one recent and
closely related development is the discovery of efficient algorithms for finding
hidden nonlinear structures in vector spaces over finite fields [6, 7].

2 Symmetries and Computation

Groups were invented to abstract the concept of symmetry. After all, ifA is a geo-
metric object then the identity map onA is surely a symmetry; furthermore, com-
posing two symmetries ought to result in a symmetry, as should “inverting” a sym-

1By this we mean the statement “Any reasonable model of computation can be efficiently
simulated on a probabilistic Turing machine.” [5]
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metry. The computational problem we describe below is the problem ofinferring
the family of symmetries of a given object (typically combinatorial rather than ge-
ometric, in our story). For example, the groupS10 acts on the Petersen graph, of
Figure 1, by permuting the 10 vertices. The symmetries of the Petersen graph un-
der this action are those permutations that preserve incidence—these symmetries
form a subgroup isomorphic toS5. 2

Figure 1: The Petersen graph.

Let G be a finite group thatactson a setX. This means that we associate with
every group elementg a permutationπg of the setX in such a way that the group
operation ofG is respected:πg ◦ πh = πgh. Thus the mapg 7→ πg is a homo-
morphismfrom G into the group of all possible permutations ofX. We will write
g · x or gx for πg(x) when it won’t cause confusion. Examples of groups acting
on sets are everywhere:(i.) The groupSn of all permutations ofn letters acts on
n letters by...permutation!(ii.) Any groupG acts on itself by left-multiplication,
associating with each elementg the permutationπg : h 7→ gh. (iii.) The groupA4

acts as the symmetries of a regular tetrahedron. For more discussion, see Dummit
and Foote’s text [8]. Observe that ifG acts on the setX, then it also acts on the set
of all functions{ f : X→ S} by the rule

g · f : x 7→ f (g−1 · x) . (1)

(Here g ∈ G, f : X → S is a function, and the−1 is introduced so that this
action composes correctly:g1(g2( f )) = (g1g2) f .) For a function f on X, the
symmetriesof f are the group elementsg for which g · f = f . These elements
form a subgroupS( f ) = SG( f ) of G. While we will often drop the subscriptG in
this notation,SG( f ) does of course depend both on the choice ofG and the details
of the action ofG on X.

2One pleasing way to view theS5 action on the Petersen graphP is to identify the vertices
of P with the 10 subsets of{1, . . . ,5} of size 2 in such a way that adjacent vertices correspond to
pairs of subsets with nontrivial intersection; the obvious action ofS5 yields the entire family of
automorphisms ofP.
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Our signature computational problem shall be the problem ofdetermining the
symmetries S( f ) of a function f. We shall be very generous regarding the “pre-
sentation” of the functionf (and the groupG), merely asking thatf : X → S
be provided as an oracle. We shall assume, among other things, that the elements
of X (andG) have a canonical representation as strings of lengthO(log |X|) (and
O(log |G|)) and that we can perform operations such asg−1, g1g2, andg · x in
polynomial time in the lengths of these representations.

Before any discussion of quantum computation, we advertise below a number
of interesting computational problems that directly reduce to symmetry finding.

2.1 Order finding

Let us consider the possible symmetries of a functionf : Zn → S, whereZn =

{0, . . . ,n − 1} is the cyclic group of sizen acting on itself by translation (i. e.,
addition modulon). When is f invariant under a translation? This is the problem
of period finding: we say that a functionf onZn is t-periodicif ∀x, f (x+t) = f (x).
The least such integert is called theperiod of f . It is easy to show thatf is m-
periodic if and only ifm is an integer multiple of the periodt. Evidently, the
subgroupS( f ) of all symmetries off is the cyclic subgroup ofZn generated byt.
In this case, the group in question isG = Zn, and the set on which the group acts
is X = Zn as well.

A similar problem, that oforder finding, is a central component of Shor’s
celebrated quantum algorithm for factoring [20]. Recall that for a primep, the
groupZ∗p is the set{1, . . . , p− 1} under multiplication modulop. Order finding is
the problem of determining the (multiplicative) order of an elementx of Z∗p, i. e.,
determining the least integert such thatxt ≡ 1 modp. If we definef : Zp−1→ Z

∗
p

by the rule
f : s 7−→ xs mod p

then the period of the functionf is one more than the order ofx. Thus order
finding reduces to symmetry finding. In order finding, the groupZp−1 acts on
itself, so thatG = X = Zp−1.

2.2 Hidden shifts of the Legendre symbol

Let p be a prime number. A nonzero elementx of Zp is called aquadratic residue
modulo p if there exists an integern such thatn2 ≡ x mod p. It is not hard to
check that setting

χ2 : x 7−→


0 if x = 0;

1 if x is a quadratic residue modulop;

−1 otherwise.
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defines a multiplicative function onZp (so thatχ2(yz) = χ2(y)χ2(z)). The image
of x underχ2 is known as theLegendre symbolof x modulo p. “Shifting” the
function χ2 has been proposed as a pseudorandom generator [22]: specifically,
fixing a primep and a length̀ > log p, translation ofχ2 by a randomly selected
elementt ∈ Zp defines a sequence

χ2(t), χ2(t + 1), . . . , χ2(t + `) .

One way to “break” such a generator is to completely recovert from this sequence
of values. To place the problem of breaking the pseudorandom generator in our
context, we consider the (potentially easier) problem of determiningt given oracle
access to the entire shifted function

ft : x 7−→ χ2(x+ t) .

Though the sequence of bitsχt(0), . . . , χt(`) has been conjectured to be pseu-
dorandom for appropriate values of`, the functionft defined above does possess
some rich symmetries. To capture these symmetries, we introduce the group of
affine linear transformationsof Zp. A function α : Zp → Zp is affine linear if
it has the familiar formα(x) = ax+ b, wherea , 0. (Herea,b ∈ Zp and all
arithmetic is done modulop.) These functions form a nonabelian group, denoted
Ap, under composition: observe that ifα(x) = ax+ b andα′(x) = a′x + b′ then
α ◦ α′(x) = aa′x+ ab′ + b.

Recalling thatAp acts on thefunctions onZp via equation (1), we investigate
the symmetries offt underAp. A short calculation shows that ifα(x) = ax+t(a−1)
and, furthermore,χ2(a) = 1, then

[α−1 · ft](y) = ft(ay+ t(a− 1)) = χ2(ay+ t(a− 1)+ t)

= χ2(a(y+ t)) = χ2(a)χ2(y+ t)

= χ2(y+ t) = ft(y) .

It is easy to check that elements of the formx 7→ ax + t(a − 1), wherea is a
quadratic residue, each represent a symmetry off ; together these formS( ft), the
symmetry subgroup offt (under thisAp action). Moreover, eachft induces a
differentsubgroup ofAp; evidently, solving this “hidden shift” problem can be
reduced to symmetry finding under the groupAp, acting on the setX = Zp.

2.3 Graph automorphism and isomorphism

Let G = (V,E) denote a simple undirected graph with vertex setV = {1, . . . ,n}
and edge setE. An automorphismof G is a permutationπ of the verticesV that
preserves incidence: (v,w) ∈ E ⇔ (π(v), π(w)) ∈ E. These automorphisms,
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taken together, form a subgoup Aut(G) of Sn, the group of all permutations of
V = {1, . . . ,n}. Thegraph automorphismproblem is the problem of determining
if Aut(G) is nontrivial (that is, if there is a nontrivial automorphism ofG).

Let us express this problem in our framework of symmetry finding. First, we
let a permutationπ ∈ Sn act on an edge (u, v) by the ruleπ(u, v) = (π(u), π(v)); it
acts on the edge setE by πE = {π(u, v) | (u, v) ∈ E}. Define the functionsG on Sn

by the rule
sG(π) = πE .

Then Aut(G) is precisely the groupS(sG): thus solving the symmetry finding
problem in this case determines the entire automorphism group ofG (and, in par-
ticular, the answer to the graph automorphism problem for this graph). This is
another example of a symmetry finding problem, where the group isG = Sn act-
ing on itself.

We remark that the task of determining if two graphsG1 andG2 areisomorphic
reduces to the above situation by considering the automorphisms of the (disjoint)
unionG1 ∪ G2. Indeed, if the graphs are not isomorphic, the only automorphisms
of G1 ∪ G2 would be of the formπ ∪ σ, whereπ is an automorphism ofG1 andσ
is an automorphism ofG2. On the other hand, ifτ : G1 → G2 is an isomorphism,
then there exists an automorphism ofG1 ∪ G2 which swapsG1 andG2, and then
appliesτ−1 ∪ τ.

3 Quantum computing

For the sake of analogy, we begin by retelling the story of classical computa-
tion: beginning with an input vectorv ∈ {0,1}n, we carry out a sequence oflocal
transformations, each of which affects but a constant number of coordinates by
subjecting them to some functionti : {0,1}c → {0,1}c. In order for this story
to really capture the familiar circuit model, we need to be more generous with
“workspace,” initially embeddingv into the firstn coordinates of{0,1}ω. Finally,
we honor the first bit of the result by allowing it to determine theoutcomeof this
computation which, in this way, determines a Boolean function. The story is most
exciting when it realizes some Boolean function we care about as a particularly
short (or particularly nicely-structured) sequence of transformations.

The story of quantum computation can be told by “unitarily extending” the
tale above: beginning with an input vectorv ∈ H⊗n, we carry out a sequence of
local unitary transformations, each of which affects but a constant number of co-
ordinates by subjecting them to an arbitrary unitary (i. e., length-preserving linear)
operatorti : H⊗c → H⊗c. The first unfamiliar character appearing in the quantum
tale isH, which we take to be a 2-dimensional complex vector space, on which we
have an inner product〈·, ·〉 and hence also a notion of length:‖x‖2 = |〈x, x〉|. To
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maximize our analogy with the classical story, we select an orthonormal basis for
H consisting of two orthonormal vectors named|0〉 and|1〉. Leaving the details of
what we mean byH⊗n and a unitary operator “affecting but a constant number of
coordinates” to the reader’s imagination for the moment, we continue to say that in
this quantum case, as well, we shall embedH⊗n insideH⊗ω to be equally generous
regarding workspace and, furthermore, allow the first coordinate of the resulting
state to determine the outcome of this computation in an appropriate fashion. For
our purposes, anefficientquantum computation is one that involves a polynomial
number of local transformations.

Despite whatever “compelling analogies” the reader has been cajoled to ac-
cept by the story above, this computational model appears complicated and sus-
picious, especially if you have been brought up on a healthy diet of recursive
function theory, Turing machines, and classical circuit complexity. However, this
model of “unitary evolution” is one of the essential features of quantum mechan-
ics, a physical model that predicts both qualitative and quantitative features of the
small-scale behavior of the universe. To the best of our current knowledge, the
many fundamental curiosities and surprises that manifest in quantum mechanics
are facts of nature, though they be wildly inconsistent with our physical intuition
born of a lifetime of experience with classical macroscopic phenomena. Engi-
neering advances of the last decade demonstrate that these quantum phenomena
are available for human tinkering and, hopefully, for the highly-structured sort of
tinkering that would comprise “computation.”

Let us return to flush out the remaining details of the model of quantum com-
putation introduced above. The state of the computation, throughout the process
above, lies inH⊗n, then-fold tensorpower ofH. In general, ifA andB are vector
spaces with orthonormal bases{ai} and{b j}, a tensor productof these spaces is a
vector space, denotedA⊗ B, along with a map (a,b) 7→ a◦ b of A× B to A⊗ B so
that◦ is linear in each coordinate and, furthermore, the set{ai ◦ b j} is a basis for
A⊗ B. As we assume thatA andB have an inner product, we can naturally define
an inner product onA ⊗ B by extending the rule〈a ◦ b,a′ ◦ b′〉 = 〈a,a′〉〈b,b′〉;
this will, in particular, make the basisai ◦ b j above orthonormal. Unfolding the
definition and trusting that◦ is associative (it is), we find thatH⊗n is a vector space
with 2n orthonormal basis vectors

|a1〉 ◦ · · · ◦ |an〉 , (a1, . . . ,an) ∈ {0,1}
n ,

one for each binary string in{0,1}n ! It is customary to use the symbol⊗ for
the map◦ above (even though this overloads the symbol, which we also used to
denote the vector spaceA⊗ B); furthermore, it is customary in this case to use the
notation|a1 . . . an〉 for the vector|a1〉 ⊗ · · · ⊗ |an〉.

This apparent relationship between the basis ofH⊗n and the “intermediate
states” that appeared in our notion ofclassicalcomputation is not an accident.
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Indeed, our rule for feeding (classical) inputs to a quantum machine will be to
identify the classical inputa ∈ {0,1}n with the unit-length basis vector|a〉 ∈ H⊗n.

It is easy to check that ifU is a unitary operator on the vector spaceA, then
U naturally defines a unitary operator onA⊗ B by the rulea⊗ b 7→ (Ua) ⊗ b. It
is precisely this sense in which the local operators discussed in the definition of
computation above are applied to a “constant number of indices.” The sequence of
unitary (and hence length-preserving) operators associated with a quantum com-
putation thus carries any unit length input vectora to a unit length resultr . While
we naturally have a clear interpretation of the input vectora as an element of
{0,1}n, the resultr is typically a linear combination

r =
∑

a∈{0,1}n

αa |a〉 , αa ∈ C

with exponential support. What wecan be sure of, however, is thatr has unit
length:

∑
a |αa|

2 = 1. These amplitudes|αa|
2 evidently give rise to a probability

distribution on{0,1}n - this is how we shall extract a classical (though stochastic)
output from a quantum computation; indeed, we shall say that the probability that
the computationacceptsis the probability that the first bit is a 1 according to this
probability distribution.

We remark that this curious method for “terminating” our quantum computa-
tion is, along with the rule of unitary evolution, directly borrowed from the model
of quantum mechanics used to model the universe: this is the process ofmea-
surement. This is the second time we have justified a potentially surprising aspect
of the model by direct appeal to the mathematical foundations of quantum me-
chanics. Indeed, one of the original motivations for defining (and yearning for)
such a model is that it would allow us to “simulate” and study quantum systems
of physical interest. Especially after hearing this explanation for the genesis of
the model, it is natural to wonder if the new features of the model offer any new
traction in theclassicalcomputational arena. We’ll see below is that the answer is
yes: quantum computation can, in some cases, uncover exactly the combinatorial
symmetries mentioned in Section 2.

We describe, in the next section, how these symmetries are related to the uni-
tary evolution (and measurement) in the model above. To briefly advertise what
comes ahead, however, we remark that with any finite groupG one may inexorably
associate a finite collection of “harmonic objects,” objects that precisely capture
the symmetry structure ofG. These objects, taken together, define a unitary basis
change in the set ofC-valued functions onG. For many groups of interest, this
unitary basis change can be efficiently carried out on a quantum computer, thus
exposing the symmetries of objects on whichG acts.
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4 Group harmonics and applications

4.1 Representations of finite groups

Let G be a group acting on a setX; as in Section 2, we may “extend” this group
action to the set of functionsCX , { f : X→ C} by the rule

(π f )(x) = f (π−1x) .

This case, where we considerC-valued functionson X (rather than the various
“combinatorial” choices taken in Section 2) is especially attractive because we can
bring to bear the tools of linear algebra to study these actions and their symmetries.
To emphasize this connection, we observe thatCX is a complex vector space with
a distinguished basis: the delta functionsfx : y 7→ δxy (whereδxy is equal to one
whenx = y and is zero otherwise). Notationally, if we let|x〉 denote the function
fx above, elements ofCX can be written∑

x∈X

ax |x〉 , ax ∈ C ,

a convention we shall adopt throughout. Now we can view the action ofG on
CX as a family of linear operators; in particular, eachg is associated with a linear
operatorρg : CX→ CX in such a way thatρgρh = ρgh.

Note that with this linear algebraic view of group actions,g ∈ S( f ) (that is, the
group elementg is a symmetry of a functionf ) exactly when f is an eigenvector
with eigenvalue1 of the mapρg. This suggests a general study of the eigenvalues
and invariant spaces of these group actions, a lifestyle known as therepresentation
theoryof finite groups. The general definition is the following:

Definition 1. Let G be a finite group. Arepresentationof G is a homomorphism
ρ : G → GL(V), whereGL(V) is the collection of invertible linear operators on
a (finite dimensional)C-vector space V. Thedimensionof ρ, denoted dρ, is the
dimension of V.

Observe thatρ assigns to each group elementg a linear operatorρ(g) so that
ρ(g)ρ(h) = ρ(gh), just as in our permutation example above. Indeed, any ac-
tion of G on a setX immediately induces a representation ofG (on CX). The
representations of a groupG offer a principled approach to the problem of under-
standing symmetries underG and its subgroups. We remark that whenG is finite
(as always, in this article), we may assume without loss of generality that repre-
sentations come equipped with an inner product for which eachρ(g) is unitary.

What renders the theory especially attractive is that a given finite groupG pos-
sesses a finite number of atomic “irreducible” representations, in terms of which
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all others can be expressed. To develop this decomposition machinery, we set
down a few more definitions. We say that two representationsρ1 : G → GL(V1)
andρ2 : G → GL(V2) areequivalentwhen they are related by a (linear) isomor-
phism E : V1 → V2; specifically, for everyg we haveρ2(g) = Eρ1(g)E−1. (If
theseρi happened to be defined on the same space, they would be related by a
change of basis.) The familiar notion of direct sum can be applied to sew together
a pair of representations: ifρ1 : G → GL(V1) andρ2 : G → GL(V2) are two
representations ofG, we may construct a new representation onV1 ⊕ V2 with the
action

v ⊕ w 7→ ρ1(g)v ⊕ ρ2(g)w ;

we name this representationρ1⊕ρ2 : G→ GL(V1⊕V2). In matrix form,ρ1⊕ρ2(g)
can be realized as a block diagonal matrix, with each of theρi(g) forming one of
two blocks.

Finally returning to the notion of irreducibility promised above, ifρ : G →
GL(V) is a representation, we say that a subspaceW of V is invariant when each
ρ(g) fixesW as a space. Of course,V and{0} are always invariant. When these
are theonly invariant spaces, the representation is said to beirreducible. As men-
tioned above, a finite groupG has a finite number of distinct irreducible represen-
tations up to equivalence; we let̂G denote this finite set of (equivalence classes
of) irreducible representations. Every other representation ofG can expressed as
a direct sum of copies of representations inĜ.

Our discussion of group actions in Section 2 leads us to naturally define an-
other representation. Recall that any groupG acts on itself by left-multiplication.
Again, this allowsG to act on the spaceCG = { f : G→ C} = span({|g〉 | g ∈ G})
via

g : |h〉 7→ |gh〉 .

The representation so defined is called theleft regular representationof G. We
remark that this representation is not irreducible (unless|G| = 1). In particular,
note that the element

∑
g∈G |g〉 is fixed byany permutation, and in particular by

those that correspond to left multiplication by elements ofG. The linear span of
this element is clearly a one-dimensional invariant subspace ofCG. This same ar-
gument applies to any permutation representation: evidently, every representation
discussed in the article thus far is reducible! We remark that if the full symmetric
groupSn acts on

C{1, . . . ,n} =

 n∑
i=1

ai |i〉 | ai ∈ C


by permuting the|i〉, the vector space perpendicular to the vector

∑
i |i〉 is an irre-

ducible representation of dimensionn− 1. (The inner product used to make sense
of the word perpendicular is the one consistent with the|i〉 basis:〈|i〉 , | j〉〉 = δi j .)
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This example above might suggest that the general problem of decomposing
a representation into irreducible pieces (or, indeed, even identifying irreducible
representations) is quite difficult and, potentially, delicate. This is true; however,
there is a remarkable tool that considerably simplifies these questions. Given an
irreducibleρ, its characterat a group elementg is defined to beχρ(g) , tr ρ(g),
the trace ofρ(g). The important feature of these characters is that under the pairing

(χ, ψ) =
1
|G|

∑
g

χ(g)ψ(g−1) ,

we find that for irreducible representationsρ andσ,

(χρ, χσ) =

1 if ρ andσ are equivalent,

0 otherwise.

As it is clear that for two representationsβ andγ, χβ⊕γ(g) = χβ(g) + χγ(g), this
pairing offers an immediate method for determining if a given representations is
reducible and, moreover, decomposing a representation into irreducibles. Indeed,
observe that ifβ is a representation andσ irreducible then (χβ, χσ) is precisely the
number of timesσ appears in the decomposition ofβ.

With these tools it is possible to show that the left regular representation
R : G → GL(CG) of a groupG has agenericdecomposition into irreducible
representations. In particular, every irreducible representationρ of G appears inR
exactlydρ times. We write

R=
⊕
ρ∈Ĝ

ρ⊕dρ =
⊕
ρ∈Ĝ

ρ ⊕ · · · ⊕ ρ︸      ︷︷      ︸
dρ

. (2)

In particular, counting dimensions on both sides of this equation yields the equal-
ity |G| =

∑
ρ d2

ρ.

The Fourier transform The definition ofCG immediately distinguishes the
group basisof CG: the elements{|g〉}. On the other hand, the direct sum decom-
position of Equation (2) above provides an alternate (and, in general, transverse)
means of describing elements ofCG: in terms of their projections into the spaces
ρ⊕dρ. If f : G→ C is a function andρ ∈ Ĝ, theFourier transform of f atρ is the
linear operator

f̂ (ρ) =

√
dρ
|G|

∑
g∈G

f (g)ρ(g−1) .

If we select a basis for the spaceVρ on whichρ operates,f̂ (ρ) is realized as a
dρ×dρ matrix of complex numbers. Taken over allρ ∈ Ĝ, the linear operatorŝf (ρ)
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determine
∑
ρ d2

ρ = |G| complex numbers—exactly the dimension ofCG. With the
scaling factor

√
dρ/|G| appearing above, this transformation fromf ∈ CG to these

matrices is unitary and actually corresponds to writingf in a basis consistent with
the decomposition (2) ofCG above. More prosaically, the Fourier transform is a
unitary map from the group basis{|g〉} to the basis

{|ρ, i, j〉 : ρ ∈ Ĝ and 1≤ i, j ≤ dρ} , (3)

where thei and j entries correspond to the rows and columns of the matricesf̂ (ρ)
above.

The reason for this long digression, and the critical fact that weds quantum
computing and representation theory, is that the Fourier transform, as described
above, can be efficiently computed on a quantum computer for many groups of
interest [4, 15]. In this context, the unitary Fourier transform is called thequantum
Fourier transform, and is a key ingredient in the algorithms we discuss in the
sequel.

4.2 Looking for hidden symmetries in coset states

We now discuss a special case of the symmetry finding problem presented in Sec-
tion 2. Suppose we are given oracle access to a functionf : G→ S and a promise
that f is atransversalof some unknown subgroupH of G in the sense that

f (hx) = f (x)⇔ h ∈ H .

For concreteness, we will assume thatS is the set of integers{1,2, . . . ,n} for a
suitably largen. As f is constant and distinct on each coset ofH, the problem of
determiningS( f ) is precisely the problem of determining the “hidden” subgroup
H. This problem is aptly titled theHidden Subgroup Problem(HSP). The standard
method ofFourier sampling[5] for solving such problems on a quantum computer
proceeds as follows.

Our first step is to prepare the “uniform superposition overG,” i. e., the state

1
√
|G|

∑
g∈G

|g〉 ,

and then “evaluate” the oracle functionf on this state.3 The resulting state of the
system is

1
√
|G|

∑
g∈G

|g〉| f (g)〉 . (4)

3To make this a unitary operation, we actually need some additional “empty” workspace. The
quantum oracle is the mapU : |x, y〉 7→ |x, y⊕ f (x)〉, where⊕ denotes the (clearly unitary) operation
of bitwise addition. In our case,x =

∑
g∈G |g〉 andy = |00· · · 0〉, where the register containingy is

large enough to accommodate the possible values off .
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Now, we wish to “measure the second register” (that is, the one containing| f (g)〉),
thereby isolating the elements ofG where f takes a particular valuek ∈ S. In gen-
eral, a quantum measurement on a vector spaceV is described by an orthogonal
decompositionV =W1⊕ . . .⊕Wk; when such a measurement is applied to a vector
v, it results in the measured valuei with probability ‖Πi(v)‖2, whereΠi projects
onto the subspaceWi. Since we are supposing thatv has length 1, this yields a
probability distribution oni. The state of our system after the measurement will
be the (renormalized) projection

Πiv
‖Πiv‖22

∈Wi .

In our case, the state (4) lives in the spaceV = CG ⊗ CS. We have specific bases
in mind, too: the basis for the spaceCG is {|g〉 : g ∈ G}, while the basis for
CS is {|1〉, |2〉, . . . , |n〉}. Our desired measurement corresponds to the orthogonal
decomposition

V = [CG ⊗ |1〉] ⊕ [CG ⊗ |2〉] ⊕ · · · ⊕ [CG ⊗ |n〉] .

The result of this measurement will be the (renormalized) projection of the state
(4) to one of the subspacesCG ⊗ |k〉; that is, it will be a uniform superposition
over all elements ofG where f takes the particular valuek. The set of such group
elements is, by the conditions we imposed onf , a coset of some hidden subgroup
H. We are thus left in the “coset state”

1
√
|H|

∑
h∈H

|ch〉 , (5)

wherec is an unknown but, fortunately, random element ofG. Next, we apply the
Quantum Fourier Transform from Section 4.1. Let us first view the above state as
the scaled characteristic function

ψ(g) =

1/
√
|H| if g ∈ cH,

0 otherwise.
(6)

Recall that the Fourier transform of this function, at an irreducibleρ ∈ Ĝ, is a
dρ × dρ matrix denoted byψ̂(ρ). Thus, the Quantum Fourier Transform of the
above state will be indexed by|Ĝ|-many representationsρ, andd2

ρ-many entries
for each suchρ. Concretely, the new state is given by∑

ρ,i, j

ψ̂(ρ)i j |ρ, i, j〉 . (7)
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We think of this state as being indexed by three registers: the first register specifies
the representationρ, the second register specifies the “row”i, and the third register
specifies the “column”j. Our task now is to perform some kind of measurement
on the above state, and attempt to determine the hidden subgroupH based on this
measurement. For instance, we may simply measure the first register - resulting
in a particular representationσ with probability∑

i, j

∣∣∣ψ̂(σ)i j

∣∣∣2 = ∥∥∥ψ̂(σ)
∥∥∥2

2
.

This method is calledweak Fourier sampling. Alternatively, we may applystrong
Fourier sampling, which will completely measure all of the registers. The result
of strong sampling is a matrix entrŷψ(τ)kl, occurring with probability|ψ̂(τ)kl|

2.
(Note that this measurement depends on the basis in whichσ is expressed by our
Fourier transform.)

In the coming sections, we will describe how one can efficiently reconstruct
normal subgroups via the weak Fourier sampling method discussed above. As
any subgroup of an abelian group is normal, this will allow us to completely solve
the HSP on abelian groups. In particular, this will imply that the period finding
and order finding applications discussed in Section 2 have efficient solutions on a
quantum computer.

Some progress has also been made in the arena of non-normal subgroups. For
instance, Hallgren, Ip, and Van Dam [22] constructed an efficient quantum algo-
rithm for the hidden shifts of the quadratic character discussed in Section 2 (their
algorithm actually departs from the Fourier sampling framework above, directly
using the oracle as “phase information”; the affine group formulation of the prob-
lem presented in Section 2 was solved by strong sampling in [16]). Kuperberg [14]
devised a “sieve” algorithm to solve the hidden subgroup problem in the dihedral
groupsDn with subexponential running time 2O(

√
n). (We remark that no classical

algorithm can have running time 2o(n).) We will briefly discuss these algorithms
in Section 5.2.2. Finally, in Section 5.3, we will discuss an approach developed
by Bacon, Childs, and van Dam [3] that has given rise to efficient algorithms for
various semi-direct product groups, including the Heisenberg groupsZp n Z

2
p.

Sadly, our final example of Graph Automorphism, where we seek to find cer-
tain hidden subgroups of the symmetric groupSn, still defies the community’s
attempts at devising efficient algorithms. In fact, several negative results have
shown that solving the HSP using coset states in the symmetric groups (and some
other group families)requiresso-calledmultiregisterFourier sampling. This en-
tails sampling several coset statesψ1, ψ2, . . . , ψk and then performing some kind
of (non-separable) measurement on the tensor productψ1 ⊗ ψ2 ⊗ · · · ⊗ ψk of the
k registers. In the case of the symmetric group, we must use at leastΩ(log |G|)
many samples [10, 18]. As we will later discuss, however, all is not lost even in



75 75

75 75

The Bulletin of the EATCS

67

this area. Indeed, even for some group families to which these negative results ap-
ply, there are quantum algorithms which perform better than any possible classical
algorithm.

5 Algorithmic progress

5.1 Reconstructing normal subgroups

In this section, we will show how to resolve the HSP efficiently in the case where
the hidden subgroup is normal. The results of this section are due to Hallgren,
Russell, and Ta-shma [11]. As every subgroup of an abelian group is normal, our
discussion will include the HSP on abelian groups as a special case. Recall from
Section 4.1 that the Quantum Fourier Transform is the basis change operator that
maps the group basis to the Fourier basis; that is, it rewrites a functionψ ∈ CG
(indexed by group elements) as another functionψ̂ (indexed by representations,
rows, and columns). As discussed in Section 4.2, performing “weak Fourier sam-
pling” on ψ̂ will then measure a particular representationρ ∈ Ĝ, while ignoring
the rows and the columns. The probability of observingρ is equal to the norm
‖ψ̂(ρ)‖2 of the Fourier transform ofψ atρ.

We first letψ be the “coset state” (5) from Section 4.2; it’s easy to show that
our analysis will not depend on the value ofc, and so we assume thatc = 1. Then
ψ takes the value 1/

√
|H| on the hidden subgroupH of G, and is zero elsewhere.

The Fourier transform ofψ at an irreducibleρ is then given by

ψ̂(ρ) =

√
dρ
|G|

∑
h∈G

ψ(h)ρ(h) =

√
dρ|H|

|G|
Π
ρ
H

whereΠρH , |H|
−1 ∑

h∈H ρ(h). It’s easy to check that (ΠρH)2 = Π
ρ
H, i. e., ΠρH is

a projection operator. The probability of measuring a particularρ using weak
sampling is then

PH(ρ) ,
∥∥∥ψ̂(ρ)

∥∥∥2
=

dρ|H|

|G|
rk ΠρH . (8)

This distribution takes a particularly nice form whenH is a normal subgroup.
Let H⊥ denote the set of representations fromĜ whose kernel containsH. The
representations inH⊥ (that is, representations which are trivial onH) are precisely
the same as the representations of the quotient groupG/H.

Lemma 1. Let H be a normal subgroup of G. Ifρ is an element of H⊥, then
the probability of observingρ is equal to d2ρ |H|/|G|; otherwise, the probability of
observingρ is zero.
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Proof. If ρ ∈ H⊥, then for everyh ∈ H, ρ(h) is the identity operator. SinceΠρH is
simply the average of these, it is also equal to the identity operator, and thus has
full rank. Hence

PH(ρ) =
dρrk Π

ρ
H |H|

|G|
=

d2
ρ |H|

|G|
.

Now, if we add up the contributions toPH from the representations inH⊥, we
have ∑

ρ∈H⊥

PH(ρ) =
∑
ρ∈H⊥

d2
ρ |H|

|G|
=
|H|
|G|
·

∑
ρ∈Ĝ/H

d2
ρ =
|H|
|G|
· |G/H| = 1 .

Hence the representations outsideH⊥ must contribute zero probability. �

We now show that one can reconstruct a normal subgroupH of an arbitrary fi-
nite groupG in polynomial time, simply by sampling from the distributionPH.
Once enough samples have been produced, we then reconstruct the subgroup by
intersecting the kernels of our sampled representations.

Theorem 1. Let H be a normal subgroup of G. Letσ1, . . . , σs be independent
random variables sampled from the distribution PH, with s= c log |G|. Then

Pr

H ,⋂
i

kerσi

 ≤ e−
(c−2)2

2c log |G| .

Proof. Let N0 = G, and letNi = ∩
i
j=1 kerσ j be the intersection of the kernels

sampled thus far. As they are intersections of normal subgroups, eachNi is normal
in G. By Lemma 1, we cannot observe any representations except those whose
kernel containsH, and thusH ⊂ kerσi for everyi. Hence

H ⊆ Ns ⊆ Ns−1 ⊆ · · · ⊆ N0 = G .

Our theorem rests on the fact that, with each new sample, we will make progress
along the above chain with probability at least 1/2; reachingH will thus take
roughly log|G| many steps. We thus claim that ifNi , H, then Prσi+1∈PH [Ni+1 =

Ni] ≤ 1/2. Indeed, by making use of Lemma 1 again, we see that

Pr[Ni+1 = Ni] = Pr[Ni ⊆ kerσ] =
∑
ρ∈N⊥i

d2
ρ

|H|
|G|

= |G/N1| ·
|H|
|G|
=
|H|
|Ni |
≤ 1/2 .

To complete the proof, we will need to apply a Chernoff bound. LetXi be indicator
random variables defined byXi = 1 if Ni = H or Ni , Ni−1 and zero otherwise.
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While theXi are not necessarily independent, our claim above showed that Pr[Xi =

0|σ1, . . . , σi−1] ≤ 1/2. We can thus define new independent random variablesYi

satisfying Pr[Yi = 0] = 1/2 and
∑

Yi ≤
∑

Xi. By the Chernoff bound given in
[11], Pr[

∑
i Yi ≤ (s− a)/2] < e−a2/2s. This implies that

Pr

∑
i

Xi ≤ c log |G|

 < e−(c−2)2 log |G|/2c .

Thus
∑

i Xi ≥ log |G| with overwhelming probability; but in this case,Ni ( Ni−1

for everyi, and henceNs = H. �

We remark that the problem of reconstructing a normal subgroup by computing an
intersection of representation kernels may, for general groups, be a very difficult
problem. However, with the aid of a classical machine we can easily perform this
task on abelian groups. By the structure theorem for finite abelian groups, we
need only discuss the cyclic groupsG = Zn. Now, supposeα ∈ Zn is a generator
for the hidden subgroup in question, and thatχg1, χg2, . . . , χgs are the sampled
representations (that is, characters) ofZn. By Theorem 1 above, we know that⋂

i

kerχgi = 〈α〉 .

We claim that the left hand side is simply kerχg whereg = gcd(g1,g2, . . . ,gs). If
x ∈ ∩i kerχgi , then

χgi (x) = e
2πigi x

n = 1 ,

and hencegi x ≡ 0 modn, for every i. By taking linear combinations, we have
gx≡ 0 modn, and thusx ∈ kerχg. On the other hand, ifx satisfiesgx≡ 0 modn,
then certainlygi x ≡ 0 modn for every i, since thegi are integer multiples ofg.
We have thus shown that〈α〉 = kerχg. Along with Theorem 1, this proves that
we can reconstruct hidden subgroups of cyclic groups efficiently by weak Fourier
sampling a sufficient number of characters, and then computing their gcd using a
classical machine.

5.2 Sieve Algorithms

5.2.1 Weak Sampling Fails

As we have shown, weak Fourier sampling (that is, measuring the representation
name only) allows for the reconstruction of normal subgroups and, in particular,
arbitrary subgroups of abelian groups. For some groups, however, this method
cannot solve the HSP efficiently [11]. The following proposition, due to Alagic,
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Moore and Russell [1] shows that certain subgroups ofproduct groupsare indis-
tinguishable using weak Fourier sampling alone. This is an example of a family of
groups wherestrong Fourier sampling(that is, measuring the rows and columns
in addition to the representation name) is necessary for resolving the HSP.

Proposition 1. Let G be a group with an involutionµ < Z(G), and let H= {1,m} ≤
Gn where m is chosen uniformly at random from the conjugacy class[(µ, . . . , µ)].
Then the total variation distance between the weak Fourier sampling distributions
(8) for the subgroups H and{1} is at most2−n/2.

Proof. We upper bound the total variation distance between the distributions in
question: ∥∥∥P{1} − PH

∥∥∥
1
=

∑
ρ∈Ĝn

∣∣∣∣∣ dρ
|G|n

rk Πρ
{1} −

2dρ
|G|n

rk ΠρH

∣∣∣∣∣
=

∑
ρ∈Ĝn

∣∣∣∣∣∣ dρ
|G|n

rk Πρ
{1} −

2dρ
|G|n

tr
[
11ρ + ρ(m)

2

]∣∣∣∣∣∣
=

1
|G|n

∑
ρ∈Ĝn

∣∣∣∣∣∣d2
ρ − d2

ρ

(
1+

χρ(m)

dρ

)∣∣∣∣∣∣
=

1
|G|n

∑
ρ∈Ĝn

∣∣∣dρ · χρ(m)
∣∣∣ .

Viewing the last line as an inner product, we apply Cauchy-Schwarz to get

∥∥∥P{1} − PH

∥∥∥
1
≤

1
|G|n

∑
ρ

d2
ρ


1/2 ∑

ρ

χρ(m)χ∗ρ(m)


1/2

=
1
|G|n/2

∑
ρ∈Ĝn

χρ(m)χ∗ρ(m)


1/2

=
1
|G|n/2

∑
ρ∈Ĝ

χρ(µ)χ∗ρ(µ)


n/2

.

Here we have used the fact that the character of an irreducibleGn-
representation is ann-fold product of characters of irreducibleG-representations.
The term

∑
ρ χρ(µ)χ∗ρ(µ) is in fact the character of the so-calledconjugation repre-

sentationof G; this is the representation defined onCG by linearly extending the
rule g · x 7→ gxg−1. The character of this representation, evaluated atµ, is exactly
the number of fixed points of the conjugation action ofµ on G, i. e., the size of
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the centralizerCµ. As µ is not in the center,Cµ is a proper subgroup, and hence
χC(µ) ≤ |G|/2, which completes the proof.

�

5.2.2 Sieve Algorithm Sketch

Recent negative results have shown that even strong Fourier sampling is insuffi-
cient to efficiently resolve the HSP on certain highly nonabelian groups. For in-
stance, Hallgren, Moore, Rötteler, Russell and Sen [10] showed that multiregister
Fourier sampling overΩ(log |G|) registers is required to efficiently distinguish sub-
groups of certain families of groups; these families include the symmetric groups
(presumably critical for the Graph Isomorphism application discussed in Section
2.3), and the nonabelian direct product groups. Despite this, we can still do prov-
ably better than classically for certain groups to which these negative results ap-
ply. Indeed, using arepresentation sieveidea pioneered by Kuperberg [14] for the
HSP on dihedral groups, a subexponential-time sieve algorithm of Alagic, Moore
and Russell [2] resolves the HSP on direct product groups. These are groups of
the formG = Kn whereK is nonabelian and of constant size. We now discuss,
in brief, the central idea behind algorithms based on Kuperberg’s representation
sieve.

Recall that the result of weak Fourier sampling is essentially a “state vector”
lying in an irreducible representation of our groupG. Now, if we perform weak
sampling twice, we will have two state vectors lying in irreducibles which we will
labelρ andσ. The representationsρ andσ naturally define another representation
ρ⊗σ on the tensor productVρ ⊗Vσ of their respective spaces. This is done by the
“diagonal action”:

[ρ ⊗ σ](g) , ρ(g) ⊗ σ(g) .

In general, this new representation is not irreducible; it does, however, have an
irreducible decomposition

ρ ⊗ σ �
⊕

j

τ j .

The essential ingredient of the aforementioned sieve algorithms is this: given state
vectors inρ andσ, we can use a modified form of weak sampling to produce a
state vector in one of the constituentsτ j of ρ ⊗ σ. Moreover, our knowledge of
the representation theory of the underlying group gives us a nice picture of which
τ j our new state vector may lie in; for instance, if the hidden subgroup is actually
trivial, then the resultant state will lie inτ j with probabilitydτ j/dρ⊗σ = dτ j/(dρdσ).
A sieve algorithm may thus proceed as follows:

1. use weak Fourier sampling to generate a large (but still subexponential)
collection of states, each lying in some irreducible representation;
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2. cleverly pair up the states generated above, and sample new states from
the tensor products of these pairs, now lying in representations ofsmaller
dimension(on average);

3. repeat (2) until you generate states lying in one-dimensional representa-
tions.

Once we have generated sufficiently many states in one-dimensional representa-
tions, we can then reconstruct the hidden subgroup; this is roughly analogous to
the abelian case, where all irreducibles are one-dimensional. We remark that the
repeated applications of step (2) constitute a (rather complicated) multiregister
measurement over all of the registers containing the coset states initially sampled
in step (1).

5.3 The pretty-good measurement

Recall from the discussion preceding Equation (5) that typical approaches to the
hidden subgroup problem involve production ofcoset statesof the form

1
√
|H|

∑
h∈H

|ch〉 ,

wherec is an independently chosen element inG. This “state” is really a classical
probability distribution over the sorts of quantum states we have described in the
article thus far. Such objects arise anytime a measurement takes place, and are
calledmixed states. (The quantum states we have discussed previously, unit length
vectors, are the special case with a trivial probability distribution and are called
pure stateswhen it is useful to emphasize the distinction.)

It turns out that there are group/subgroup combinations where this state con-
tains very little information aboutH [18]. On the other hand, it is known that
polynomially many (in log|G|) of these states do, at least in principle, completely
determine the subgroupH [9]. The problem, from a quantum computational per-
spective, is to discover an efficient means of extracting this information from the
mixed state.

The problem of “identifying” a given state from a known list of possibili-
ties has a long history in quantum mechanics, though most previous work was
less concerned with computational efficiency than it was with the information-
theoretic aspects of the problem: that is, whether or not measurements even ex-
isted to tease apart various families of states.

A remarkable discovery of Bacon, Childs, and van Dam [3] is that ageneric
measurement, the “pretty-good measurement,” that one can define for any fixed
family of mixed states can actually be efficiently implemented in some cases of
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interest for the hidden subgroup problem. Furthermore, they show that these mea-
surements are powerful enough to distinguish the subgroups, giving rise to effi-
cient solutions to the hidden subgroup problem for specially structured groups.
(It was later shown that with sufficiently many copies of the mixed state above,
the pretty good measurement is always a rich enough measurement to distinguish
hidden subgroups [12].)

6 Conclusion

The hidden subgroup problem (and the symmetry finding problem, in general)
unite quantum computation, a handful of classical computational problems, and
aspects of the representation theory of finite groups. We indicated, in Section 5,
the principal algorithmic techniques that have been developed for attacking this
problem in general: Fourier sampling, sieve methods, and implementation of the
pretty good measurement. In all of these cases, the essential insight on which
the algorithm depends illuminates the connection between coset states and the
algebraic structure of the group’s representation theory. Despite this progress,
the guiding problem in the area of nonabelian hidden subgroup problems—Graph
Isomorphism—appears to be quite immune to known techniques [17, 19]. Hap-
pily, the area has seen rapid development in the last 5 years on the algorithmic,
information-theoretic, and representation-theoretic fronts; we can be sure that the
area and its hallmark problem have more secrets to uncover.
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Peer-to-peer systems exchanging dynamic documents through web ser-
vices are a simple and effective platform for data integration on the Web.
Dynamic documents contain both data and references to external sources
in the form of links, calls to web services, or coordination scripts. XML
standards and industrial platforms for Web services provide a technological
basis for building such systems. We use the Core Xdπ calculus to argue that
process calculi provide a useful framework for studying and understanding
their formal properties. In particular, we consider a natural notion of seman-
tic equivalence for Core Xdπ, and we use it to compare several distributed
query patterns.

1 Introduction

The World Wide Web is a global network, used in daily activities to find informa-
tion, communicate ideas, conduct business and carry out distributed computations.
In order to fully exploit the potential of this massive network, there is a need for
scalable mechanisms to organize and manipulate the available information. Peer-
to-peer architectures help us to deal with the issue of scalability, and technologies
such as XML and Web services facilitate the development of distributed appli-
cations. XML [32] is a standardized data model, used to represent uniformly
documents containing tagged information not adhering to a fixed structure. Web
services [34] are Web sites which are designed to be used by applications rather
than humans. Web service inter-operability is facilitated by the use of XML for
data representation and of related standards for service invocation, description and
discovery (SOAP, WSDL, UDDI [35, 33, 31]).

Data integration on the Web constitutes a challenging application for these
technologies, because of the extreme heterogeneity of data sources involved and
the complexity of communication patterns which can arise. For example, translat-
ing a declarative request for networked data into a low-level execution plan may
involve recursively invoking other declarative requests on different Web sites.
Inspired by this problem, the Xdπ calculus [11] models peer-to-peer architectures
for exchanging Web data, schematically represented in Figure 1. Each network
is composed by a variable number of interconnected peers, all sharing a similar
internal structure, and each one identified by a unique name (Figure 1()). Peers
share a common messaging protocol where the name of a peer is assumed to coin-
cide with its network address: at this level of abstraction there are no restrictions
to connectivity due to network domains or firewalls. Networks are open in the
sense that it is always possible to add new peers or learn dynamically about their
existence, and external hosts may participate in the data exchange although typi-
cally playing a limited role. Each peer (schematized in Figure 1()) acts both as
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Figure 1: Reference architecture
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a provider and consumer of information. It contains a data repository, an internal
working space where processes carry out local computations, and a network inter-
face providing remote communication and services to other peers. Processes can
communicate locally with each other, query and update the local repository and,
when the architecture supports mobility, migrate to other peers to continue execu-
tion. Repositories present a semi-structured view of their data to the processes.
Typically, the data contains enough meta-information about it structure to make it
possible to write expressive queries.

Data is not completely static. It often contains references to other data and ser-
vices, in the form of URLs, queries, or scripts. A script is some code describing
a process which can be interpreted by the working space to add dynamic content
to documents. We refer to such data as dynamic Web data. The World Wide Web
itself is a very general example of architecture for dynamic Web data. Servers
use the HTTP protocol to interact with each other, either requesting or providing
information. HTML pages may contain hyperlinks, forms and client-side scripts,
which provide dynamic behaviour. Web clients running a browser can be consid-
ered as “external hosts" which participate to a smaller degree in the exchange of
information, by mostly consuming rather than providing data.

A more specific example comes from the database world. The Active XML
[30, 3] system for data integration (AXML for short) consists of a network of
peers, each containing a repository of documents and a set of service definitions.
AXML service definitions typically consist of queries and updates on the local
repository, but in general can consist of arbitrary Web services providing an in-
terface to hosts external to the AXML system. AXML documents are XML
documents which can include special tags representing calls to services on other
peers. The parameters to these service calls can be local queries (path expressions)
or AXML data, hence service calls can be nested.
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Besides Web browsers and AXML, a large class of other Web applications
(such as file-sharing programs, personal Web portals, online bibliographic data-
bases, etc.) can be seen as instances of the reference architecture given above,
each with its own particular features and restrictions. The problems that these
architectures have to address, in order to be practically useful, are varied. Firstly,
it is well-known that interaction between concurrent processes is difficult to regu-
late. In the case of Web services, this problem is complicated by the difficulty in
maintaining state across different Web service invocations, and requires the study
of choreography techniques. Secondly, a major concern for systems dealing with
dynamic Web data is security. Depending on the application domain, it may be
crucial to have control over for example data integrity, confidentiality, or access
control. The formal study of security properties needs to be grounded on a rig-
orous model of these architectures, and process algebraic techniques have been
shown to be particularly suited for the task [1, 13, 10].

1.1 The process algebraic approach
We want to show that process algebraic techniques are well-suited to represent
and study formal properties of dynamic web data. In order to do so, we present
Core Xdπ, an explicitly located dialect of Xdπ. In Core Xdπ, the agents running
in the working space of each peer are modelled by a parallel composition of lo-
cated π-like processes, and the XML data repositories of the peers are modelled
by a store, mapping each peer name (a location) with an ordered, edge-labelled
tree. We regard processes as agents with a simple set of functionalities: they com-
municate with each other, query and update the local repository, and migrate to
other peers to continue execution. Process descriptions, in the form of scripts,
may be included in documents and executed by other processes. The definition of
Core Xdπ is parametric with respect to the choice of a specific query and update
language.

The combination of Web services and scripted processes provides many alter-
native patterns for exchanging information, and a theory of semantic equivalence
for dynamic web data can be useful to show, for example, that some complex
data-exchange protocol corresponds to some intuitive behaviour. Motivated by
this consideration, we present network equivalence for Core Xdπ, which states
when two group of peers can be considered indistinguishable with respect to their
attempts to interact with their local stores. Our objective is to define an equiva-
lence relation on processes such that, when we place equivalent processes in the
same context, we obtain equivalent networks.

As an application, we study communication patterns used by servers in dis-
tributed query systems to answer queries from clients. We show that some
existing patterns [26] can be combined together obtaining a flexible infrastruc-
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Figure 2: Syntax
T,S F EpT | ∅ | x E, F F a[ V ] | x
U,V F T | p@l | 〈A〉 l F l | x p F p | x A F A | x

a, b, c ∈ E (E L) l,m ∈ L (countably infinite) (L N)

p, q ∈ Q (Q) x, y, z ∈ V (V) E, F ∈ B def
= {E : fv(E) = ∅} (B)

U,V ∈ D def
= {V : fv(V) = ∅} (D) T, S ∈ T def

= {T : fv(T) = ∅} (T)

D, B ∈ S def
= L⇀ T (S)

N,M ∈ N def
= {(D, P) : D ∈ S, P ∈ P, dom(P) ⊆ dom(D)} (N)

P,Q, RF 0 | P | P | (ν c)P | l·c〈̃v〉 | l·c(̃π).P | !l·c(̃π).P | l·go m.P | A ◦ 〈l, ṽ〉
| l·reqp〈c〉

a, b, c F c | c | x v F c | l | p | A | E | T

a, b, c ∈ Cp (countably infinite) (P C)

a, b, c ∈ Cs (S C)

v, u ∈ U def
= {v : fv(v) = ∅} (V)

π ∈ K
def
= V ∪ {V : distinct (V)} (P)

P,Q,R ∈ P def
= {P : fv(P) = ∅ and wf (P)} (P)

A ∈ A def
= {(x, π̃)P :

fn(P) = ∅, fv(P) ⊆ fv(x, π̃),
distinct (x, π̃), dom(P) = {x} } (S)

ture which is provably equivalent to an intuitive specification of the intended be-
haviour. By exploiting process migration, we also propose a new communication
pattern, and show that it is behaviourally equivalent to a naive, less efficient one.

2 A process calculus for dynamic Web data

In this Section we present the syntax and semantics for Core Xdπ, omitting non-
essential definitions (see [17, 18] for a complete exposition).

Data and queries. We represent semi-structured data using ordered labelled
trees. The formal definition is given in Figure 2 (we use italic bold letters for
terms T which can contain variables, and plain italic letters for closed terms T ).
We represent a tree as a ∅-terminated list of branches E1 p . . . pEn p∅ (abbreviated
with E1 p . . . pEn) which start from the root. Each branch Ei has the form a[ V ]

and denotes an edge labelled a leading to a node containing the data V . A data
item can be a subtree T , a pointer p@l referencing the data selected at location
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l by query p (described below), or a script 〈A〉 (described in Section 2) which
can be executed to collect data or perform coordination tasks. For example,
a[ b[ c[ 〈A〉 ]pd[ p@l ] ]pe[ ] ] is a tree containing a script and a pointer (we abbreviate
e[∅ ] with e[ ]). We assume a standard function fv returning the free variables
of a term, and we use the same identifiers x, y, z, . . . to range over all variables.
When necessary, the kind of each variable can be understood by the place where
the variable occurs.

From now on, use the word “queries" to mean expressions for querying or
updating a tree. Core Xdπ is parametric on the choice of a particular query
language chosen, as long as it is a language of expressions which can be evaluated
against a tree to obtain a new tree (the result of updating the tree) and some data
(the list of trees resulting from querying the tree). The only conditions that we
need to impose on such a language are that the application of a substitution to a
query must be well-defined and yield a query. The reasons why we need to define
substitutions on queries will be clear after describing the semantics of processes
in Section 2.

Definition 2.1 (Query Language). A query language consists of a triple (Q, fv ,E)
where Q is a set of queries ranged over by p, q, . . ., together with a function fv :
Q → ℘(V) giving the free variables of each query, and an evaluation function
E : (Q × T )⇀ T × lists(D), which, given a query and a tree, returns an updated
tree and a finite list of results. Additionally, Q must be closed under substitution.

Note that query evaluation is a partial function. This generality accounts for
both the cases of ill-formed queries, which may not have a precise semantics, and
Turing-equivalent query languages, which may not terminate. In [17, 18] we
define a concrete query language as an example.
Networks. A Core Xdπ network represents a peer-to-peer system, where each
location corresponds to a peer. Each peer can communicate with any other peer,
and has a unique name. A network is represented by a pair (D, P) where the first
component (the store) is a finite partial function from location names to trees, and
the second component is a process. The formal definition is given in Figure 2.
For example, in the network ({l 7→ T }, P), the term {l 7→ T } says that the store of
the peer at location l is the tree T , and the term P represents the processes running
on the peer, which contain explicit location information. Interaction between
processes and data is always local. We assume a function dom giving the domain
of both networks, stores and processes. By definition, the domain of a network is
the domain of the store, and a network is well-formed if the domain of the process
is contained in the domain of the store.
Processes and scripts. The formal definition for Core Xdπ processes is given
in Figure 2. Parallel composition, restriction and the 0 process are standard. The
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output process l·c〈ṽ〉 denotes a vector of values ṽ waiting to be sent via channel c at
location l, the input process l·c(̃π).P waits to receive values matching the patterns π̃
from an output process via channel c at l, and the replicated input is standard. The
communication constructs, which use polyadic synchronization, are inspired by
the eπ-calculus [7]. We assume a well-formedness predicate wf (P) requiring that
the continuation of an input (or replicated input) process must be located at the
same location where the input is defined. Channel names are partitioned into pri-
vate and service channel names. The private channels denote “usual" π-calculus
channels, which are typically used for coordination, and which can be kept secret
in order to protect a protocol from external interferences. The service channels
denote those channels which are used to implement the services which a peer of-
fers to other peers, and which therefore are not meant to be restricted and can be
referenced inside scripts. In order to parse trees and pointers, we have added
to π-calculus communication a very simple form of pattern matching. Patterns
π1, ... , πn are terms containing distinct variables (we assume a predicate distinct to
enforce that) which are instantiated, if pattern matching succeeds, with the values
found in the corresponding position in the term to be matched. Our patterns do
not include regular or recursive expressions, and we will avoid algorithmic issues
by simply requiring the guessing of an appropriate substitution in order for pattern
matching to take place. Our processes use patterns to parse data, and queries to
query trees. This conceptual separation does not exclude the possibility for the
query language to be based on pattern matching itself.

A script (x, π̃)P represents the code of P parameterized on x, a placeholder for
the location where the script is going to be run, and π̃, other optional parameters
of P. By the side condition on the free variables of scripts, we impose that scripts
remain statically defined until they are deployed dynamically by instantiation of
their parameters. The application construct A ◦ 〈l, ṽ〉 passes the parameters ṽ to
the script A and runs it in the working space of l. Note that application is defined
only when the first parameter passed to the script is a location. Communication
in Core Xdπ is higher-order, in the sense that processes may send scripts over
channels, possibly as leaves inside trees.

Process migration, which we represent explicitly, models communication acr-
oss locations: the process m·go l.P represents a (higher-order) message from m
addressed to l containing a request to run the (closed) code P. When P is an output
process, we use the abbreviation l·m·c〈̃v〉 for l·go m.m·c〈̃v〉. The well-formedness
condition wf (P) requires that the continuation process must be correctly located
at the destination location. Due to the peer-to-peer nature of our domain, each lo-
cation is ready to receive and run any incoming code, so we do not need to provide
an explicit operation to run a received process. Processes access the local tree by
using a request operation l·reqp〈c〉 parametric in a query-update expression p and
a channel c. The effect of evaluating expression p is to modify the local tree and
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Figure 3: Semantics: reduction and contexts

(CR S)

({l 7→ T }, l·go l.P |Q) −→ ({l 7→ T }, P |Q)
(CR G)

({l 7→ T } ] {m 7→ S }, l·go m.P |Q) −→ ({l 7→ T } ] {m 7→ S }, P |Q)
(CR C)

({l 7→ T }, l·c〈̃πσ〉 | l·c(̃π).P |Q) −→ ({l 7→ T }, Pσ |Q) c ∈ Cp ∪ Cs

(CR C!)

({l 7→ T }, l·c〈̃πσ〉 | !l·c(̃π).P |Q) −→ ({l 7→ T }, !l·c(̃π).P | Pσ |Q) c ∈ Cp ∪ Cs

(CR R)

({l 7→ T }, (x, π̃)P ◦ 〈l, π̃σ〉 |Q) −→ ({l 7→ T }, P{l/x}σ |Q)
(CR R)

E(p,T ) = (T ′,U1 p...pUn p∅)

({l 7→ T }, l·reqp〈c〉 |Q) −→ ({l 7→ T ′}, l·c〈r[ U1 ]p . . . pr[ Un ]p∅〉 |Q)

KP
def
= CP[−] F − | P |CP[−] | CP[−] | P | (ν c)CP[−] (P C)

KS
def
= CS[−] F − | CS[−] ] D (S C)

KN
def
= CN [−,−] F (CS[−],CP[−]), dom(CP) ⊆ dom(CS) (N C)

(CS[−],CP[−])[(D, P)] def
= (CS[D],CP[P]) (C A)

Notation: {l 7→ T }(l) def
= T ; (D ] B)(l) def

=

{
D(l) if l ∈ dom(D)
B(l) if l ∈ dom(B) .

to return a list of query results on the c. Our request operation is defined for any
query which given a tree returns an updated tree and a list of results.

2.1 Reduction semantics

The reduction relation −→ for Core Xdπ describes process interaction, the interac-
tion between processes and data, and the movement of processes across locations.
The definition is given in Figure 3. We assume a standard notion of structural
congruence for processes and networks and standard rules which allow reduction
under parallel composition, restriction and structural congruence.

There are two rules for process movement between locations: rule (CR S)

describes the case where the process is already at the target location, and rule (CR

G) allows a process l·go m.P to move from l to m. Rule (CR C) states that
if an output l·a〈̃v〉 and an input l·a(̃π).P on the same channel a are in the same
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location l (part of the store), and the values ṽ match the input patterns π̃ (there is a
substitution a σ such that ṽ = π̃σ), then communication takes place and execution
proceeds with Pσ. Rule (CRC!) is similar, but leaves the replicated input process
!l·a(̃π).P in place for further use. We show an example of the communication of
a private channel over a service channel below:

({l 7→ T }, (ν c)(l·a〈c, b[ ]〉) | l·a(x, b[ y ]).(l·x〈y〉 | P))
−→({l 7→ T }, (ν c)(l·c〈∅〉 | P{c/x, ∅/y}))

Rule (CR R) runs a script, passing as the first parameter the name of the location
where it is going to run. Rule (CR R) applies the query denoted by p on the
local tree T , obtaining an updated tree T ′ which replaces T , and a list of results
U1 p...pUn p∅ which is turned into a tree of results labelled with r (a reserved label
used to denote results) sent on channel c at l. For example, supposing that p is a
query which extracts from a tree the data found by following the path a/b:

({l 7→ a[ b[ V1 ]pb[ V2 ]pa[ U ] ]}, l·reqp〈c〉 | P)

−→ −→ ({l 7→ a[ b[ ]pb[ ]pa[ U ] ]}, l·c〈r[ V1 ]pr[ V2 ]〉 | P)

Note that the subtrees Vi removed from the store are returned as results on c.

2.2 Behavioural Equivalences
Network equivalence for Core Xdπ is a standard reduction-closed, contextual equ-
ivalence [14] which preserves request observations (the effect processes have on
data). In [17] we consider different choices of observation predicates (in partic-
ular the shape of the data tree of a location and the presence of output actions
in a process), resulting in congruences which coincide or are implied by the one
below.

Definition 2.2 (Request observation predicate). We define the request observation
predicate ↓l·p as (D, P) ↓l·p ⇐⇒ ∃C, c,Q. P ≡ C[l·reqp〈c〉 |Q] and the weak

observation predicate ⇓l·p as N ⇓l·p ⇐⇒ ∃N′.N
∗
−→ N′ and N′ ↓l·p.

Definition 2.3 (Reduction Congruence). Reduction congruence ' on
Core Xdπ networks is the largest symmetric relation '̇ which is

• observation preserving: N '̇M =⇒ ∀l, p.N ⇓l·p=⇒ M ⇓l·p;

• reduction closed: N '̇M =⇒ ∀N′.N
∗
−→ N′ =⇒ ∃M′.M

∗
−→ M′,N′ '̇M′;

• contextual: N '̇M =⇒ ∀C.C[N] '̇C[M].



93 93

93 93

The Bulletin of the EATCS

85

For example, we have ({l 7→ T }, l·a〈c〉); ({l 7→ T }, l·a〈b〉), because the context
K = (−,− | l·a(x).l·x | l·c.l·reqp〈a〉) can tell a difference between the two networks.
Process equivalence. We now define process equivalence for Core Xdπ. This
equivalence depends on the locations present in the network. Consider replacing
the definition of a service at location l, which uses only local data, with one located
at m (where there is a cached copy of the same data) and providing an equivalent
functionality. If location m is connected, then the behaviour of the services is
the same. On the other hand, if location m is not connected, the behaviour of the
services is different. With network equivalence, the connected locations are those
in the domain of the store. With process equivalence, we must state explicitly the
locations which we assume to be part of the network. As a consequence, process
equivalence is indexed by a domain (a set of locations) Λ.

A Core Xdπ process can be seen as a partial specification of a network, de-
scribing only some of the processes running in some of the locations. This point
of view is useful for reasoning about replacing components which are part of some
distributed data-exchange protocol. Accordingly, we say that two processes P
and Q are equivalent with respect to a domain Λ if all the networks containing at
least the locations in Λ and either P or Q, are equivalent.

Besides comparing partial network specifications, process equivalences can be
useful for example to replace optimized pieces of code inside a specific process.

Definition 2.4 (Extended Contexts). Extended process contexts Ke are the terms
generated by C F − | C | P | P |C | (ν c)C | l·a(̃π).C | !l·a(̃π).C | l·go m.C.

Definition 2.5 (Domain Congruence). Given a set of location names Λ, we define
the induced domain congruence ∼Λ on processes by

∼Λ = {(P,Q) : ∀D,C[−]. Λ ⊆ dom(D) =⇒ (D,C[P])' (D,C[Q])}.

Domain congruence is monotonic (if Λ ⊆ Λ′ then ∼Λ ⊆ ∼Λ
′

): the larger the
set of locations which we assume to be part of the network, the larger the number
of processes which we can equate.
Asynchronous Laws. Core Xdπ is an extension of the asynchronous π-calculus,
so we consider some equational laws inspired by the latter. The asynchrony law,
stating that the presence of a communication buffer cannot be observed, holds also
in Core Xdπ:

!l·a(̃π).l·a〈̃π〉∼Λr 0.

The law stating that two channels a and b cannot be distinguished if they are part
of the same equator does not hold. For example,

!l·a(̃π).l·b〈̃π〉 | !l·b(̃π).l·a〈̃π〉 | l·c〈a〉/Λr !l·a(̃π).l·b〈̃π〉 | !l·b(̃π).l·a〈̃π〉 | l·c〈b〉
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because a context could intercept the channel name a and use it in some fresh
location m where a and b are not equated. We have instead a new law about
equating located channels across different locations:

!l·a(̃π).l·m·b〈̃π〉 | !m·b(̃π).m·l·a〈̃π〉 | l·a〈̃πσ〉

∼
{l,m}
r !l·a(̃π).l·m·b〈̃π〉 | !m·b(̃π).m·l·a〈̃π〉 |m·b〈̃πσ〉

This law could be useful to show that we can replicate Web services (improving
efficiency) without the clients needing to be aware of the change.

3 Distributed Query Patterns
We now study some communication patterns used by servers in distributed query
systems to answer queries from clients. In Core Xdπ, distributed queries take the
form of processes which retrieve and combine data from different locations by
using remote communication and local requests. We show that some existing
patterns [26] can be combined together obtaining a flexible infrastructure which
corresponds to an intuitive specification of the intended behaviour. By exploiting
process migration, we also propose a new communication pattern, and we show
that it is behaviourally equivalent to a naive, less efficient one. In [17, 18] we
argue about the equivalences claimed below.

3.1 Chaining, recruiting and referral
We now consider chaining, recruiting and referral, three distributed query patterns
studied by Sahuguet et al. in [26, 24] and described below. These patterns are
interesting because, as will soon be apparent, they are simple yet can express
ways of answering requests which are non-trivial, and display different levels of
cooperation between the parties involved.

The usage of these patterns presupposes an architecture of servers sharing a
common communication protocol for answering cooperatively the queries issued
by clients. The protocol consists of alternative actions which depend on the con-
tents of a query and on the local data, and is implemented by dedicated services
running on each peer. The distributed querying infrastructure obtained by com-
bining the three query patterns is very flexible and can provide location indepen-
dence to the clients. In fact, a client simply needs to invoke a service on a peer
acting as the “entry point" to the network in order to get access to data which may
reside on some other server unknown to the client itself.

We now describe the three patterns. In each case, a server receiving a query
will try to execute it locally, and if that is not possible, will take alternative action.
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Figure 4: Chaining, recruiting and referral
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Chaining (Figure 4.(A)): if a server cannot deal directly with the call, it re-
issues it to an alternative server, waits for the answer, and then returns the answer
to the client. Recruiting (Figure 4.(B)): if a server cannot deal directly with the
call, it forwards it to another server (without noticing the client), so that the result
will eventually return to the client without further intervention of the first server.
To implement this pattern the address for returning the result must be a parameter
of the call, and the client must be willing to accept asynchronous connections.
Referral (Figure 4.(C)): if a server cannot deal directly with the call, it suggests
to the client an alternative server which might be able to. This strategy requires
active collaboration from the client, which must be ready to contact the alternative
server. When each server involved in answering a request is able to use any of the
patterns above, the flow of the data from the initial service call to the final answer
can become complex and involve arbitrary combinations of the patterns, as in the
example shown in Figure 4.

Implementing the patterns. We now describe, step by step, some Core Xdπ
code which implements a system where a client request can be answered by
servers using an arbitrary combination of chaining, recruiting and referral. The
code is based on services which retrieve and combine data from different loca-
tions by exploiting remote communication and local requests. A simple way to



96 96

96 96

BEATCS no 93 THE EATCS COLUMNS

88

represent a web service call in Core Xdπ is

(ν c)(l·m·a〈̃v, l, c〉 | l·c(̃π).P)

where a is the name of the service to be invoked at location m with parameters
ṽ yielding a result to be passed on the channel c local to l, and P is the code for
handling the results, which are expected to match π̃. In this section, a service call
will carry four parameters: a tree T used to represent a condition, checked using
pattern matching, that a server must satisfy in order to provide the right service
(for example specifying the kind of result expected), a query p which is meant to
be run on the store of the service matching tag T , and the return parameters m and
c stating the location and the channel where the result should be returned.

A client must be able to deal with the referral query pattern, therefore its code
consists essentially of a loop. The loop consists of calling a first server (which
could in principle provide the final result, terminating the loop), and then repeat-
ing the same call at the alternative addresses received in unsuccessful replies, until
a reply containing the final result is received. The context defined below imple-
ments the loop at location m:

m·Ref(n,l,s,T,p,z)[−] def
= (ν c)

(
m·c(OK[ ], z). − |
m·c〈REF[ ], l〉 | !m·c(REF[ ], x).m·x·s〈T, p, n, c〉

)

It is parametric in the location n where the result must be returned, the location l of
the first server to be interrogated, and the parameters of the call: the service name
s and condition T , the actual query p and the variable z for binding the result in
the continuation. The context uses a private channel c to implement the referral
loop and uses the tags OK[ ] and REF[ ] as guards to exit or continue the loop. Any
process built using this context always starts the referral loop by invoking s at l
and then waiting for two possible answers: either a referral message with the tag
REF[ ] and the name of an alternative location (bound to x), which starts another
iteration of the loop against the corresponding server, or a result message with the
tag OK[ ] and the result of the service call (bound to z), which terminates the loop
and passes the result on to the process which replaces the context hole “−".

The server filters calls based on the parameter T and decides whether they can
be served locally or not. Its code consists of the parallel composition of the two
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processes below, given along with the syntactic sugar or products and summations:

l·Local(s,T )
def
= !l·s(T, x, y, z).(ν c)(l·reqx〈c〉 | l·c(w).l·y·z〈OK[ ],w〉)

l·Remote(s,∆)
def
=

∏
(m,S m)∈∆

!l·s(S m, x, y, z).

 l·m·s〈S m, x, y, z〉
⊕l l·y·z〈REF[ ],m〉
⊕l l·Ref(l,m,s,S m,x,w)[l·y·z〈OK[ ],w〉].

⊕
i∈1..n

l Pi
def
= (ν c)(l·c |

∏
i∈1..n

l·c.Pi) c < fn(Pi)∏
i∈1..n

Pi
def
= P1 | . . . | Pn P1 ⊕

l . . . ⊕l Pn
def
=

⊕
i∈1..n

l Pi

If the first parameter matches T , the server runs the query (bound to x) on the
local data and sends the result back to the client on channel z at y. If the first
parameter does not match T , the server selects another server more appropriate
for that request out of the set ∆ relating servers to tags specifying their services
(the outermost parallel composition of the remote process). It then invokes s on
the chosen server using either chaining (third branch of the choice), or recruiting
(first branch), or referral (second branch). In the case of chaining, the server
runs the same code as the client with different parameters. Notice that the code
handling the result forwards the result to the client instead of using it locally.
Installation. In order to use these patterns, the code implementing the services
must be installed somehow on each participating server. We can assume that it is
pre-installed on each peer, or we can install it “on demand" using either process
migration or a specialized service which runs scripts. For example, consider the
code of a service P parametric in the location x where the service is run and some
other initialization pattern π. If we assume that an arbitrary location l exists then,
given an arbitrary initialization parameter v = πσ, it is easy to see that running the
code at m is equivalent to installing the service code from l:

P{m/x}σ∼{l} l·go m.(x, π)P ◦ 〈m, v〉.

Alternatively, one could use a dedicated installation service Inst at location m
which receives an abstraction and some parameters, and runs the abstraction lo-
cally:

P{m/x}σ∼{l} (ν Inst)(l·m·Inst〈(x, π)P, v〉 | !m·Inst(y, z).y ◦ 〈m, z〉).

Relating the patterns to a specification. We use a simple system with a client
and two servers as an example of how to compare the patterns to a simple specifi-
cation. The reasoning is analogous in the case of multiple servers. The client is
on peer m, and runs the code

m·Client(l,s,a[ ])
def
= m·Ref(m,l,s,a[ ],p,z)[m·P]
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where the service is requested to match the tag a[ ], and the continuation process
P is an arbitrary process located at m which does not contain free occurrences
of channel c mentioned in the definition of Ref(−). A server is composed by the
parallel composition of the branches dealing with local and remote processing, as
described in Section 3.1:

l1·Server(s,T,l2,S )
def
= l1·Remote(s,{(l2,S )}) | l1·Local(s,T ).

We consider two processes P1 and P2, where a client requests from the server at
l1 the data specified by a[ ] (served locally) or b[ ] (served remotely at l2).

Servers def
= l1·Server(s,a[ ],l2,b[ ]) | l2·Server(s,b[ ],l1,a[ ])

P1
def
= m·Client(l1,s,a[ ]) |Servers P2

def
= m·Client(l1,s,b[ ]) |Servers

We compare P1 and P2 with Q1 and Q2 defined below, which provide a speci-
fication of the expected behaviour respectively of P1 and P2. Each process goes
directly from m to the relevant location, fetches the data returned by query p, and
goes back to paste it as the new data tree of m:

m·Spec(l)
def
= m·go l.(ν c)(l·reqp〈c〉 | l·c(z).l·go m.m·P)

Q1
def
= m·Spec(l1) |Servers Q2

def
= m·Spec(l2) |Servers.

An important difference between the client and the specification is that the client
sends an output message to a service which can in principle be intercepted by
some process external to the protocol which performs an input on the same ser-
vice channel. To rule out this undesired interference, we restrict the name of
the service s both in each Pi and Qi, with the side effect of preventing also the
unharmful case in which several clients use the services at the same time. We can
show, in a domain containing both l1 and l2, that both

(ν s)P1 ∼
{l1,l2} (ν s)Q1 and (ν s)P2 ∼

{l1,l2} (ν s)Q2.

Hence, by definition, we can replace (ν s)Pi by (ν s)Qi in any network, and preserve
network equivalence.

3.2 Rendez-vous and shipping
In the previous example, the infrastructure of servers implementing the distributed
query patterns was fixed in advance, while the actual interactions between them
were determined at run-time. The messages exchanged between different loca-
tions were always service calls or their results. Now, we consider a more flexible
scenario which exploits code mobility.
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Figure 5: Rendez-vous
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Data-shipping and query-shipping are two traditional database techniques for
distributed query evaluation: the first consists of evaluating locally a query on
remote data by asking for the relevant data to be sent from the remote sources;
the second consists of delegating the evaluation of a query to one of the remote
sources in order to reduce the bandwidth used by data transfers. Below, we
propose a distributed query pattern, called rendez-vous, which combines data and
query shipping by using code mobility and private channels. The idea is to
give a client the ability to ship result-handling code to another location, and to
redirect the results of arbitrary service calls towards the location containing the
result-handler. Within an infrastructure of services such as the one used above
for chaining, recruiting and referral, this pattern can help to save bandwidth by
eliminating unnecessary data transfers.

Comparing query-shipping and rendez-vous. We now compare the query-
shipping and rendez-vous patterns by giving a concrete example where a client
calls a remote service using as parameters two large sets of data obtained by other
remote service calls. Suppose that on location l there is a specialized service
l·Join(x1, x2, y, z) which returns on channel z at location y the result of joining
the data bound to x1 with the data bound to x2. Suppose moreover that a client
running on location m wants to join some data obtained by query p at location l1

with other data obtained by query q at location l2. We assume that l1 and l2 run
the services described in Section 3.1, that l1 (respectively l2) serves locally the
requests tagged by a[ ] (respectively b[ ]).

Query shipping. The client can use query shipping: it first invokes the query
services at locations l1 and l2, then passes on the results as inputs to the join service
on location l (see Figure 5()). Below we give the code of a client implementing
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this approach:

m·ClientQ def
= (ν c, c1, c2)


m·l1·s〈a[ ], p,m, c1〉

| m·l2·s〈b[ ], q,m, c2〉

| m·c1(OK[ ], x1).m·c2(OK[ ], x2).m·l·Join〈x1, x2,m, c〉
| m·c(z).m·P


It starts sending off the two service calls to l1 and l2 and then waits for the results
respectively on c1 and c2 to bind them to x1 and x2. The remaining code is a
standard service call for the join service at l with parameters x1 and x2, binding
the final result to z in the continuation m·P, which can be an arbitrary process.
Rendez-vous. In order to save bandwidth, a better strategy is to request the
query services at l1 and l2 to forward their results to location l, and to install at l a
process which collects the two results and invokes the join service locally, asking
for the final result to be returned at location m (see Figure 5()). Below we give a
context implementing the general pattern, with two holes for inserting the code to
handle the intermediate results at l and the final result at m. The code is parametric
in the tags Ti and the queries pi used to determine the partial results, the variables
xi for binding them in the intermediate code at “−1", and the variable z for binding
the final result in the continuation code at “−2":

m·RzV(T1,p1,x1,T2,p2,x2,z)[−]1[−]2
def
=

(ν c, c1, c2)


m·l1·s〈T1, p1, l, c1〉

| m·l2·s〈T2, p2, l, c2〉

| m·go l.l·c1(OK[ ], x1).l·c2(OK[ ], x2).−1

| m·c(z).−2


The code given above can be easily parameterized also on the number, the names
and the locations of the services involved, and can be adapted to return the final
results at an arbitrary location on an arbitrary channel.

We give below the code for a client, equivalent to ClientQ, which uses the
rendez-vous strategy:

m·ClientR def
= m·RzV(a[ ],p,x1,b[ ],q,x2,z)[l·Join〈x1, x2,m, c〉][m·P]

The code for handling the intermediate results consists in a local call to the join
service, whereas the continuation is the same generic process used for ClientQ.
Equivalence of the patterns. Consider the process Servers defined in Sec-
tion 3.1, consisting of the parallel compositions of the servers for implementing
chaining, recruiting and referral at locations l1 and l2. The clients given above,
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each in parallel with Servers, are equivalent in any network regardless of what
locations are present:

(ν s)(m·ClientQ |Servers)∼∅ (ν s)(m·ClientR |Servers).

4 Related work

Core Xdπ was developed independently from the AXML system of Abiteboul et
al. [30]. The key difference is that Core Xdπ consists of processes in the work-
ing space, and embedded processes (scripts) in the data, whereas AXML focusses
on web services in the working space and service calls in the data. In contrast,
the ubQL distributed query language of Sahuguet and Tannen [24] was a direct
source of inspiration for the design of Core Xdπ. The ubQL language incorpo-
rates process manipulation primitives to any “host" query language. These prim-
itives, inspired by the π-calculus [25], are used in a deployment phase to set up
a network of processes which, in a successive execution phase, will query local
repositories and forward their results to other sites, thus implementing a global
query execution plan. ubQL processes are able to deal with streaming data, but
there is no support for concurrent execution of query-processes on the same site
(so in principle the system may not be able to execute more than one global query
at a time). The main influences of ubQL on the design of Core Xdπ were on
the choices of separating the queries from the process primitives, and maintaining
independence from a specific query language. Also our examples on distributed
query patterns of Section 3 are inspired by ubQL. Overall, Core Xdπ and ubQL
have a significantly different focus and are studied using different methodologies.
For example, an important part of the work on ubQL is the study of algorithms
for query installation based on cost estimates, which we do not address, whereas
behavioural equivalences are not studied in ubQL. Both AXML and ubQL are
studied from a data-management viewpoint, which our process algebraic tech-
niques complement nicely. There are many specific issues which are important in
databases, such as the use of meta-data to guide the optimization of queries, which
we do not study. Instead we give a formal semantics to the distributed interaction
between queries and processes, arguing about their equivalence and providing a
framework on which to base a formal study of security properties.

We now consider work related to our process-algebraic approach. The work on
Core Xdπ, and its implicitly located predecessor Xdπ [11, 17] constitute one of the
first attempts to integrate the study of mobile processes and semi-structured data,
and are characterized by their emphasis on dynamic web data. To the best of our
knowledge, the only work relating the π-calculus with XML which pre-dates ours
is the Iota concurrent XML scripting language of Bierman and Sewell [4], used to
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program Home Area Networks. Iota is a strongly typed functional language with
concurrency primitives inspired by the π-calculus. Although the language has a
formal semantics, its behavioural theory has not been studied. The programs for
Home Area devices written in Iota are designed to run on the same Home Area
server, and the communication with physical devices is modelled through input
and output on special channels: distribution is not represented explicitly. More-
over, as opposed to Core Xdπ, the application domain of Home Area Network
programming is more control-oriented than data-oriented. In particular, there is
no explicit representation of stores, which are central to our approach. Brown,
Laneve and Meredith [6] have recently defined an (untyped) extension of the π-
calculus with native XML datatypes called πDuce. They compare its expressivity
to that of the functional language XDuce [15], and also consider a higher-order
extension which enables dynamic content in documents. An interesting idea
underlying the design of πDuce is that processes and data share a similar tree-
like structure, and can inhabit the same semantic universe. The authors show a
very simple encoding of an evaluator for the subset of the language without new
name generation into the language itself: the execution of processes represented
as nested document elements can be simulated in the language. A similar ap-
proach could be taken in Core Xdπ to represent scripts as semi-structured data. In
the case of dynamic Web data though, it is better to hide the internal structure of
processes from the queries, so that one can replace a process by an equivalent one
whilst preserving the observable behaviour of the system as a whole. Castagna,
De Nicola and Varacca [8] propose Cπ, a π-calculus extended with pattern match-
ing and tuples of values (XML values can be represented through an encoding).
The language comes with a very expressive type system featuring intersection and
input-output types. The language itself is not distributed and does not include a
concept of store. Acciai and Boreale [2] have recently proposed XPi, an extension
of the asynchronous π-calculus with code mobility and ML-like pattern matching
of structured values. A combination of static and dynamic typing ensures that
each channel always exchanges values of the same types, which describe the par-
tial structure of documents. Pattern matching plays a lesser role in Core Xdπ,
although it could be easily extended to the more expressive form adopted in XPi.
Query expressions instead, which are separate entities from processes, are the pri-
mary means to extract information from XML trees.

5 Conclusions
The process equivalence defined in Section 2.2 is hard to use directly because it
requires a costly property of closure under all contexts. In [17, 18], we define
domain bisimilarity, a coinductive equivalence relation defined using a labelled
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transition system which does not quantify over contexts and which entails process
equivalence. The definition of domain bisimilarity is non-standard. It requires
an adaptation of a technique used for higher-order π-processes [27, 16] to our
processes, since in our setting data containing processes may be passed as values.
It is also sensitive to the set of locations in axs network, requiring a generalisation
of bisimulation to families of relations indexed by sets of locations

An important design choice, enabling us to study how properties of data can
be affected by process interaction, was to model data and processes at the same
level of abstraction, rather than encoding data into processes, as customary in the
π-calculus [19, 20, 21, 29]. Whilst such an encoding makes sense when using
the π-calculus as a low-level concurrency language, it becomes a burden when
reasoning about the coordination of higher-level processes. Our choice also kept
our language modular with respect to the choice of a query language, which can
be easily adapted from the existing literature on XML [5].

Migration has been included in Core Xdπ to maintain a closer correspon-
dence with Xdπ. It is not strictly necessary though, since each located action
already contains information about where it is to be executed (confirming the
thesis of [7] that locations can be encoded in the π-calculus with polyadic syn-
chronization). For example, in the process below we can imagine that each input
on ai at li is followed by an implicit migration step li·go li+1 to the next location:
l1·a1(x).l2·a2(y).l3·a3〈x, y〉 corresponds to l1·a1(x).l1·go l2.l2·a2(y).l2·go l3.l3·a3〈x, y〉.
Overall, if explicit migration were to be discarded, the presentation of our model
would be slightly simpler.

Studying types for dynamic web data is on-going work. A type system would
be useful to guarantee the absence of run-time errors, refine the behavioural equiv-
alences, guarantee the conformance of data trees to schemas, and study security
properties. Dezani et. al. [9] propose a first type system for Xdπ, which guaran-
tees that the security level of values exchanged during communication is compat-
ible (lower or equal) with the level of the channel, and constraints the ability of
processes to migrate and execute scripts, depending on their security level.

Given the use of mobile code in our systems, in the absence of trust, we face
the problem of protecting a host from a potentially malicious agent. This problem
could be tackled by dynamically type-checking each agent entering a location [12]
(possibly relying on the ability of a location to infer the type of the agent), or by
using the Proof Carrying Code [23] approach (to send a migrating process along
with its type), or by a combination of both techniques.
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Abstract

The population protocol model describes a collection of tiny mobile
agents that interact with one another to carry out a computation. The agents
are identically programmed finite state machines. Interactions between pairs
of agents cause the two agents to update their states. These interactions are
scheduled by an adversary, subject to a fairness constraint. Input values are
initially distributed to the agents, and the agents must eventually converge
to the correct output value. This framework can be used to model mobilead
hocnetworks of tiny devices or collections of molecules undergoing chem-
ical reactions. We survey results that describe what can be computed in
various versions of the population protocol model.

1 Introduction

The population protocol model [3] was designed to represent sensor networks
consisting of very limited mobile agents with no control over their own movement.
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It also bears a strong resemblance to models of interacting molecules in theoretical
chemistry [16,17]. The defining features of the basic model are:

1. Anonymous, finite-state agents. The system consists of a large population
of indistinguishable finite-state agents.

2. Computation by direct interaction. In the original model, agents do not send
messages or share memory; instead, aninteraction between two agents
updates both of their states according to a joint transition table. The actual
mechanism of such interactions is abstracted away.

3. Unpredictable interaction patterns. The choice of which agents interact is
made by an adversary. Agents have little control over which other agents
they interact with, although the adversary may be limited to pairing only
agents that are adjacent in aninteraction graph, typically representing dis-
tance constraints. A strong globalfairness condition is imposed on the
adversary to ensure the protocol makes progress.

4. Distributed inputs and outputs. The input to a population protocol is dis-
tributed across the initial state of the entire population. Similarly, the output
is distributed to all agents.

5. Convergence rather than termination. Population protocols generally cannot
detect when they have finished; instead, the agents’ outputs are required to
converge after some finite time to a common, correct value.

A formal definition is given in Section 2.
The population protocol model was inspired in part by work by Diamadi and

Fischer [13] on trust propagation in a social network. Theurn automata of [2]
can be seen as a first draft of the model that retained in vestigial form several fea-
tures of classical automata: instead of interacting with each other, agents could
interact only with a finite- state controller, complete with input tape. The mo-
tivation given for the current model in [3] was the study of sensor networks in
which passive agents were carried along by other entities; the canonical example
was sensors attached to a flock of birds. The name of the model was chosen by
analogy topopulation processes[22] in probability theory.

A population protocol often looks like an amorphous soup of lost, nearly mind-
less, anonymous agents blown here and there at the whim of the adversary. But
though individual agents lack much intelligence or control over their own des-
tinies, the population as a whole is nonetheless capable of performing significant
computations—under some conditions, it has the same power as a traditional com-
puter with the same total storage capacity. Some examples of simple population
protocols are given in Section 2.
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Much of the work so far on population protocols has concentrated on charac-
terizing what predicates on the input configuration can be computed in different
variants of the model and under various assumptions, such as a bounded-degree
interaction graph or random scheduling.

If the interaction graph is unrestricted, the worst case for computation turns
out to be a complete interaction graph, since any other interaction graph can sim-
ulate a complete interaction graph by shuffling agents between the nodes [3]. In
a complete interaction graph, all agents with the same state are indistinguishable,
and only the counts of agents in each state affect the outcome of the protocol. The
set of computable predicates in most variants of the basic model for such a graph
is now known to be either exactly equal to or closely related to the set ofsemi-
linear predicates, those definable infirst-order Presburger arithmetic [18, 25].
These results, which originally appeared in [1, 3, 5, 7, 8, 9, 12], are summarized
in Sections 3, 4, 5, 7 and 9. Sometimes the structure of incomplete interaction
graphs can be exploited to simulate a Turing machine, which implies that a re-
stricted interaction graph can make the system stronger than the complete graph.
didn’t

More recent work has concentrated on performance. Because the weak sched-
uling assumptions in the basic model allow the adversary to draw out a com-
putation indefinitely, the worst-case adversary scheduler is replaced by a random
scheduling assumption, where the pair of agents that interacts at each step is drawn
uniformly from the population as a whole. This gives a natural notion oftime
equal to the total number of steps to convergence andparallel time equal to the
average number of steps initiated by any one agent (essentially the total number
of steps divided by the number of agents).

As with adversarial scheduling, for random scheduling the best-understood
case is that of a complete interaction graph. In this case, it is possible to construct
a register machine, where subpopulations of the agents hold tokens representing
the various register values in unary. It is not hard to implement register operations
like addition, subtraction, and comparison by local operations between pairs of
agents; with the election of a leader, we can further construct a finite-state control.
The main obstacle to implementing a complete register machine is to ensure that
every agent completes any needed tasks for each instruction cycle before the next
cycle starts. In [3], this was handled by having the leader wait a polynomial
number of steps on average before starting the next cycle, a process which gives
an easy proof of polynomially-bounded error but which also gives an impractically
large slowdown. Subsequent work has reduced the slowdown to polylogarithmic
by using epidemics both to propagate information quickly through the population
and to provide timing [4,6]. These results are described in more detail in Section 6.

In addition to work on the basic population protocol model, there have been
several extensions of the model to more accurately reflect the requirements of
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practical systems. The basic model requires coordinated two-way communication
between interacting agents; this assumption is relaxed in Section 4. Work on
incorporating agent failures into the model are discussed in Sections 7 and 9.
Versions of the model that give agents slightly increased memory capacity are
discussed in Section 8.

2 The basic model

In the basic population protocol model, a collection of agents are each given an
input value, and agents have pairwise interactions in an order determined by a
scheduler, subject to some fairness guarantee. Each agent is a kind of finite state
machine and the “program” for the system describes how the states of two agents
can be updated by an interaction. The agents’ output values change over time
and must eventually converge to the correct output value for the inputs that were
initially distributed to the agents.

A protocol is formally specified by

• Q, a finite set of possible states for an agent,

• Σ, a finite input alphabet,

• ι, an input map fromΣ to Q, whereι(σ) represents the initial state of an
agent whose input isσ,

• ω, an output map fromQ to the output rangeY, whereω(q) represents the
output value of an agent in stateq, and

• δ ⊆ Q4, a transition relation that describes how pairs of agents can interact.

We now describe how a computation proceeds according to such a protocol.
The computation takes place amongn agents, wheren ≥ 2. Each agent is given
an input value fromΣ. Each agent’s initial state is determined by applyingι to
its input value. This determines an initial configuration for an execution. Acon-
figuration of the system can be described by a vector of all the agents’ states.
Because agents with the same state are indistinguishable, each configuration can
be summarized as an unordered multiset of states.

An execution of a protocol proceeds from the initial configuration by interac-
tions between pairs of agents. Suppose two agents in statesq1 andq2 meet and
have an interaction. They can change into statesq′1 andq′2 as a result of the inter-
action if (q1,q2,q′1,q

′
2) is in the transition relationδ. We sometimes describeδ by

listing all possible interactions using the notation (q1,q2)→ (q′1,q
′
2). (We assume

a null transition (q1,q2) → (q1,q2) if no others are specified with (q1,q2) on the
left hand side.) If there is only one possible transition (q1,q2) → (q′1,q

′
2) for each

pair (q1,q2), then the protocol isdeterministic. If C andC′ are configurations, we
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write C → C′ if C′ can be obtained fromC by a single interaction of two agents.
This means thatC contains two statesq1 andq2 andC′ is obtained fromC by
replacingq1 andq2 by q′1 andq′2, where (q1,q2,q′1,q

′
2) is in δ. An executionof the

protocol is an infinite sequence of configurationsC0,C1,C2, . . ., whereC0 is an
initial configuration andCi → Ci+1 for all i ≥ 0. Thus, an execution is a sequence
of snapshots of the system after each interaction occurs. In a real distributed ex-
ecution, interactions could take place simultaneously, but when writing down an
execution we can order those simultaneous interactions arbitrarily.

The order in which pairs of agents interact is unpredictable: we think of the
schedule of interactions as being chosen by an adversary, so that protocols must
work correctly under any schedule the adversary may choose. In order for mean-
ingful computations to take place, we must put some restrictions on the adversarial
scheduler; otherwise it could divide the agents into isolated groups and schedule
interactions only between agents that belong to the same group.

The fairness condition that we impose on the scheduler is quite simple to
state, but is somewhat subtle. Essentially, we do not allow the scheduler to avoid a
possible step forever. More formally, ifC is a configuration that appears infinitely
often in an execution, andC → C′, thenC′ must also appear infinitely often in
the execution. Another way to think of this is that anything that is always possible
eventually happens: it is equivalent to require that any configuration that is always
reachable is eventually reached.

At any point during an execution of a population protocol, each agent’s state
determines its output at that time. If the agent is in stateq, its output value isω(q).
Thus, an agent’s output may change over the course of an execution. The fairness
constraint allows the scheduler to behave arbitrarily for an arbitrarily long period
of time, but does require that it behave nicely eventually. It is therefore natural to
phrase correctness as a property to be satisfied eventually too. For example, the
scheduler could schedule only interactions between agents 1 and 2, leaving the
othern− 2 agents isolated, for millions of years, and it would be unreasonable to
expect any sensible output during the period when only two agents have under-
gone state changes. Thus, for correctness, we require that all agents produce the
correct output (for the input values that were initially distributed to the agents) at
some time in the execution and continue to do so forever after that time.

To summarize, we say that a protocol computes a functionf that maps multi-
sets of elements ofΣ to Y if, for every such multisetI and every fair execution that
starts from the initial configuration corresponding toI , the output value of every
agent eventually stabilizes tof (I ).

Example 1. Suppose each agent is given an input bit, and we want all agents to
output the ‘or’ of those bits. There is a very simple protocol to accomplish this:
each agent with input 0 simply outputs 1 as soon as it discovers that another agent
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had input 1. Formally, we haveΣ = Y = Q = {0,1} and the input and output maps
are the identity functions. The only interaction inδ is (0,1)→ (1,1). If all agents
have input 0, no agent will ever be in state 1. If some agent has input 1 the number
of agents with state 1 cannot decrease and fairness ensures that it will eventually
increase ton. In both cases, all agents stabilize to the correct output value.

Example 2. Suppose the agents represent dancers. Each dancer is (exclusively)
a leader or a follower. We wish to determine whether there are more leaders than
followers. We useY = {0,1}, with 1 indicating that there are more leaders than
followers. A centralized solution would count the leaders and the followers and
compare the totals. A more distributed solution is to ask everyone to start dancing
with a partner (who must dance the opposite role) and then see if any dancers are
left without a partner. We formalize this cancellation procedure as a population
protocol withΣ = {L, F} andQ = {L, F,0,1}. The input mapι is the identity, and
the output mapω mapsL and 1 to 1 and mapsF and 0 to 0. The transitions ofδ
are (L, F)→ (0,0), (L,0)→ (L,1), (F,1)→ (F,0) and (0,1)→ (0,0). The first
rule ensures that, eventually, either noL’s or no F’s will remain. At that point,
if there areL’s remaining, the second rule ensures that all agents will eventually
produce output 1. Similarly, the third rule takes care of the case whereF’s remain.
In the case of a tie, the third rule ensures that the output stabilizes to 0.

It may not be obvious why the protocol of in Example?? must converge.
Consider, for example, the transitions
{L, L, F} → {0, L,0} → {1, L,0} → {0, L,0} → {0, L,1} → {0, L,0},
where in each configuration, the agents that are about to interact are under-

lined. By repeating this loop, we obtain a non-converging execution in which
every pair of agents interacts infinitely often. However, this execution is not fair:
the configuration{0, L,1} appears infinitely often and{0, L,1} → {1, L,1}, but
{1, L,1} never appears. This is because the first two agents only interact at “incon-
venient” times,i.e., when third agent is in state 0. The definition of fairness rules
this out. Thus, in some ways, the definition of fairness is stronger than saying
that each pair of agents must interact infinitely often. (In fact, the two conditions
are incomparable, since there can be fair executions in which two agents never
meet. For example, an execution where every configuration is{L, L, L} and all
interactions take place between the first two agents is fair.)

Exercise 3.Show the protocol of Example 2 converges in every fair execution.

The definition of fairness was chosen to be quite weak (although it is still
strong enough to allow useful computations). Many models of mobile systems
assume that the mobility patterns of the agents follow some particular probability
distribution. The goal of the population protocol model is to be more general.
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If there is an (unknown) underlying probability distribution on the interactions,
which might even vary with time, and that distribution satisfies certain indepen-
dence properties and ensures that every interaction’s probability is bounded away
from 0, then an execution will be fair with probability 1. Thus, any protocol
will converge to the correct output with probability 1. So the model captures
computations that are correct with probability 1 for a wide range of probabil-
ity distributions, even though the model definition does not explicitly incorporate
probabilities.

Other predicates can be computed using an approach similar to Example 2.

Exercise 4.Design a population protocol to determine whether more than 40% of
the dancers are leaders.

Some predicates, however, require a different approach.

Example 5. Suppose each agent is given an input fromΣ = {0,1,2,3} and we
wish to find the sum of the inputs, modulo 4. The protocol can gather the sum
(modulo 4) into a single agent. Once an agent has given its value to another agent,
its value becomes null, and it obtains its output values from the eventually unique
agent with a non-null value. Formally, we haveQ = {0,1,2,3,⊥0,⊥1,⊥2,⊥3},
where⊥v represents a null value with outputv. Let ι(v) = v andω(v) = ω(⊥v) = v
for v = 0,1,2,3. The transition rules ofδ are (v1, v2) → (v1 + v2,⊥v1+v2) and
(v1,⊥v2)→ (v1,⊥v1), wherev1 andv2 are 0,1,2 or 3. (The addition is modulo 4.)

In some cases, agents may know when they have converged to the correct out-
put, but in general they cannot. While computing the ‘or’ of input bits (Example
1), any agent in state 1 knows that its state will never change again: it has con-
verged to its final output value. However, no agent in the protocol of Example
5 can ever be certain it has converged, since some additional agents with input 1
could always join the computation and change the required output value.

Two noteworthy properties of the population protocol model are its uniformity
and anonymity. A protocol isuniform because its specification has no dependence
on the number of agents that take part. In other words, no knowledge about the
number of agents is required by the protocol. The system isanonymousbecause
the agents are not equipped with unique identifiers and all agents are treated in
the same way by the transition relation. Indeed, because the state set is finite and
does not depend on the number of agents in the system, there is not even room in
the state of an agent to store a unique identifier.

3 Computability

In studying what functions can be computed in the population protocol model,
there is no loss of generality in restricting attention to predicates,i.e., functions
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with rangeY = {0,1}. For any functionf with rangeY, let Pf ,y be a predicate
defined byPf ,y(x) = 1 if and only if f (x) = y. Then, f is computable if and only
if Pf ,y is computable for eachy ∈ Y. The “only if” part of this statement is trivial.
For the converse, a protocol can compute all the predicatesPf ,y in parallel, using a
separate component of each agent’s state for eachy. Note thatY is finite because
each distinct output value corresponds to at least one state in the original protocol.

For the basic population protocol model, there is an exact characterization of
the computable predicates: they are precisely thesemilinear predicates, which
we now define. A multiset over the input alphabetΣ can also be thought of as
a vector withd = |Σ| components, where each component is a natural number
representing the multiplicity of one input character. For example, the input mul-
tiset {a,a,a,b,b} over the input alphabetΣ = {a,b, c} can be represented by the
vector (3,2,0) ∈ N3. A semilinear setis a subset ofNd that is a finite union of
linear setsof the form{~b+ k1~a1 + k2~a2 + · · · + km~am}, where~b is ad-dimensional
base vector,~a1 through~am are basis vectors, andk1 throughkm are non-negative
coefficients. Asemilinear predicateon inputs is one that is true precisely on a
semilinear set.

An alternative characterization of semilinear predicates is that they can be
described by first-order logical formulas in Presburger arithmetic, which is arith-
metic on the natural numbers with addition but not multiplication [25]. Presburger
arithmetic allows forquantifier elimination , replacing universal and existential
quantifiers with formulas involving addition,<, the mod-k congruence relation≡k

for each constantk, and the usual logical connectives∧, ∨, and¬.
Angluin et al. [3] gave protocols to compute any threshold predicate or re-

mainder predicate; the protocols are similar to those in Examples 2 and 5. This
gives< and≡k. They further observed that addition is trivially obtained by renam-
ing states: to computeA + B from A andB we pretend that anyA or B token is
really anA+B token. Finally, Boolean combinations (∧,∨) of these predicates can
be computed by running the protocols for each of the basic predicates in parallel,
using separate components of the agents’ states, and negation (¬) simply involves
relabeling the output values. It follows that population protocols can compute all
predicates definable with Presburger formulas,i.e., all semilinear predicates.

Amazingly, the converse also holds: only semilinear predicates can be com-
puted by population protocols. For the basic model this result was shown by
Angluin, Aspnes, and Eisenstat [5] by applying results from partial order theory.
The proof is quite involved, but the essential idea is that, like finite-state automata,
population protocols can be “pumped” by adding extra input tokens that turn out
not to affect the final output. By carefully considering exactly when this is possi-
ble, it can be shown that the positive inputs to a population protocol (considered
as sets of vectors) can be separated into a collection of cones over some finite set
of minimal positive inputs, and that each of these cones can be further expressed
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using only a finite set of basis vectors. This is sufficient to show that the predicate
corresponds to a semilinear set as described above. We thus have:

Theorem 6 ( [3,5,7]).A predicate is computable in the basic population protocol
model if and only if it is semilinear.

Similar results with weaker classes of predicates hold for restricted models
with various forms of one-way communication [8]; we describe these results in
more detail in Section 4. Indeed, these results were a precursor to the semilinearity
theorem of [5]. The journal paper [7] combines and extends these results.

A useful property of Theorem 6 is that it continues to hold unmodified in many
simple variants of the basic model. The reason is that any change that weakens
the agents can only decrease the set of computable predicates, while any model
that is still strong enough to compute congruence modulok and comparison can
still compute all the semilinear predicates. So the semilinear predicates continue
to be those that are computable when the inputs are not given immediately but
stabilize after some finite time [1] or when one agent in an interaction can see the
other’s state but not vice versa [7], as in each case it is still possible to compute
congruence and threshold in the limit. A similar result holds when a small number
of agents can fail [12]; here a slight modification must be made to allow for partial
predicates that can tolerate the loss of part of the input. We describe all of these
results in later sections.

4 One-way communication

In the basic population protocol model, it is assumed that two interacting agents
can simultaneously learn each other’s state before updating their own states as a
result of the interaction. This requires two-way communication between the two
agents. Angluinet al. [7] studied several weaker interaction models where, in
an interaction, information flows in one direction only. Areceiver agent learns
the state of asenderagent, but the sender learns nothing about the state of the
receiver. The power of a system with such one-way communication depends on
the nature of the communication mechanism.

The model is called atransmission model if the sender is aware that an in-
teraction has happened (and can update its own state, although the update cannot
depend on the state of the receiver). In anobservationmodel, on the other hand,
the sender’s state is passively observed by the receiver. Another independent
attribute is whether an interaction happens instantaneously (immediate trans-
mission and immediate observationmodels) or requires some interval of time
(delayed transmissionanddelayed observationmodels). Thequeued trans-
missionmodel is similar to the delayed transmission model, except that receivers
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can temporarily refuse incoming messages so that they are not overwhelmed with
more incoming information than they can handle. The queued transmission model
is the closest to traditional message-passing models of distributed computing.

The weakest of these one-way models is the delayed observation model: pro-
tocols can detect whether any particular input symbol is present or absent (and
compute any predicate that depends only on this information) simply by observ-
ing other agents’ input values. Nothing else can be computed: there is no way to
distinguish between a sequence of observations of several agents with the same
input and a sequence of observations of a single agent.

The immediate observation model is slightly stronger: it can count the number
of agents with a particular input, up to some constant threshold. For example, a
protocol can determine whether the number of copies of input symbola is 0,1,2,3
or more than 3. Consequently, any predicate that depends only on this kind of
information can be computed. A kind of pumping lemma can be used to show
that no other predicates are computable.

Angluin et al.also showed that the immediate and delayed transmission mod-
els are equivalent in power. They gave a characterization of the computable predi-
cates that shows the power of these models is intermediate between the immediate
observation model and the standard two-way model.

Finally, the queued transmission model is equivalent in power to the standard
two-way model: any protocol designed for the two-way model can be simulated
using queued transmission and vice versa. This holds even though the set of con-
figurations in queued transmission is in principle unbounded; the ability to gener-
ate large numbers of buffered messages does not help the protocol, largely because
there is no guarantee of where or when they will be delivered.

5 Restricted interaction graphs

In some cases the mobility of agents will have physical limitations, and this will
limit the possible interactions that can occur. We can represent this information in
an interaction graph, where nodes represent agents and edges represent possible
interactions. The basic model corresponds to the case where the graph is complete.
In this model, a configuration is always represented as a vector of states. (The
agents are no longer indistinguishable, so we cannot use a multiset.) IfC andC′

are configurations, we writeC→ C′ if C′ can be obtained fromC through a single
interaction ofadjacentagents, and the definitions of executions and fairness are
as before, using this modified notion of a step.

Having a non-complete (but connected) interaction graph does not make the
model any weaker, since adjacent agents can swap states to simulate free move-
ment [3]. For some interaction graphs, the model becomes strictly more power-
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ful. For example, consider a straight-line graph. It is not difficult to simulate a
linear-space Turing machine by using each agent to represent one square of the
Turing machine tape. This allows computation of any function or predicate in
LINSPACE, many of which are not semilinear and thus not computable in the
complete interaction graph of the basic model.

In addition to computing predicates on the inputs to agents, it also makes
sense in this model to ask whether properties of the interaction graph itself can
be computed by the agents in the system. Such problems, which were studied
by Angluin et al. [1], could have useful applications in determining the network
topology induced by anad hocdeployment of mobile agents.

As a simple example, one might want to determine whether the interaction
graph has maximum degreek or more, for some fixedk. This can be done by
electing a single moving leader token. Initially, all agents hold a leader token.
When two leader tokens interact, the tokens coalesce, and when a leader agent
interacts with a non-leader agent the leader token may change places. To test the
maximum degree, the leader may instead choose to mark up tok distinct neighbors
of its current node. By counting how many nodes it successfully marks, the leader
can get a lower bound on the degree of the node.

A complication is that the leader has no way to detect when it has interacted
with all neighbors of the current node. The best it can do is nondeterministically
wait for some arbitrary but finite time before gathering in its marks and trying
again. In doing so it relies on the fairness condition to eventually drive it to a state
where it has correctly computed the maximum degree. Because the original popu-
lation model used deterministic transitions, some additional machinery is needed
to simulate a nondeterministic transition function by exploiting the nondetermin-
ism of the interaction schedule. Note that the unmarking step does not require
nondeterminism: since the leader keeps track of how many marks it has placed, it
can simply wait until it has encountered each marked neighbor again.

During the initial leader election phase, two leaders deploying marks could
interfere with each other. To handle this, the survivor of any interaction between
two leaders collects all outstanding marks from both and resets its degree estimate.

A similar mechanism can be used to assign unique colors to all neighbors of
each node in a bounded-degree graph: a wanderingcolorizer token deploys pairs
of marks to its neighbors and recolors any it finds with the same color. Once
this process converges, the resultingdistance-2 coloring (so called because all
nodes at distance 2 have distinct colors) effectively provides local identifiers for
the neighbors of each node. These can be used to carry out arbitrary distributed
computations using standard techniques (subject to theO(1) space limit at each
node). An example given in [1] is the construction of a rooted spanning tree, which
can be used to simulate a Turing machine tape (as in the case of a line graph)
by threading the Turing machine tape along a traversal of the tree. It follows
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that arbitrary LINSPACE-computable properties of bounded-degree graphs can
be computed by population protocols.

6 Random interactions

An alternative assumption that also greatly increases the power of the model is to
replace the adversarial (but fair) scheduler of the basic model with a more con-
strained interaction pattern. The simplest such variant assumesrandom interac-
tions: each pair of agents is equally likely to interact at each step.

Protocols for random scheduling were given in the initial population protocol
paper of Angluinet al.[3], based in part on similar protocols for the related model
of urn automata [2]. The central observation was that the main limitation observed
in trying to build more powerful protocols in the basic model was the inability to
detect the absence of agents with a particular state. However, if a single leader
agent were willing to wait long enough, it could be assured (with reasonably high
probability) that it would meet every other agent in the population, and thus be
able to verify the presence or absence of particular token values stored on the
other agents by direct inspection. The method used was to have the leader issue
a single special marked token to some agent; when the leader encountered this
special agentk times in a row it could be reasonably confident that the number
of intervening interactions was close toΘ(nk+1). This is sufficient to build unary
counters supporting the usual increment, decrement, and zero test operations (the
last probabilistic). With counters, a register machine with anO(logn) bit random-
access memory can be simulated using a classic technique of Minsky [23].

The cost of this simulation is a polynomial blowup for the zero test and a
further polynomial blowup in the simulation of the register machine. A faster
simulation was given by Angluin, Aspnes, and Eisenstat [4], based on epidemics
to propagate information quickly through the population. This simulation assumes
a single designated leader agent in the initial configuration, which acts as the
finite-state controller for the register machine. Register values are again stored in
unary as tokens scattered across the remaining agents.

To execute an operation, the leader initiates an epidemic containing an opera-
tion code. This opcode is copied through the rest of the population inΘ(n logn)
interactions on average and with high probability; the latter result is shown to
follow by a reduction to a concentration bound for coupon collector due to Ka-
mathet al. [21]. Arithmetic operations such as addition, comparison, subtraction,
and multiplication and division by constants can be carried out by the non-leader
agents inO(n logc n) interactions (orO(logc n) parallel time units) each. Some
of these algorithms are quite simple (addingA to B requires only adding a new
B token to each agent that already holds anA token, possibly with an additional
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step of unloading extraB tokens onto empty agents to maintainO(1) space per
agent), while others are more involved (comparing two values in [4] involves up
to O(logn) alternating rounds of doubling and cancellation, because simply hav-
ing A andB tokens cancel each other as in Example 2 might require as many as
Θ(n2) expected interactions for the last few survivors to meet). The most expen-
sive operation is division, atO(n log4 n) interactions (orO(log4 n) parallel time
units).

Being able to carry out individual arithmetic operations is of little use if one
cannot carry out more than one. This requires that the leader be able to detect
when an operation has finished, which ultimately reduces down to being able to
detect whenΘ(n logn) interactions have occurred. Here the trick of issuing a
single special mark is not enough, as the wait needed to ensure a low probability
of premature termination is too long.

Instead, aphase clockbased on successive waves of epidemics is used. The
leader starts by initiating a phase 0 epidemic which propagates through the pop-
ulation in parallel to any other activity. When the leader meets an agent that is
already infected with phase 0, it initiates a phase 1 epidemic that overwrites the
phase 0 epidemic, and similarly with phase 2, 3, and so on, up to some fixed max-
imum phasem− 1 that is in turn overwritten by phase 0 again. Angluinet al.
show that, while the leader might get lucky and encounter one of a small number
of newly-infected agents in a single phase, the more typical case is that a phase
takesΘ(n logn) interactions before the next is triggered, and overm phases the
probability that all are too short is polynomially small. It follows that for a suit-
able choice ofm, the phase clock gives a high-probabilityΘ(n logn)-interaction
clock, which is enough to time the other parts of the register machine simulation.

A curious result in [4] is that even though the register machine simulation has
a small probability of error, the same techniques can compute semilinear pred-
icates in polylogarithmic expected parallel time with no error in the limit. The
trick is to run a fast error-prone computation to get the answer quickly most of
the time, and then switch to the result of a slower, error-free computation using
the mechanisms of [3] after some polynomially long interval. The high time to
converge for the second algorithm is apparent only when the first fails to produce
the correct answer; but as this occurs only with polynomially small probability, it
disappears in the expectation.

This simulation leaves room for further improvement. An immediate task is
to reduce the overhead of the arithmetic operations. In [6], the same authors show
how to drop the cost of the worst-case arithmetic operation toO(n log2 n) interac-
tions by combining a more clever register encoding with a fastapproximate ma-
jority primitive based on dueling epidemics. This protocol has only three states:
the decision valuesx andy, andb (for “blank”). When anx token meets ay token
or vice versa, the second token turns blank. When anx or y token meets a blank
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agent, it converts the blank token to its own value. Much of the technical content
of [6] involves showing that this process indeed converges to the majority value in
O(n logn) interactions with high probability, which is done using a probabilistic
potential function argument separated into several interleaved cases. The authors
suggest that simplifying this argument would be a very useful target for future
research. It is also possible that further improvements could reduce the overhead
for arithmetic operations down to theO(n logn) interactions needed simply for all
tokens to participate.

A second question is whether the distinguished leader in the initial configura-
tion could be replaced. The coalescing leader election algorithm of [3] takesΘ(n2)
interactions to converge, which may dwarf the time for simple computations. A
heuristic leader-election method is proposed in [6] that appears to converge much
faster, but more analysis is needed. The authors also describe a more robust ver-
sion of the phase clock of [4] that, by incorporating elements of the three-state ma-
jority protocol, appears to self-stabilize inO(n logn) interactions once the number
of leaders converges to a polynomial fraction, but to date no proof of correctness
for this protocol is known.

7 Self-stabilization and related problems

A series of papers [9,10,15] have examined the question of when population pro-
tocols can be made self-stabilizing [14], or at least can be made to tolerate input
values that fluctuate over some initial part of the computation. Either condition
is a stronger property than the mere convergence of the basic model, as both re-
quire that the population eventually converge to a good configuration despite an
unpredictable initial configuration. Many of the algorithms designed to start in a
known initial configuration (even if it is an inconvenient one, with, say, all agents
in the same state) will not work if started in a particularly bad one. An example
is leader election by coalescence: this algorithm can reduce a population of many
would-be leaders down to a single unique leader, but it cannot create a new leader
if the initial population contains none.

Angluin et al. [9] gave the first self-stabilizing protocols for the population
protocol model, showing how to carry out various tasks from previous papers
without assuming a known initial configuration. These include a distance-2 col-
oring protocol for bounded-degree graphs based on local handshaking instead of
a wandering colorizer token (which is vulnerable to being lost). Their solution
has each node track whether it has interacted with a neighbor of each particular
color an odd or even number of times; if a node has two neighbors of the same
color, eventually its count will go out of sync with that of one or the other, caus-
ing both the node and its neighbor to choose new colors. This protocol is applied
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in a framework that allows self-stabilizing protocols to be composed, to give ad-
ditional protocols such as rooted spanning tree construction for networks with a
single special node. This last protocol is noteworthy in part because it requires
O(logD) bits of storage per node, whereD is the diameter of the network; it is
thus one of the earliest examples of pressure to escape the restrictiveO(1)-space
assumption of the original population protocol model. Other results in this pa-
per include a partial characterization of which network topologies do or do not
support self-stabilizing leader election.

This work was continued by Angluin, Fischer, and Jiang [10], who considered
the issue of solving the classicconsensus problem[24] in an environment charac-
terized by unpredictable communication, with the goal of converging to a common
consensus value at all nodes eventually (as in a population protocol) rather than
terminating with one. The paper gives protocols for solving consensus in this sta-
bilizing sense with both crash and Byzantine failures. The model used deviates
from the basic population protocol model in several strong respects: agents have
identities (and theO(logn)-bit memories needed to store them), and though the
destinations to which messages are delivered are unpredictable, communication
itself is synchronous.

Fischer and Jiang [15] return to the anonymous, asynchronous, and finite-state
world of standard population protocols to consider the specific problem of leader
election. As observed above, a difficulty with the simple coalescence algorithm for
leader election is that it fails if there is no leader to begin with. Fischer and Jiang
propose adding to the model a neweventual leader detector, calledΩ?, which
acts as an oracle that eventually correctly informs the agents if there is no leader.
Self-stabilizing leader election algorithms based onΩ? are given for complete
interaction graphs and rings. Curiously, the two cases distinguish between the
standard global fairness condition assumed in most population protocol work and
a local fairness condition that requires only that each action occurs infinitely often
(but not necessarily in every configuration in which it is enabled). The latter
condition is sufficient to allow self-stabilizing leader election in a complete graph
but is provably insufficient in a ring. Many of these results are further elaborated
in Hong Jiang’s Ph.D. dissertation [20].

8 Larger states

The assumption that each agent can only storeO(1) bits of information is rather
restrictive. One direction of research is to slowly relax this constraint to obtain
other models that are closer to real mobile systems while still keeping the model
simple enough to allow for a complete analysis.
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Unique identifiers As noted in Section 2, the requirements that population pro-
tocols be independent ofn and useO(1) space per agent imply that agents cannot
have unique identifiers. This contrasts with the vast majority of models of dis-
tributed computing, in which processes do have unique identifiers that are often
a crucial component of algorithms. Guerraoui and Ruppert investigated a model,
calledcommunity protocols, that preserve the tiny nature of agents in population
protocols, but allow agents to be initially assigned unique identifiers drawn from
a large set [19]. Each agent is equipped withO(1) memory locations that can each
store an identifier. It is assumed that transition rules cannot be dependent on the
values of the identifiers: the identifiers are atomic objects that can only be tested
for equality with one another. (For example, bitwise operations on identifiers are
not permitted.) This preserves the property that protocols are independent ofn.
They gave the following precise characterization of what can be computed in this
model.

Theorem 7 ( [19]). A predicate is computable in the community protocol model if
and only if it is in NS PACE(n logn) and permuting the input characters does not
affect the output value.

The necessity of the second condition (symmetry) follows immediately from
the fact that the identifiers cannot be used to order the input symbols. The proof
that any computable predicate is inNS PACE(n logn) uses a non-deterministic
search of the graph whose nodes are configurations of the community protocol
and whose edges represent transitions between configurations.

Conversely, the proof that any symmetric predicate inNS PACE(n logn) can
be computed by a community protocol uses Schönhage’s pointer machines [26]
as a bridge. A pointer machine is a sequential machine model that runs a program
using only a directed graph structure as its memory. A community protocol can
emulate a pointer machine by having each agent represent a node in the graph
data structure. Some care must be taken to organize the agents to work together
to simulate the sequential machine. It was known that a pointer machine that uses
O(n) nodes can simulate a Turing machine that usesO(n logn) space [27].

It follows that the restriction that agents can use their additional memory space
only for storingO(1) identifiers can essentially be overcome: the agents can do
just as much as they could if they each hadO(logn) bits of storage that could be
used arbitrarily.

Heterogeneous systemsOne interesting direction for future research is allow-
ing some heterogeneity in the model, so that some agents have more computa-
tional power than others. As an extreme example, consider a network of weak
sensors that interact with one another, but also with a base station that has unlim-
ited capacity.
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Beauquieret al. [11] studied a scenario like this, focusing on the problem of
having the base station computen, the number of mobile agents. They replaced the
fairness condition of the population protocol model by a requirement that all pairs
of agents interact infinitely often. They considered a self-stabilizing version of the
model, where the mobile agents are initialized arbitrarily. (Otherwise the problem
can be trivially solved by having the base station mark each mobile agent as it is
counted.) The problem cannot be solved if each agent’s memory is constant size:
they proved a tight lower bound ofn on the number of possible states the mobile
agents must be able to store.

9 Failures

The work described so far assumes that the system experiences no failures. This
assumption is somewhat unrealistic in the context of mobile systems of tiny agents
and was made to obtain a clean model as a starting point. Some work has studied
fault-tolerant population protocols, although this topic is still largely unexplored.

Crash failures. Crash failures are a relatively benign type of failure: faulty agents
simply cease having any interactions at some time during the execution. Delporte-
Galletet al. [12] examined how crash failures affect the computational power of
population protocols. They showed how to transform any protocol that computes
a function in the failure-free model into a protocol that can tolerateO(1) crash
failures. However, this requires some inevitable weakening of the problem speci-
fication.

To understand how the problem specification must change when crash failures
are introduced, consider the majority problem described in Example 2. We saw
that this problem is solvable if there are no failures. Now consider a version of
the majority problem where up to 5 agents may crash. Consider an execution with
m followers andm+ 5 leaders. According to the original problem specification,
the output of any such execution must be 1. Suppose, however, that the agents
associated with 5 of them+ 5 leaders crash before having any interactions. There
is no way that the non-faulty agents can distinguish such an execution from a
failure-free execution involvingm followers andm leaders. In the latter execution,
the output must be 0. So, the majority problem, in its original form, cannot be
solved when crash failures occur. Nevertheless, we can solve a closely related
problem. Suppose that we impose preconditions on the problem, requiring that
the margin of the majority is at least 5. More precisely, we impose the requirement
on the inputs that either the number of leaders exceeds the number of followers by
more than 5 or the number of followers exceeds the number of leaders by at least
5. Under this precondition, it can be shown that the majority problem becomes
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solvable even when up to 5 agents may crash.
The above example can be generalized in a natural way: If we wish to solve

a problem in a way that tolerates up tof crash failures, wheref is a constant,
we must impose a precondition that says the removal off of the input values
cannot change the output value. To prove that this is sufficient to make the
predicate computable in a fault-tolerant way (assuming that the original predicate
is computable in the failure-free model), Delporte-Galletet al. [12] designed an
automatic transformation that converts a protocolP for the failure-free model into
a protocolP′ that will tolerate up tof failures.

The transformation uses replication. InP′, agents are divided (in a fault-
tolerant way) intoΘ( f ) groups, each of sizeΘ(n/ f ). Each group simulates an
execution ofP on the entire set of inputs. Each agent ofP′ can store, in its own
memory, the simulated states ofO( f ) agents ofP, since f is a constant, so each
group ofΘ(n/ f ) agents has sufficient memory space to collectively simulate all
agents ofP. To get a group’s simulation started, agents within the group gather
the initial states (inP) of all agents. Up tof agents may crash before giving their
initial states to anyone within that group, but the precondition ensures that this
will not affect the output of the simulated run. Thus, any group whose members
do not experience any crashes will eventually produce the correct output. The
number of groups is chosen to ensure that a majority of the groups run correct
simulations, and this allows each agent to determine the correct output.

A variant of the simulation handles a combination of a finite number of tran-
sient failures (where an agent spontaneously changes state) and crash failures [12].
It can also be used in the community protocol model described in Section 8 [19].

Byzantine failures. An agent that has a Byzantine failure may behave arbitrarily:
it can interact with all other agents, pretending to be in any state for each inter-
action. This behavior can cause havoc in a population protocol since none of the
usual techniques used in distributed computing to identify and contain the effects
of Byzantine agents can be used. Indeed, it is known that no non-trivial predi-
cate can be computed by a population protocol in a way that tolerates even one
Byzantine agent [19]. Two ways of circumventing this fact have been studied.

In the community protocol model of Section 8, if we assume that agent identi-
fiers cannot be tampered with, then some failure detection is possible. Guerraoui
and Ruppert give a protocol that solves the majority problem, tolerating a con-
stant number of Byzantine failures, if the margin of the majority is sufficiently
wide [19].

Byzantine agents also appear in the random-scheduling work of [6], where it
is shown that the approximate majority protocol quickly converges to a config-
uration in which nearly all non-faulty agents possess the correct decision value
despite the actions of a small (o(

√
n)) minority of Byzantine agents. Here there is
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no extension of the basic population protocol model to include identifiers, but the
convergence condition is weak, and the Byzantine agents can eventually—after
exponential time—drive the protocol to any configuration, including stable con-
figurations in which no agent holds a decision value. Determining the full power
of random scheduling in the presence of Byzantine agents remains open.
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Abstract

We survey recent results on decision algorithms for subfamilies of regu-
lar languages. In particular, we look at the decision algorithms using state-
pair graphs constructed from finite-state automata. The algorithms rely on
the structural property of a finite-state automaton that is preserved in its
state-pair graph. We also review applications of state-pair graphs in differ-
ent subfamilies of regular languages.
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1 Introduction
There are many subfamilies of formal languages. Example are recursively enu-
merable languages, context-sensitive languages, context-free languages and regu-
lar languages. A subfamily sometimes includes another subfamily. For instance,
among the four example subfamilies, each subfamily includes the following sub-
families in order and this gives rise to the Chomsky hierarchy [6]. Furthermore, a
subfamily has many (often infinite) subfamilies depending on how to define sub-
families. For context-free languages, for example, there is an infinite hierarchy
for LL(k) languages and all LL(k) languages are a proper subfamily of context-
free languages [1]. Given a family L of languages and a language L, the decision
problem of L with respect to L is to decide whether or not L belongs to L.

In this column, we consider the decision problem of subfamilies of regular lan-
guages. Regular languages have many different subfamilies; for example, finite
languages, one-unambiguous regular languages [4], block-deterministic regular
languages [11] and so on. We investigate subfamilies of regular languages that
are defined by code properties such as prefix-freeness, suffix-freeness or infix-
freeness. Note that codes have been used in many different areas; for example,
information processing, data compression, cryptography and information trans-
mission [24]. Codes are categorized with respect to different conditions according
to the applications. For instance, prefix-freeness establishes prefix-free codes1. In
regular languages, prefix-freeness defines a subfamily L(p,r), prefix-free regular
languages, where all languages are prefix-free sets and regular. Namely,

L(p,r) = {L | L is regular and prefix-free.}

Similarly, we can define suffix-free, bifix-free, infix-free and outfix-free reg-
ular languages. Most of the decision problems related to code properties are de-
cidable for regular languages whereas they often become undecidable for context-
free languages [24]. We study decision algorithms for these subfamilies of regular
languages. We examine algorithms that use a particular graph, state-pair graph.

A state-pair graph is a directed graph computed from a finite-state automaton A
using pairs of states and pairs of transitions in A. We review the basic concepts
of state-pair graphs and decision algorithms for various subfamilies of regular
languages that are defined by code properties. We emphasize the link between the
structural property of state-pair graphs and these subfamilies of regular languages.

We define some basic notions in Section 2 and recall the formal definition of
a state-pair graph in Section 3. We review decision algorithms for prefix-free,
suffix-free and infix-free regular languages in Section 4. Then, we look at k-
intercode regular languages in two different cases in Section 5; 1) k is fixed and

1In the literature, prefix-free codes are often called prefix codes.
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2) k is unknown, where k is an index. Lastly, we turn to two finite languages, hy-
percodes and outfix-free regular languages in Section 6 and conclude the column
in Section 7.

2 Preliminaries
Let Σ be a finite alphabet of characters and Σ∗ be the set of all strings over Σ. The
number of characters in Σ is denoted by |Σ|. A language over Σ is any subset of
Σ∗. The symbol ∅ denotes the empty language and the symbol λ denotes the null
string. Given a string x from a set X, let xR be the reversal of x, in which case
XR = {xR | x ∈ X}.

A finite-state automaton (FA) A is specified by a tuple (Q,Σ, δ, s, F), where
Q is a finite set of states, Σ is an input alphabet, δ : Q × Σ → 2Q is a transition
function, s ∈ Q is the start state and F ⊆ Q is a set of final states. Let |Q| be the
number of states in Q and |δ| be the number of transitions in δ. Then, the size |A|
of A is |Q| + |δ|. Given a transition δ(p, a) = q, we say that p has an out-transition
and q has an in-transition. Furthermore, p is a source state of q and q is a target
state of p. We say that A is non-returning if the start state of A does not have
any in-transitions and A is non-exiting if all final states of A do not have any out-
transitions. In the following, we always assume that A has only useful states; that
is, each state of A appears in some path from the start state to some final state.

Given an FA A = (Q,Σ, δ, s, F) and a state q ∈ Q, we define the right FA A−→q
to be (Q,Σ, δ, q, F); namely, we make q to be the start state. Then, the right
language L−→q of q is the set of strings accepted by A−→q .

Definition 1 is a list of codes that we use to define subfamilies of regular
languages in the following sections.

Definition 1. A language L is

• prefix-free if, for all distinct strings x, y ∈ Σ∗, x ∈ L and y ∈ L imply that x
and y are not prefixes of each other.

• suffix-free if, for all distinct strings x, y ∈ Σ∗, x ∈ L and y ∈ L imply that x
and y are not suffixes of each other.

• bifix-free if L is prefix-free and suffix-free.

• infix-free if, for all distinct strings x, y ∈ Σ∗, x ∈ L and y ∈ L imply that x
and y are not substrings of each other.

• outfix-free if, for all distinct strings x, y, z ∈ Σ∗, xz ∈ L and xyz ∈ L imply
y = λ.



129 129

129 129

The Bulletin of the EATCS

121

• a intercode of index k (or a k-intercode) if Lk+1 ∩ Σ+LkΣ+ = ∅.

• a hypercode if, for all distinct strings x, y ∈ Σ∗, x ∈ L and y ∈ L imply that
x and y are not subsequences of each other.

A regular language L is prefix-free if L is a prefix-free set. We say that an
FA A is prefix-free if L(A) is prefix-free. We can establish similar notions for the
other code sets in Definition 1.

Lp Ls

Lb

Li ∪ Lo

Li Lo

Lh

Linter

Linter1
= Lc

k-intercodes

Figure 1: The families of languages defined by code properties in Definition 1.
Solid lines indicate proper inclusions and a dotted line denotes a proper hierarchy.
The diagram does not, in general, indicate intersections or unions. The full dia-
gram with more code families can be found in Jürgensen and Konstantinidis [24].

For all unexplained notions related to formal languages, refer to the text-
books [21, 30]. For more details on coding theory, refer to Berstel and Perrin [3]
or Jürgensen and Konstantinidis [24].

3 State-pair graphs
FAs are the basic model used to represent regular languages in many applications.
FAs are essentially labeled directed graphs and each path from a start state to a
final state spells out an accepted string. There are two well-known families of FAs
in the literature: the Thompson automata [29] and the position automata [13, 26].
One advantage of using such families of FAs is that these automata preserve the
structural properties of corresponding regular expressions. Caron and Ziadi [5]
studied the structural properties of the position automata and Giammarresi et
al. [12] examined the structural properties of the Thompson automata.
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On the other hand, if we manipulate FAs, then these FAs easily lose cer-
tain structural properties; for example, if we catenate a position automaton and
a Thompson automaton, then the resulting automaton does not preserve either the
position automaton properties or the Thompson automaton properties. Neverthe-
less, one property remains unchanged in FAs: a path from a start state to a final
state spells out an accepted string. The use of state-pair graphs relies on this fact.
Applications of state-pair graphs have been already investigated earlier by Berstel
and Perrin [3], where this notion is called the square of an automaton.

We first recall the definition of a state-pair graph and its complexity from Han
et al. [17]. Given an FA A = (Q,Σ, δ, s, F), we assign a unique number for each
state from 1 to m, where 1 denotes the start state and m = |Q|. If A has a single
final state, then we assume that m denotes the final state.

Definition 2. Given an FA A = (Q,Σ, δ, s, F), we define the state-pair graph GA =

(VG, EG) of A, where VG is a set of nodes and EG is a set of labeled edges, as
follows:

VG = {(i, j) | i, j ∈ Q} and

EG = {((i, j), a, (x, y)) | δ(i, a) = x, δ( j, a) = y and a ∈ Σ}.

a

b

c

b

c

d

1

2

3

4

a

b

c

b

c

d

1, 1

2, 2

3, 3

4, 4

1, 2 3, 2 3, 4
b c

(a) (b)

2, 1 2, 3 4, 3
b c

Figure 2: (a) is an FA A and (b) is the corresponding state-pair graph GA. We omit
all nodes without transitions in GA.

For FAs with λ-transitions, we use a ∈ Σ ∪ {λ} for computing EG of GA. The
crucial property of GA is that if there is a string w spelled out by two distinct paths
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in A, for example, one path is from i to p and the other path is from j to q, then,
there is a path from (i, j) to (p, q) in GA that also spells out the same string w. The
complexity of GA is as follows:

Since we compute all pairs of states from A,

|VG| = |Q|2. (1)

Let |δi| be the number of out-transitions from state i in A. Then, |δ| =
∑m

i=1 |δi|,
where m = |Q|. Since a node (i, j) in GA can have at most |δi| × |δ j| out-transitions,

|EG| =

m∑
i, j=1

|δi| × |δ j| ≤ |δ|
2. (2)

Therefore, by (1) and (2), GA has at most |Q|2 nodes and |δ|2 edges.

Proposition 3. Given an FA A = (Q,Σ, δ, s, F) and its state-pair graph GA, |GA| ≤

|Q|2 + |δ|2. Namely, |GA| = O(|A|2).

Note that the construction of GA does not require an input FA A to be determin-
istic. In the following sections, we present recent results using state-pair graphs
for determining subfamilies of regular languages.

4 Prefix-free, suffix-free and infix-free regular lan-
guages

We first examine three well-known codes. Prefix-freeness and suffix-freeness are
symmetric. A language L is prefix-free if and only if LR is suffix-free. Infix-
freeness is stronger than both prefix-freeness and suffix-freeness as shown in
Fig. 1; if L is infix-free, then L is always prefix-free and suffix-free.

4.1 Prefix-free and suffix-free regular languages
Prefix-freeness has already been used in the literature. Prefix-freeness defines
Huffman codes [22] and determinism for generalized automata [10] and for ex-
pression automata [19]. Recently, Han et al. [16] considered prefix-free regular
expressions as patterns in text searching and designed an efficient algorithm for
the prefix-free regular-expression matching problem based on prefix-freeness.

If a given FA is deterministic, then it is easy to verify the prefix-freeness of
L(A); L(A) is prefix-free if and only if A is non-exiting [3, 19]. On the other hand,
if A is nondeterministic, then the condition that A is non-exiting is only necessary
but not sufficient. Thus, we have to check whether or not L(A)∩L(A)Σ+ = ∅. Let us
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examine what L(A)∩ L(A)Σ+ = ∅ implies in state-pair graphs. If L(A)∩ L(A)Σ+ ,
∅, then there are two distinct strings w1 = xy and w2 = x for some strings x
and y, where x, y , λ. Since w1 and w2 have a common prefix x, there is a path
from (1, 1) to (m, j) such that j , m. Based on this observation, Han et al. [16]
established the following result.

Theorem 4. Given an FA A = (Q,Σ, δ, s, f ), L(A) is prefix-free if and only if there
is no path from (1, 1) to (m, j), for any j , m, in GA, where 1 denotes the start
state and m = |Q| denotes the final state.

In Theorem 4, we implicitly assume that A has a single final state. This as-
sumption is valid since a prefix-free FA must be non-exiting and, thus, all final
state are equivalent and mergible into a single state. Using Theorem 4, they pro-
posed a prefix-freeness checking algorithm for an FA.

Prefix-Freeness(A = (Q,Σ, δ, s, f ))

if A is not non-exiting
then return no

Construct GA = (VG, EG) from A

DFS((1, 1)) in GA

if we meet a node (m, j) for some j, j , m
then return no

return yes

Figure 3: A prefix-freeness checking algorithm.

The sub-function DFS((1, 1)) in Prefix-Freeness (PF) in Fig. 3 is a depth-first
search that starts at node (1, 1) in GA. The construction GA = (V, E) from A takes
O(|Q|2 + |δ|2) time and DFS takes O(|V | + |E|) time. Therefore, the total running
time for PF is O(|Q|2 + |δ|2). For details on DFS, refer to the textbook [8]. Note
that PF takes an input as FAs. Thus, if a regular language is given by a regular
expression E, then we can construct the Thompson automaton AE for E since
|AE | = O(|E|) [21, 29]. Now PF guarantees the following result.

Theorem 5. Given an FA A, we can determine the prefix-freeness of L(A) in
O(|A|2) worst-case time.

Next, we consider suffix-freeness. Since L is prefix-free if and only if LR

is suffix-free by definition, we can establish the following statement from Theo-
rems 4 and 5.
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Theorem 6. Given an FA A, L(A) is suffix-free if and only if there is no path from
(1, i) to (m,m), for any i , 1, in GA. Moreover, we can determine the suffix-
freeness of L(A) in O(|A|2) worst-case time.

To be precise for Theorem 6, we have to transform an FA with multiple final
states into an FA with a single final state before computing its state-pair graph:
We introduce a new final state f ′ and make f ′ to be a target state of all final states
by a λ-transition. Then, we change all final states except for f ′ to non-final states.

A language L is bifix-free if and only if L is prefix-free and suffix-free. Since
we can verify prefix-freeness and suffix-freeness in quadratic time, we can also
decide bifix-freeness in the same runtime using state-pair graphs.

Proposition 7. Given an FA A, we can determine the bifix-freeness of L(A) in
O(|A|2) worst-case time using its state-pair graph.

4.2 Infix-free regular languages
We turn to infix-freeness. Infix-free languages have been used in text search-
ing [7, 16] and computing forbidden words [2, 9]. Ito et al. [23] showed that it is
decidable whether or not a given regular language is infix-free and recently, Béal
et al. [2] proposed a polynomial-time algorithm that determines infix-freeness for
DFAs. We review the infix-freeness decision algorithm for general FAs based on
state-pair graphs designed by Han et al. [17].

Given an FA A, if L(A) is not infix-free, then there are two distinct strings w1

and w2 accepted by A and w2 is an infix of w1. This implies that there are two
distinct paths in A that spell out w1 and w2, respectively, and the path for w1 has a
subpath that spells out w2.

1 2 3 4

5 6 7 8

9
a b b a

a

b b a

b

Figure 4: Two strings abba and aabbab are spelled out by two distinct paths.

In Fig. 4, for example, the FA accepts w1 = aabbab and w2 = abba and the
subpath q2 → q5 → q6 → q7 → q8 of the path for w1 also spells out w2. We
can identify such strings in L(A) from its state-pair graph since both strings have
a common substring.
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Theorem 8. Given an FA A = (Q,Σ, δ, s, f ), L(A) is infix-free if and only if there
is no path from (1, i) to (m, j) apart from (1, 1) to (m,m), where 1 ≤ i ≤ m,
1 ≤ j ≤ m, 1 denotes the start state and m = |Q| denotes the final state. Moreover,
we can determine the infix-freeness of L(A) in O(|A|2) worst-case time.

The proof for Theorem 8 can be found in Han et al. [17].

5 Intercodes
While comma-free languages have not been studied to the extent of prefix-free
languages in the literature, the comma-free property was already introduced in
1958 [14]. Furthermore, Shyr and Yu [27] introduced intercodes, as a generaliza-
tion of comma-free codes, see also Yu [31]. Comma-free codes are the intercodes
of index one. Jürgensen et al. [25] have studied the decidability of the intercode
property.

Note that if an index k is given, then we can fairly easily check whether or
not L is an intercode of index k. However, if no index is given, then the problem
is not as straightforward. Jürgensen et al. [25] established that it is decidable
whether or not a given regular language is an intercode (of any index). There the
complexity of the decision algorithm is not discussed explicitly, but it is easy to
verify that an algorithm derived from the construction of the decidability proof is
not a polynomial-time algorithm in the general case where the input language is
specified by an NFA.

Recently, Han et al. [15] designed an algorithm that determines whether or not
a given regular language L is an intercode (of any index) using state-pair graphs.
The algorithm runs in polynomial time for both DFAs and NFAs. Besides having
better time complexity, the algorithm is conceptually easier to understand and
implement compared with the algorithm derived from Jürgensen et al. [25].

Note that intercode (regular) languages are a proper subfamily of bifix-free
(regular) languages as shown in Fig. 1. Thus, if a given FA A is not bifix-free, then
we immediately know that L(A) is not an intercode. Therefore, we can assume that
a given FA A is bifix-free and this guarantees that

1. A is non-returning and non-exiting.

2. A has a single final state.

From such an FA A = (Q,Σ, δ, s, f ), we can construct an FA A2 for the lan-
guage L(A)L(A) by merging f of the first copy of A and s of the second copy of A.
The FA A2 has 2|Q| − 1 states and 2|δ| transitions; namely, |A2| < 2|A|. We can
repeat this procedure to construct an FA for the catenation of several A’s. We use
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Ak to denote the FA for the catenation of k copies of A and Ai to denote the ith
component A of Ak, for 1 ≤ i ≤ k. We use (i, j) in Ak to denote the state i in A j of
Ak.

(1, 1) (m, k) (m, k+1)

Ak+1

(m, 1)

Figure 5: An example of an FA for the catenations of k+1 As.

The following results have been proved in Han et al. [15].

Lemma 9. Given an FA A and an index k, we can determine whether or not L(A)
is a k-intercode in k2 · O(|A|2) worst-case time.

Corollary 10. Given an FA A, we can determine the comma-freeness of L(A) in
O(|A|2) worst-case time since a k-intercode for k = 1 is a comma-free code.

Han et al. [15] also tackled the case when k is unknown. Instead of trying all
possible indices, which is very inefficient, they discovered that if L(A) is not a
k-intercode for a certain constant k, then L(A) is not an intercode for any index.

Lemma 11. Given an FA A, L(A) is not an intercode for any index k if L(A) is not
a (m+1)-intercode, where m is the number of states in A.

Using Lemmas 9 and 11, the decision problem for intercode regular languages
can be solved as follows:

Theorem 12. Given an FA A, we can determine whether or not L(A) is an inter-
code of index k, for some k, in O(|A|4) worst-case time.

The family of intercode (regular) languages has a proper hierarchy as illus-
trated in Fig. 1. Thus, if a regular language L is identified as a k-intercode, L may
be a (k−1)-intercode as well. This leads to a new problem that computes the small-
est k such that L(A) is a k-intercode but not a (k−1)-intercode in polynomial time.
Based on Theorem 12, Han et al. [15] suggested a polynomial-time algorithm that
relies on the binary search approach.

Theorem 13. Given an FA A, in O(log |Q|·|A|4) worst-case time, we can determine
whether or not L(A) is an intercode for some index k > 0, and if the answer is
positive we can find the smallest index l such that L(A) is an l-intercode but not
an (l−1)-intercode.



136 136

136 136

BEATCS no 93 THE EATCS COLUMNS

128

6 Hypercodes and outfix-free regular languages
So far, all subfamilies of regular languages in the preceding sections can be infi-
nite. We now consider two subfamilies of regular languages that are always finite;
hypercodes and outfix-free regular languages.

6.1 Hypercodes
A set X of strings is a hypercode if a string in X is not a subsequence of any
other string in X. Based on hypercodes, Head and Thierrin [20] derived properties
of 0L languages. Hypercodes are a proper subfamily of outfix-free languages.
Moreover, hypercodes are always finite [28]. Since hypercodes are finite, we can
decide whether or not a given finite set of strings is a hypercode by comparing all
pairs of strings in the set, although it is certainly undesirable to do so. We look
at an efficient algorithm for the decision problem. Since an FA A for a hypercode
must be non-exiting and L(A) must be finite, we assume that A has a single final
state and has no back transitions that make cycles.

Given an FA A = (Q,Σ, δ, s, f ), we assign a unique number for each state in A
from 1 to m, where m = |Q|. We construct a new FA A′ from A by duplicating A
and adding a self-loop with Σ to all states. Namely, A′ = (Q,Σ, δ′, s, f ), where

δ′ = δ ∪ {(q,Σ, q) | q ∈ Q}.

We introduce a new state-pair graphs from A and A′ as follows:

Definition 14. Given an FA A = (Q,Σ, δ, s, f ) and an FA A′ = (Q,Σ, δ′, s, f ), we
define the state-pair graph GA = (VG, EG), where VG is a set of nodes and EG is a
set of edges, as follows:

VG = {(i, j) | i ∈ QA and j ∈ QA′} and

EG = {((i, j), a, (x, y)) | δ(i, a) = x and δ′( j, a) = y and a ∈ Σ},

where QA denotes Q of A and QA′ denotes Q of A′.

Note that the only difference between the new state-pair graph and the previous
state-pair graph in Section 3 is that the new graph is constructed from two similar
yet different FAs whereas the previous graph is constructed from a single FA. The
complexity of the new graph is same as before; |GA| = O(|A2|).

Fig. 6 illustrates a state-pair graph constructed as in Definition 14. The lan-
guage L(A) = {abc, ac} is not a hypercode since ac is a subsequence of abc whose
path is (1, 1) → (2, 4) → (3, 4) → (5, 5) in GA. Then, state-pair graphs ensure the
following result:
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1

A

2
b ca

3

4

5

a c

1 2
b ca

3

4

5

a c
Σ

Σ Σ

A′

1, 1

GA

b ca

a c

2, 2 3, 3 5, 5

4, 4

2, 4 3, 4a b
c

Σ Σ

Figure 6: Given an FA A, we construct a new FA A′ for deciding whether or
not L(A) is a hypercode. GA is the corresponding state-pair graph. Note that
L(A) = {abc, ac} is not a hypercode since ac is a subsequence of abc. We omit all
nodes that do not appear in any path from (1, 1) to (5, 5) in GA.

Theorem 15. Given an FA A = (Q,Σ, δ, s, f ), L(A) is a hypercode, if and only if
the state-pair graph GA for A has no path (i1, j1) → (i2, j2) → · · · → (ik, jk) that
satisfies the following conditions:

1. (i1, j1) = (1, 1) and (ik, jk) = (m,m).

2. there exists at least one pair of two adjacent nodes (iu, ju) → (iu+1, ju+1)
such that ju = ju+1 for 1 ≤ u < k.

Theorem 15 shows that given an FA A, we can check whether or not L(A) is a
hypercode in O(|A|2) worst-case time using its state-pair graph and DFS.

6.2 Outfix-free regular languages
We turn to outfix-freeness. Assume that we have two distinct strings w1 and w2

and w2 is an outfix of w1. This implies that w1 = xyz for some strings x, y and z
such that w2 = xz and y , λ. Moreover, w1 and w2 have a common prefix x and a
common suffix z. Fig. 7 illustrates such w1 and w2.

Based on this property, Han and Wood [18] investigated the case when a finite
language L is given by a finite set of strings; L = {w1,w2, . . . ,wn}. Note that a
finite set of strings is often stored in a trie, which is an ordered tree data structure
that is used to store a set of strings and each edge in the tree has a single character
label.
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a b c a a b b b a a

a b c b a a

Figure 7: A graphical illustration of an outfix string; abcbaa is an outfix of
abcaabbbaa.

x

y
z

z

q

Figure 8: An example of a trie for strings w1 = xyz and w2 = xz. Note that
both paths end with the same subpath sequence in the trie because of a common
suffix z.

Once we construct a trie for L, then two strings w1 and w2 share a common
path from the root if they have a common prefix. See Fig. 8 for an example.
Therefore, we only need to check whether or not a sub-trie of T is suffix-free.
If a sub-trie is not suffix-free, then L is not outfix-free. By carefully analyzing
this procedure, Han and Wood [18] designed an efficient decision algorithm and
proved its correctness.

Theorem 16. Given a finite set L = {w1,w2, . . . ,wn} of strings, we can determine

whether or not L is outfix-free in O(
n∑
i

|wi|
2) time using O(

n∑
i

|wi|) space in the

worse-case.

Now consider two stings w1 = xyz and w2 = xz in DFAs. If a DFA A =
(Q,Σ, δ, s, f ) accepts both w1 and w2, then there is a unique path from s to a state q
that spells out x, which is a common prefix of w1 and w2. Then, A−→q accepts yz and
z. This implies that L−→q is not suffix-free.
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Proposition 17. Given a DFA A = (Q,Σ, δ, s, f ), L(A) is outfix-free if and only if
L−→q is suffix-free for all q ∈ Q.

However, if a given FA is nondeterministic, then Proposition 17 does not hold
anymore. Nevertheless, if an NFA A is not outfix-free, then its state-pair graph
has a similar property to the property used in Proposition 17. To make use of this
property, Han and Wood [18] introduced a state-pair DFA for A from its state-pair
graph GA as follows:

Definition 18. Given an FA A = (Q,Σ, δ, s, f ), we define the state-pair graph GA =

(VG, EG), where VG is a set of nodes and EG is a set of edges, as follows:

VG = {(i, j) | i and j ∈ Q} and

EG = {((i, j), a, (x, y)) | δ(i, a) = x and δ( j, a) = y and a ∈ Σ}.

Then, we define a new DFA A′ by making (1, 1) to be the start state and (m,m)
to be the final state and removing all non-reachable states from (1, 1) in GA. We
call A′ a state-pair DFA.

We can decide the outfix-freeness of L(A) using its state-pair DFA.

Lemma 19. Given an FA A = (Q,Σ, δ, s, f ), L(A) is outfix-free if and only if
L−→p ∪ L−→q is suffix-free for all pair states (p, q) ∈ Q′ of its state-pair DFA A′ =
(Q′,Σ, δ′, s′, f ′), where L−→q is the right language of state q in A.

Han and Wood [18] gave a proof for Lemma 19 and proposed an algorithm
that checks the outfix-freeness of L(A) as follows; from A and its state-pair
DFA A′ = (Q′,Σ, δ′, s′, f ′), we check whether or not L−→p ∪ L−→q is suffix-free for
all state (p, q) ∈ Q′. Since L−→q in A is computed from its right FA A−→q , we con-
struct an FA B = (QB,Σ, δB, sB, fB) for L−→p ∪ L−→q from A−→p = (Qp,Σ, δp, p, f ) and
A−→q = (Qq,Σ, δq, q, f ), where

QB = {sB, fB} ∪ Qp ∪ Qq,

δB = {(sB, λ, p), (sB, λ, q), ( f , λ, fB)} ∪ δp ∪ δq.

Since O(|B|) = O(|A−→p |+ |A−→q |) = O(|A|), this algorithm runs in polynomial time
and gives the following result [18].

Theorem 20. Given an FA A = (Q,Σ, δ, s, f ), we can determine the outfix-freeness
of L(A) in O(|A|4) worst-case time.
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7 Conclusions
An FA A for a regular language L is more than just an acceptor for L; A preserves
the structural property of L. State-pair graphs were proposed to make use of these
properties in FAs. We have surveyed a few number of decision algorithms using
state-pair graphs for subfamilies of regular languages defined by code properties.
We want to remark that all presented algorithms run in polynomial time. However,
we do not know if there exist better time complexity algorithms for any subfamily
of regular languages that has been considered. For instance, it is open if we can
determine the prefix-freeness of L(A) in subquadratic time.
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Abstract

In this paper, we extend our ideas on model transformations as functors
discussed in the previous issue and embed this concept into the framework
of graph transformation systems. We show that under certain restrictions of
the rules model transformations by graph transformation are functors.

Introduction

In our previous column [2] we have discussed the claim that "model transforma-
tions should be functors" from a mathematical and from a practical point of view.
Especially interesting from the practical side was the proposal of the POPL’07
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keynote speaker Don Batory [1] that model transformations in his approach of
Feature Oriented Model Driven Development (FOMDD) should be functors.

On the theoretical side, we have discussed well-known data type construc-
tions which are functors and can be considered as model transformations. Typical
examples are the semantics of parameterized specification and module specifica-
tion (see [4, 5]). Moreover we have claimed that under suitable conditions model
transformations defined by graph transformations are functors. In this column, we
justify this last claim.

1 Model Transformation by Graph Transformation

In this section, we define model transformation by graph transformation. First we
shortly introduce the necessary definitions of typed graphs, rules and transforma-
tions (see [3]).

A graphG = (V,E, src, tar) is given by setsV and E of nodes and edges,
respectively, and source and target functionssrc, tar : E → V. For graphsGi =

(Vi ,Ei , srci , tari) with i = 1,2, a graph morphismf = ( fV, fE) : G1→ G2 is given
by mappingsfV : V1 → V2 and fE : E1 → E2 compatible with the source and
target functions, i.e.fV ◦ src1 = src2 ◦ fE and fV ◦ tar1 = tar2 ◦ fE. Graphs and
graph morphisms form the categoryGraphs.

A type graphTG is a distinguished graph that defines node and edge types. A
typed graph (G, t) is a graphG together with a typing morphismt : G → TG. If
the typing is clear in the context, we denoteG as a typed graph without explicitly
namingt. A typed graph morphismf between typed graphs (G1, t1) and (G2, t2)
is a graph morphismf : G1 → G2 compatible with the typing, i.e.t2 ◦ f = t1.
For a type graphTG, typed graphs and typed graph morphisms form the category
GraphsTG.

A typed graph rulep = (L
l
← K

r
→ R) consists of three typed graphsL,

K and R, called left hand side, gluing graph and right hand side, respectively,
and injective typed graph morphismsl andr. Given a rulep and a typed graph
morphismm : L → G, called match, the application of the rulep to G via the
matchm is given by the following two pushouts (1) and (2) leading to the direct

typed graph transformationG
p,m
=⇒ H. A sequenceG0 =⇒ G1 =⇒ . . . =⇒ Gn of

direct transformations is then called transformation and denoted byG0
∗

=⇒ Gn.

N L K R

G D H

n l r

mq/ (1) (2)
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A negative application condition (NAC) forp is a typed graph morphismn : L→
N. The matchm satisfies the NACn if there does not exist an injective morphism
q : N → G such thatq ◦ n = m. For p we define a setNACp of NACs. The
application ofp with NACs is allowed only ifm satisfies all NACsn ∈ NACp.

A graph transformation systemGTS = (TG,Prod) is now given by a type
graphTG and a setProd of rules with NACs. For graph transformation systems
there are many interesting results like the Local Church–Rosser, Parallelism, Em-
bedding, Extension and Local Confluence Theorems [3].

In the following, we only consider nondeleting rules. In this case we have
L = K and the rule is completely defined by the morphismr and its NACs.

For the definition of a model transformation by graph transformation, the
source and target models have to be given as typed graphs typed overTGS and
TGT , respectively, whereTGS is the type graph defining the source languageLS

andTGT is the type graph defining the target languageLT . Performing model
transformations by typed graph transformations means taking a model as a typed
graph and transforming it according to certain rules. The result is a typed graph
which represents the target model.

For the model transformation, we define a type graphTGwith TGS ⊆ TGand
TGT ⊆ TG. This type graph includes not onlyTGS andTGT , but may contain ad-
ditional node and edge types which are needed during the transformation process.
Due to the inclusion, all source and target models are also automatically typed
overTG. Given a graph transformation systemGTS = (TG,Prod), for a source
modelMS we start the model transformation by applying the rules inProdas long

as possible. If this process terminates, it results in a transformationMS
∗

=⇒ M
with a graphM typed overTG. M contains the target model, but also the source
model and possibly additional nodes and edges. To obtain the target model, we
restict M to the target type graphTGT by constructing the pullback (PB). The
pullback objectM|TGT = MT is our target model and correctly typed overTGT .

MS M MT

TGS TG TGT

∗ j

incS incT

tS t tT(PB)

Given the graph transformation systemGTS = (TG,Prod), we define the
model transformationMT : LS ⇒ LT, whereLS ⊆ GraphsTGS and LT ⊆

GraphsTGT are subcategories withMS ∈ LS andMT ∈ LT if and only if MS
∗

=⇒ M
is a terminating transformation withM|TGT = MT , and all injective morphisms.

In general, there may be different terminating transformations leading to target
modelsM1

T and M2
T for the same source modelsMS. If MT(MS) is uniquely
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defined, we sayMT has functional behaviour.

2 Model Transformation as a Functor

In this section, we consider a model transformationMT : LS ⇒ LT with func-
tional behaviour given by a graph transformation systemGTS = (TG,Prod) as
described in Section 1. In addition, we restrict the rules inProd to TG\TGS-
generating rules, where for a rulep : L

r
→ R there are only elementsx ∈ R\r(L)

with type tR(x) ∈ TG\TGS, and define thatNACp = {r}, i.e. each rulep : L
r
→ R

has only one NAC, which is exactly the right hand side. With these restrictions,
we want to show thatMT becomes a functor.

First, we have to defineMT(mS) for an injective morphismmS : M1
S → M2

S

in LS. For M1
S, we have a transformation sequenceM1

S

t
=⇒ M1 and a restriction

M1
T leading to the model transformationMT(M1

S) = M1
T . Since only nondeleting

rules are applied int, mS is boundary-consistent w.r.t.t [6], i.e. the transformation
sequence does not delete any boundary element ofn. Moreover, due to the restric-
tions of the NACs andmS being injective,mS is also NAC-consistent w.r.t.t [6],
which means that no NAC oft is violated by extendingM1

S to M2
S via mS. Thus

we can apply the Embedding Theorem with NACs [6] leading to a transformation

sequenceM2
S

t
=⇒ MH with a morphismm′ : M1 → MH as shown in diagram (1).

Then we apply the rules of our graph transformation as long as possible leading

to a transformation sequenceMH
t′

=⇒ M2. Since we have only nondeleting rules
there is a morphismd : MH → M2 with t2◦d = tH, and we definem= d◦m′. The
restriction ofM2 leads to the pullback (2) with pullback objectM2

T . This pullback
andt2 ◦m◦ j1 = incT ◦ t1T imply that there exists a uniquemT : M1

T → M2
T such

that (3) commutes andt2T ◦mT = t1T , and by pullback decomposition also (3) is a
pullback. Now we defineMT(mS) = mT .

M1
S M1 M1

T

M2
S MH M2 M2

T

TGS TG TGT

t

t t′

d

incS incT

j1

j2

mS

t2S

m′ m

tH t2

mT

t2T

t1S

t1

t1T

(1) (3)

(2)

For MT to be a functor we have to show first thatMT(nS ◦mS) = MT(nS) ◦
MT(mS) and second thatMT(idMS) = idMT(MS).
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1. Consider the following diagram with

nS ◦mS = fS, MT(mS) = mT , MT(nS) = nT andMT( fS) = fT ,

as well as the morphismsm, m′, n, n′ and f , f ′ of the construction with
d2 ◦ m′ = m, d32 ◦ n′ = n andd3 ◦ f ′ = f , respectively. The functional
behaviour ofMT implies that we can construct the stepwise embedding

M3
S

t
=⇒ M31

H

t′

=⇒ M32
H

t′′

=⇒ M3, sincenS is consistent w.r.t.t andm1 is
consistent w.r.t. t′, and we have thatm1 ◦ m′ = f ′, n′ ◦ d2 = d31 ◦ m1

and d32 ◦ d31 = d3. Combining these results we have thatn ◦ m = f .
Pullback composition and the uniqueness of pullbacks further implies that
fT = nT ◦mT , i.e. MT(nS ◦mS) = MT(nS) ◦ MT(mS).

M1
S M1 M1

T

M2
S M2

H M2 M2
T

M3
S M31

H M32
H M3 M3

T

t

t t′

t t′ t′′

j1

j2

j3

mS

nS

m

n

mT

nT

m′

m1 n′
f ′ f fTfS d2

d31 d32
d3

2. MT(idMS) = idMT(MS) follows from the functional behaviour ofMT.

In the following, we present a model transformation from statecharts to Petri
nets (see [3]). In Fig. 1, the integration of the type graphs for the model transfor-
mation is shown. In the left hand side, the source model type graph for statecharts
is depicted. In the right hand side, the target model type graph for Petri nets is
shown. Together with some additional nodes and edges they form the integrated
type graph.

The rules for the model transformation are given in Figs. 2 and 3. Each
state in the statechart is transformed to a corresponding place in the target Petri
net model, where a token in such a place denotes that the corresponding state is
active initially (rulesInitState2Place andState2Place). A separate place is gen-
erated for each valid event by ruleEvent2Place. Each step in the statechart is
transformed into a Petri net transition (ruleStep2Trans). Naturally, the Petri net
should simulate how to exit and enter the corresponding states in the statechart,
and therefore input and output arcs of the transition have to be generated accord-
ingly (see rulesStepFrom2PreArc andStepTo2PostArc). Furthermore, firing a
transition should consume the token of the trigger event (Trigger2PreArc), and
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Conf Step Event

Cond

Action

trigger

StateMachine

State
stname: String

ename: String

SC type graph PN type graph

PostArc

Trans

PreArc

Place
plname: String
token: Boolean

RefEvent

RefState

RefStep

Transition

smname: String

isInit: Boolean

sm2conf
sm2step

trans2act

cond2state

act2event

conf2state
to

from

trans2cond

r4r3 r5 r6r2r1

posttgt

presrc pretgt

postsrc

end

step2trans

begin

Figure 1: The integration of the type graphs

should generate tokens to (the places related to) the target event indicated as the
action (Action2PostArc). All these rules are nondeleting,TG\TGS-generating
and we haveNACp = {r}. Moreover, the model transformation has functional
behaviour (see [3]), thus we can apply the developed theory and conclude that this
model transformation is a functor.

In Fig. 4, the application of the model transformation to the statechartsSC1

andSC2 is shown leading to the Petri netsPT1 and PT2, respectively. For the
morphismfS : SC1→ SC2 we get a corresponding morphismfT : PT1→ PT2.

3 Conclusion

In this column we have continued the discussion of the last column concerning
the claim that "model transformations should be functors". We have shown that
a suitable class of model transformations based on graph transformation defines a
functor between the corresponding visual languages. It remains open to analyze
more general classes of model transformations and morphisms between visual
models, and to show which kinds of functors can be obtained in these cases.
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RefState

RefState

InitState2Place

State2Place

Event2Place

Step2Trans

NAC=RHS

NAC=RHS

NAC=RHS

NAC=RHS

RHSLHS

RHSLHS

RHSLHS

RHSLHS

1: State

stname = n
isInit = false

1: State

stname = n
isInit = false

Place

plname = n
token = false

1: State

isInit = true

1: State

stname = n
isInit = true

Place

plname = n
token = true

1: Step 1: Step
RefStep

Trans

1: Event

ename = e

1: Event

ename = e
RefEvent

Place

plname = e
token = false

stname = n

:r1

:r2

:r3 :r4

:r6

:r5

:r5:r1

Trigger2PreArc

LHS

1: Step 2:RefStep

:trigger

4:Event 5:RefEvent

1: Step 2:RefStep

:trigger

4:Event 5:RefEvent

RHS

PreArc

3: Trans

6:Place

3: Trans

6:Place

StepTo2PostArc

LHS

1: Step 2:RefStep

4:State 5:RefState

1: Step 2:RefStep

RHS

PostArc7:Conf

3: Trans

6:Place

3: Trans

7:Conf

4:State 5:RefState 6:Place

:to

StepFrom2PreArc

LHS

1: Step 2:RefStep

4:State 5:RefState

1: Step 2:RefStep

RHS

PreArc7:Conf

3: Trans

6:Place

3: Trans

:from

7:Conf

:from

4:State 5:RefState 6:Place

NAC=RHS

NAC=RHS

NAC=RHS

:r6 :r2 :r6

:r4 :r4

:r6 :r6

:r5 :r5

:conf2state

:conf2state

:r5 :r5

:r6 :r6

:pretgt

:presrc

:pretgt

:r2

:r3 :r3

:r2

:r1 :r1

:r2

:r2 :r2

:to

:conf2state

:conf2state :presrc

:postsrc

:posttgt

:r1:r1

Figure 2: The rules for the model transformation (1)
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Condition2PrePostArc

LHS

1: Step 2:RefStep 1: Step 2:RefStep

RHS

7:Transition

3: Trans

Action2PostArc

LHS

1: Step 2:RefStep

4:Event 5:RefEvent

1: Step 2:RefStep

RHS

7:Transition

3: Trans

6:Place 4:Event

7:Transition

8:Cond

4:State 5:RefState4:State 5:RefState 6:Place

7:Transition

8:Cond

NAC=RHS

NAC=RHS

:r2 :r6 :r2

:step2trans :step2trans

:trans2act
8:Action

:act2event

8:Action

:r6

:act2event

:r3 :r4

:r6 :r6:r2

:step2trans

:trans2cond

:cond2state :cond2state

:trans2cond

:r5 :r5

PostArc

3: Trans

6:Place

3: Trans

6:Place

PreArc PostArc

:postsrc

:posttgt:presrc

:pretgt

5:RefEvent
:r3 :r4

:r2

:trans2act
:postsrc

:posttgt

:step2trans

:r1 :r1

Figure 3: The rules for the model transformation (2)

Producing

Wait4Cons

Wait4Prod

Consuming

produce consume

Producer Consumer Producing Wait4Prod

Wait4Cons Consuming

produce consume

Producing

Wait4Cons

Empty

Full

Wait4Prod

Consuming

produce [buff.empty]
/buffer++

[buff.full]
/buffer--

buffer--buffer++ consume

Producer Buffer Consumer Producing Empty Wait4Prod

Wait4Cons Full Consuming

buffer++

produce consume

buffer--

======>

======>

fS fT

SC1

SC2

PT1

PT2

Figure 4: The model transformation and the translated morphism
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1 Introduction
This survey reports on some recent developments in the project of applying proof
theory to proofs in core mathematics. The historical roots, however, go back
to Hilbert’s central theme in the foundations of mathematics which can be para-
phrased by the following question

“How is it that abstract methods (‘ideal elements’) can be used to prove ‘real’
statements e.g. about the natural numbers and is this use necessary in principle?”

Hilbert’s original aim, to show the consistency of the use of such ideal elements
by finitistic means, which would suffice to eliminate these ideal elements from
proofs of purely universal (‘real’) theorems (‘Hilbert’s program’), turned out to
be impossible for theories containing a sufficient amount of number theory by K.
Gödel’s 2nd incompleteness theorem. Nevetheless, various partial realizations of
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this program and many relative consistency proofs could be achieved. One class
of tools used to obtain this are so-called proof interpretations I which transform
proofs p in theories T of theorems A into new proofs pI in theories T I of the
interpretation AI of A. If (0 = 1)I ≡ (0 = 1), then this yields a consistency proof
for T relative to the assumed consistency of T I . Whereas, Hilbert’s program fo-
cusses exclusively on (ideal proofs of) purely universal theorems, a natural ‘shift
of emphasis’ (G. Kreisel) is to try to apply proof interpretations to interesting
proofs of existential theorems with the goal to extract new information from the
proof which was not visible beforehand.1 This new information often consists of
effective data such as algorithms or effective bounds (extracted from prima facie
ineffective proofs) but also continuous dependence or even full independence of
solutions from certain parameters (uniformity). Another aspect is the generaliza-
tion of proofs by a weakening of the premises.
Already in the 50’s G. Kreisel had asked

‘What more do we know if we have proved a theorem by restricted means
than if we merely know that it is true?’

Kreisel proposed to apply proof theoretic techniques – originally developed for
foundational purposes – to concrete proofs in mathematics which mathematicians
could not ‘unwind’ themselves (see e.g. [78, 85, 27] and - more recently - [86]).
Kreisel’s idea of unwinding proofs, i.e. the logical analysis of proofs using tech-
niques from proof theory, has been applied e.g. to number theory ([77, 84]), com-
binatorics ([32, 3, 47, 100]) (though the latter two papers also apply combinatorics
to proof theory) and algebra ([19, 20, 21, 26]). During the last 10-15 years, how-
ever, the most systematic development of such an applied proof theory (also called
‘Proof Mining’) took place in connection with applications to numerical analysis
(approximation theory) and functional analysis (nonlinear analysis, fixed point
theory and ergodic theory), see e.g. [1, 14, 15, 16, 30, 55, 61, 62, 64, 70, 71, 72,
69, 73, 74, 83]. The area of analysis and, in particular, functional analysis seems
specially suited for this approach as here issues of representations of analytical
objects (usually not made explicit in mathematics) play a crucial role and are sys-
tematically addressed by techniques such as proof interpretations.
Moreover, in the context of applications to functional analysis, new logical meta-
theorems have been developed which not only a priori guarantee the extractability
of effective bounds but also qualitatively new uniformity results (see [63, 31, 82]).
These metatheorems and the resulting applications to concrete proofs in analysis
are all based on suitable extensions and refinements of so-called functional inter-
pretations which have the root in Gödel’s ‘Dialectica Interpretation’ ([36, 68]). In

1As stressed by Kreisel, for this applied purpose, proofs of universal lemmas do not matter
at all (but only their truth) so that such lemmas may be taken simply as axioms. So Kreisel’s
emphasis is sort of opposite to that in Hilbert’s program.
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particular, a monotone functional interpretation due to the author [56] is crucially
used.
Recently, Terence Tao ([98, 99]) arrived, prompted by some of his famous work2

on the use of ergodic theory in combinatorics and number theory, at a proposal
of so-called ‘hard analysis’ (as opposed to ‘soft analysis’) which roughly can be
understood as carrying out analysis on the level of uniform bounds in the sense of
monotone functional interpretation which in many cases allows one to ‘finitize’
analytic assumptions and to arrive at qualitatively stronger results. Indeed, one of
the main benefits of the metatheorems proved in [63, 31] is that they allow one to
do exactly this (e.g. it is shown how to remove assumptions like the existence of
fixed points etc. in proofs). Tao illustrates his ideas using two examples: a finite
convergence principle and a ‘finitary’ infinite pigeonhole principle. We indicate
below how the former and a variant of the latter directly result from monotone
functional interpretation.

In this survey we sketch some of the central techniques for applied proof theory
and list a few keynote applications in various areas of mathematics. As to the
proof theoretic methods we discuss we focus (rather than aiming at a complete
list of the various techniques that have been developed over the years) on those
which have been instrumental in finding new mathematical results (when applied
to specific proofs).
Since the number of applications in functional analysis is rather large and we just
published a comprehensive survey on the results obtained up to 2006 in [67] we
will mainly restrict our selection in this area to some recent results from 2007 (not
covered in [67]).
Obviously, a short paper like this can only touch in a very superficial way most of
the issues it addresses. For a more serious and comprehensive treatment of both
the logical aspects of proof interpretations as well as their uses in mathematics we
have to refer the reader to the forthcoming book [66].
For a proper understanding of the rest of this article we presuppose some basic
knowledge of first order logic and type systems as well as of basic notions from
abstract analysis such as metric, normed and Hilbert spaces while all other con-
cepts used will be defined. Some of the results are formulated in the general con-
text of so-called hyperbolic spaces (which comprises both normed spaces as well
as important structures frequently used in geometric group theory such as CAT(0)-
spaces in the sense of Gromov). However, one can get a proper understanding of
the main results already by just replacing ‘hyperbolic space’ everywhere by ‘con-

2Tao was awarded a fields medal for this work in 2006. One particularly celebrated result is his
ergodic theoretic proof (together with B. Green) that there are arithmetic progressions of arbitrary
length in the prime numbers.
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vex subset of a normed space’ and ‘(1 − λ)x ⊕ λy’ by ‘(1 − λ)x + λy’.
Notation: Throughout this paper IN := {0, 1, 2, . . .}.

2 Some tools from proof theory
One of the oldest tools from proof theory, which has been effectively used by H.
Luckhardt in the unwinding of proofs of the famous finiteness theorem of Roth
in diophantine approximation (see section 3 below), is Herbrand’s theorem which
we formulate here only for the case ofΠ0

3-sentences (which covers finiteness state-
ments such as the one proved by Roth).
Let

A ≡ ∀x∃y∀z Aq f (x, y, z)

be sentence where Aq f is quantifier-free.
The so-called Herbrand normal form AH of A is defined as

AH :≡ ∀x∃y Aq f (x, y, f (y)),

where f is a new function symbol (also called index function). Herbrand’s theo-
rem states two things:

1) From a given proof of A in predicate logic without equality one can extract
finitely many terms t1, . . . , tn which are built up out of x, f and the constants
occurring in A such that

AH,D :≡
n∨

i=1

Aq f (x, ti, f (ti))

is a tautology.

2) There is a direct derivation (using only appropriate quantifier introduction
rules and contractions) from any disjunction of the form AH,D to A.

Remark 2.1. Over 2nd order logic where we can quantify over functions and can
write AH as ∀ f , x∃y Aq f (x, y, f (y)), the Herbrand normal form AH and A can be
shown to be equivalent (using the axiom of choice).

Let us illustrate things using the following logically valid sentence of the required
form

A :≡ ∀x∃y∀z
(
P(x, y) ∨ ¬P(x, z)

)
,

where
AH ≡ ∀x∃y

(
P(x, y) ∨ ¬P(x, f (y))

)
.
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Whereas no single term instantiated for ‘∃y’ produces a tautology, two terms t1 :=
x, t2 := f (x) will do since

AH,D :≡
(
P(x, x) ∨ ¬P(x, f (x))

)
∨

(
P(x, f (x)) ∨ ¬P(x, f ( f (x)))

)
is a tautology.

For the 2nd claim in Herbrand’s theorem one argues as follows: AH,D remains
being a tautology if we replace the f -terms starting from the term of greatest
depth successively by new variables resulting in

AD :≡
(
P(x, x) ∨ ¬P(x, y)

)
∨

(
P(x, y) ∨ ¬P(x, z)

)
from which we arrive back to A by an obvious direct proof (first introducing the
quantifiers in the 2nd disjunct and then the ones in the first disjunct and finally
applying a contraction).
It is an easy exercise to show that in general for sentences A ≡ ∀x∃y∀z Aq f (x, y, z),
AD can always be written in the linearly ordered form

(L) (Aq f (x, t1, b1) ∨ Aq f (x, t2, b2) ∨ . . . ∨ Aq f (x, tk, bk),

where the bi are new variables and ti does not contain any b j with i ≤ j (see [77]).
It is this form of Herbrand’s theorem, which – appropriately reformulated – also
extends theories having only purely universal axioms, that is used by H. Luck-
hardt.

For theories which logically complex axioms (e.g. general induction axioms) such
as Peano Arithmetic PA, Herbrand’s theorem does not extend. However, the for-
mulation AH,D suggests the following generalization: suppose that we work in a
theory with decidable prime formulas (and hence decidable quantifier-free for-
mulas) such as PA. Then the above Herbrand disjunction AH,D can be written as
(using function quantifiers)

∀ f Aq f (x,Φ(x, f ), f (Φ(x, f ))),

with
Φ(x, f ) := ti[x, f ],

where 1 ≤ i ≤ n is least such that

Aq f (x, ti[x, f ], f (ti[x, f ]))

holds. If one is working in a system containing some arithmetic and interested
only in a bound on a number quantifier ‘∃y’ in AH one can take simply

Φ∗(x, f ) := max{t1[x, f ], . . . , tn[x, f ]}
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which is even independent from the prime formulas in A.

Whereas for theorems A proved in theories T having only universal axioms (so-
called ‘open’ theories) it suffices to use terms ti that are built of the AH- and T -
material, so that for Φ,Φ∗ in addition to this only definition-by-case functions
resp. a maximum function are required, it is clear that for more complicated
theories T more complicated classes of functionals Φ are required. This leads to
the following definition

Definition 2.2 (Kreisel [75, 76]). A computable functional Φ : IN × ININ → IN
satisfies the no-counterexample interpretation (short: n.c.i.) of a sentence

A ≡ ∀x∃y∀z Aq f (x, y, z) ∈ L(PA)

if
∀x ∈ IN∀ f ∈ ININ Aq f (x,Φ(x, f ), f (Φ(x, f )))

is true.

We illustrate the no-counterexample interpretation by the following example used
already by G. Kreisel in [75] and which recently received new attention by T. Tao’s
discussion in [98]: Let (an) be a nonincreasing sequence in [0, 1]. Then, clearly,
(an) is convergent and so a Cauchy sequence. For convenience, we express this
fact in the following form

(1) ∀k ∈ IN∃n ∈ IN∀m ∈ IN∀i, j ∈ [n; n + m] (|ai − a j| ≤ 2−k),

where [n; n + m] := {n, n + 1, . . . , n + m}.
Then (treating for the moment ≤ between real numbers as a primitive predicate
and disregarding the bounded quantifiers ‘∀i, j ∈ [n; n+m]’) the Herbrand normal
form of this statement is

(2) ∀k ∈ IN∀g ∈ ININ∃n ∈ IN∀i, j ∈ [n; n + g(n)] (|ai − a j| ≤ 2−k).

By the well-known counterexamples due to E. Specker (‘Specker sequences’)
there exist easily computable such sequences (an) even of rational numbers for
which there is no computable bound on ‘∃n’ in (1). By contrast, there is a sim-
ple primitive recursive (in the sense of [51]) functional Φ∗(g, k) which provides a
bound on (2) (also referred to as ‘metastability’ in Tao [98]):

Proposition 2.3 (see e.g. [66]). Let (an) be any nonincreasing sequence in [0, 1]
then

∀k ∈ IN∀g ∈ ININ∃n ≤ Φ∗(g, k)∀i, j ∈ [n; n + g(n)] (|ai − a j| ≤ 2−k),

where
Φ∗(g, k) := g̃(2k)(0) with g̃(n) := n + g(n).

Moreover, there exists an i < 2k such that n can be taken as g̃(i)(0).3

3For g : IN→ IN and n ∈ IN we define g(0)(0) := 0, g(n+1)(0) := g(g(n)(0)).
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It is of interest here that the bound Φ∗(g, k) in proposition 2.3 does not depend on
(an) at all (see also the discussion of this point further below).

Remark 2.4. If (an) is a sequence of rational numbers so that ≤ becomes (prim-
itive recursively) decidable, then using the bound Φ∗ and primitive recursive
bounded search one can obtain a functional Φ (this time depending on (an)) that
satisfies the no-counterexample interpretation of this principle. Such a solution
is also possible for sequences (an) of real numbers an using rational approxima-
tions as the proper n.c.i.-treatment of ≤ defined in terms of representatives of real
numbers given as Cauchy sequences of rational numbers with some fixed rate
of convergence would insist on doing. We bypassed this issue since we are only
interested in the bound Φ∗.

As an immediate consequence of proposition 2.3 we obtain the following (explicit
version of the) ‘finite convergence principle’ which recently has been discussed
by T. Tao ([98, 99]):

Corollary 2.5. For all k ∈ IN, g ∈ ININ there exists an M ∈ IN such that for all
nonincreasing finite sequences 0 ≤ aM ≤ . . . ≤ a0 ≤ 1 of length M + 1 in [0, 1]
there exists an n ∈ IN with

n + g(n) ≤ M ∧ ∀i, j ∈ [n; n + g(n)](|ai − a j| ≤ 2−k).

Moreover, we can compute M as M := Φ∗(g, k), where Φ∗ is as in proposition 2.3.

Let us now consider general prenex normal sentences

A ≡ ∃x1∀y1 . . .∃xn∀yn Aq f (x1, y1, . . . , xn, yn)

and their Herbrand normal form (written again with function quantifiers)

AH ≡ ∀ f1, . . . , fn∃x1, . . . , xn Aq f (x1, f1(x1), . . . , xn, fn(x1, . . . , xn)).

Then we say that Φ1, . . . ,Φn satisfy the n.c.i. of A if (writing f for f1, . . . , fn)

∀ f Aq f (Φ1( f ), f1(Φ1( f )), . . . ,Φn( f ), fn(Φ1( f ), . . . ,Φn( f )))

holds.
The problem with the n.c.i. is that for sentences that no longer are Π0

3 the Her-
brand normal form in general is too much of a weakening of the original sentence
such that a witness (or bound) as required in its no-counterexample interpretation
would reflect the correct computational contribution the use of such a sentence in
a proof of some Π0

2-theorem might have. In fact, even for Π0
3-sentences

A ≡ ∀x∃y∀z Aq f (x, y, z)
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the n.c.i. of any prenex normal form (A→ B)pr of an implication A→ B, where

B ≡ ∀u∃v Bq f (u, v)

in Π0
2 is too weak to allow for a solution of the modus ponens by constructing

a realizing function for B (out of functionals satisfying the n.c.i. of A and (A →
B)pr) without an explosion in the computational complexity (see [59] for a detailed
discussion of the ‘modus ponens’ problem for n.c.i.).
If

A ≡ ∃x∀y∃z Aq f (x, y, z)

is in Σ0
3 (or of higher complexity) then already the n.c.i. of A might fail to give

the correct result. This has to do with the fact that in order to infer A back from
AH for such A one needs AC (though – in the case of A ∈ L(PA) – only from
IN to IN and so rather than a proper choice axiom just a form of arithmetical
comprehension) applied to Π0

1-formulas (or of higher complexity) whereas in the
case of Π0

3-sentences it was needed only for quantifier-free (and hence decidable)
formulas. This already matters even for bounded quantifiers ‘∃x ≤ a’ as can be
illustrated by the infinitary pigeonhole principle

(IPP): ∀n ∈ IN∀ f : IN→ Cn∃i ≤ n∀k ∈ IN∃m ≥ k
(
f (m) = i

)
,

where Cn := {0, 1, . . . , n}.
The Herbrand normal form of (IPP) is

(IPP)H
≡ ∀n ∈ IN∀ f : IN→ Cn∀F : Cn → IN∃i ≤ n∃m ≥ F(i)

(
f (m) = i

)
which gives rise to the following computationally almost trivial solution for the
n.c.i. of IPP:

M(n, f , F) := max{F(i) : i ≤ n} and I(n, f , F) := f (M(n, f , F))

are realizers for ‘∃i’ and ‘∃m’ in (IPP)H, despite of the fact that the proof of
IPP requires some substantial amount of induction (more precisely the so-called
bounded collection principle for Π0

1-formulas whose strength is in between Σ0
2-

and Σ0
1-induction).

We use this principle to motivate the Gödel functional (‘Dialectica’) interpretation
D (and its monotone variant), where we refer here always to its combination ND
with some negative translation N (e.g. one may use the so-called Shoenfield vari-
ant from [95], see [97]). This interpretation produces a AND ≡ ∀X∃Y A∗(X,Y) nor-
mal form for arbitrary formulas A, where A∗ is quantifier-free, such that the equiv-
alence between A and AND follows using only (classical logic and) quantifier-free
choice

QF-AC : ∀x∃y Fq f (x, y)→ ∃Y∀x Fq f (x,Y(x)) (Fq f quantifier-free).
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The price to be paid for this is that we need QF-AC for objects of arbitrary finite
type (over some base type such as IN) and also X,Y in AND will be functionals of
higher type (where the types depend on the logical complexity of A).
The ND-interpretation of (IPP) is arrived at in the following way (strictly speaking
AND is defined as the ∃∀-form resulting from a final QF-AC application to our ∀∃-
form which we omit here for better readability)

(IPP)
QF−AC
⇔

∀n ∈ IN∀ f : IN→ Cn∃i ≤ n∃g : IN→ IN∀k ∈ IN
(
g(k) ≥ k ∧ f (g(k)) = i

) QF−AC
⇔

∀n ∈ IN∀ f : IN→ Cn∀K : Cn × ININ → IN∃i ≤ n∃g : IN→ IN(
g(K(i, g)) ≥ K(i, g) ∧ f (g(K(i, g))) = i

)
≡: (IPP)ND.

The functional interpretation of (IPP) requires functionals I(n, f ,K) and G(n, f ,K)
realizing ‘∃i’ and ‘∃g’.
Note that the implication ‘⇐’ in the second equivalence above only needs com-
putable (in f ) and hence continuous functionals K.

These functionals reflect the correct computational contribution of the use of (IPP)
in a proof as follows from the general soundness theorem of functional interpre-
tation. I,K can be defined using primitive recursion of type level 1. However, to
get a usable notation for these functionals it is advisable to use a finite form of bar
recursion as is done in [90]. We refer to that paper as well as [66] for a detailed
discussion and urge the reader to try to come up directly with a solution for I,G to
appreciate the highly nontrivial task performed by functional interpretation even
restricted to a principle as simple as (IPP).

In the applications to analysis discussed in sections 5, 6 and 7 below, one actually
is interested in the extraction of bounds (rather than realizers) which, however,
need to be uniform, i.e. independent from various parameters, to be useful. This
can be achieved by modifying Gödel’s functional interpretation in such a way that
instead of realizers for the functional interpretation so-called majorants (a sort of
hereditarily monotone bounds) are extracted. This variant has been introduced in
[56] under the name of monotone functional interpretation.4 Not only does this
interpretation directly extract uniform bounds, it also nicely extends to important
subsystems of analysis (based on the binary ‘weak’ König’s lemma WKL) and
simplifies the extraction algorithm (see e.g. [41] for a detailed complexity analy-
sis). In its simplest form the notion of majorizability (due to W.A. Howard [44])
is defined as follows for functionals of finite type over IN :

Definition 2.6. Between functionals of type ρ the following binary relation is de-
4A related so-called bounded functional interpretation was recently designed in Ferreira-Oliva

[28] and has interesting applications to systems of feasible analysis (see [29]).
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fined by induction on ρ :

{
x∗ &IN x :≡ x∗ ≥ x,
x∗ &ρ→τ x :≡ ∀y∗, y (y∗ &ρ y→ x∗y∗ &τ xy).

x ≤ρ y is defined as the pointwise inequality relation.

Remark 2.7. Sometimes, a variant of & due to Bezem [8] with a clause ‘x∗y∗ &τ
x∗y’ added is useful too.

Let us recall that a metric space (X, d) is called complete if every Cauchy se-
quence in X converges and it is called separable if there exists a countable subset
Xcount ⊆ X such that each x ∈ X can be arbitrarily good approximated by ele-
ments in Xcount. A complete separable metric space is also called a Polish metric
space. One way of defining the compactness of a complete metric space is by its
total boundedness which means that for each ε > 0 there are finitely many points
x1, . . . xn ∈ X such that any x ∈ X is ε-close to one of these points. E.g. [0, 1]n is
compact (w.r.t. the Euclidean metric) whereas IRn is not. Obviously, any compact
metric space is separable and so a Polish space. Via an appropriate so-called stan-
dard representation of Polish (i.e. complete separable) metric spaces P and com-
pact (i.e. complete and totally bounded) metric spaces K via the Baire space ININ

respectively an appropriate compact subspace { f ∈ ININ : ∀n ∈ IN( f (n) ≤ M(n)}
(for some effective M) it follows that the monotone functional interpretation ex-
tracts boundsΦ∗ that are independent from parameters ranging over compact met-
ric spaces but depend on representatives fx ∈ ININ for parameters x ∈ P in Polish
spaces P (see theorem 2.10 below).
The uniformity of the bound in proposition 2.3 above (and hence Tao’s finite con-
vergence principle) can be seen as an instance of monotone functional interpre-
tation using the representation of the space of sequences in [0, 1] as the compact
metric space [0, 1]IN (with the product metric).
In the case of (IPP) one obtains majorants I∗ and G∗ for I,G which – using that the
constant-n function majorizes f : IN → Cn – no longer depend on f but require
a majorant K∗ for the argument K in the case of G∗ (as I∗ we simply can take the
constant-n functional). Not every functional K does possess a majorant K∗ but
among others e.g. all K’s that are continuous in g (w.r.t. to the product topology
on ININ) do. For continuous K one can even replace g by some initial segment
encoded in a number m (we use [m] to denote the function which continues this
initial segment by zeroes). Then as a consequence of the monotone interpretation
and the uniform continuity of K (in g) on {g : g ≤1 G∗(n,K∗)}we get the following
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semi-finite form

∀n ∈ IN∀K : Cn × ININ cont.
→ IN

∃M ∈ IN∀ f : CM → Cn∃i ≤ n∃m ≤ M(
Image([m]) ⊆ CM ∧ [m](K(i, [m])) ≥ K(i, [m])∧

f ([m](K(i, [m]))) = i
)

of (IPP) which is a kind of reformulation of Tao’s ‘finitary’ infinite pigeonhole
principle discussed in [98, 99].

Both for carrying out (monotone) functional interpretation as well as for formal-
izing proofs in analysis, formal systems based on (fragments of) arithmetic PAω

in the language of functionals in all finite types over IN augmented by suitable
analytical principles such as WKL are most convenient. For many such systems
T ω, e.g. PAω+QF-AC+WKL, one can prove results of the following type (using
‘1’ to denote the type IN→ IN):

Theorem 2.8 (Kohlenbach [53, 56, 57]). Let A∃(x1, y1, zIN) ≡ ∃z̃Aq f (x, y, z, z̃),
where Aq f a quantifier-free formula and A∃ contains only x, y, z free. Here z is
any tuple of variables up to type 2. Let s be a closed term.

From a T ω-proof of ∀x1∀y ≤1 sx∃zIN A∃(x, y, z)
monotone functional interpretation extracts a closed term Φ of T ω such that
T ω ` ∀x1∀y ≤1 sx∃z ≤ Φ(x) A∃(x, y, z).

Note that the bound Φ(x) does not depend on y.

Remark 2.9. In fact, even the existential quantifiers ∃z can be bounded (in the
sense of ≤ρ where ρ(≤ 2) is the type of the respective variable).
If T ω is based on a weak form of extensionality given by a quantifier-free rule (see
below), then y might have any type.
Instead of single variables x, y, z we may have tuples as well.

In the case of PAω+QF-AC+WKL the bound Φ will be a primitive recursive func-
tional in the sense of Hilbert [43] and Gödel [36]. If PAω is restricted to Σ0

1-
induction and primitive recursion in the sense of Kleene only, then Φ will be
primitive recursive in the sense of Kleene. If one uses systems of bounded arith-
metic such as G2Aω (from [57]) instead of PAω, then Φ(x) will be given by a term
built up out of 0, S ,+, · and xM(k) := max{x(i) : i ≤ k} only, i.e. a polynomial in
xM. So in the presence of WKL (corresponding to the Heine-Borel compactness
of spaces such as [0, 1]n) as the only genuine analytical principle the complexity
ofΦ is determined solely by the strength of the underlying arithmetical system. In
the presence of (instances of) sequential compactness (corresponding to instances
of arithmetical comprehension) this is no longer the case but the contribution of
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this form of compactness still is rather limited in many cases (see [58]). If higher
comprehension over numbers is used or even dependent choice in all types – we
denote the resulting system byAω – then Φ will be a so-called bar recursive func-
tional in the sense of C. Spector ([96], see [66] for a modern treatment).

In order to apply theorem 2.8 to actual proofs in analysis one first has to verify that
the theorem to be proved (and to a certain extent its proof)5 are can be formalized
in a suitable formal system which requires a representation of the various analytic
objects involved. After that formalization one has to check whether the statement
has or can be transformed into (using, if necessary, an appropriate enrichment of
data) the required logical form. The process is much simplified using the follow-
ing kind of ‘macro’: using the standard (or ‘Cauchy’-) representation of Polish
spaces P and compact metric spaces K mentioned already above one can reduce
quantification over P (resp. over K) to quantification ∀x1 resp. (∀y ≤1 M) without
introducing new quantifiers. So it suffices to formalize the proof up to quantifi-
cation over such spaces (provided they are representable in the formal system at
hand). This yields the following applied form of theorem 2.8:

Theorem 2.10 (Kohlenbach [54, 56]).
From a T ω-proof of ∀x ∈ P∀y ∈ K∃zIN A∃(x, y, z)
monotone functional interpretation extracts a closed term Φ of T ω such that
T ω ` ∀x ∈ P∀y ∈ K∃z ≤ Φ( fx) A∃(x, y, z),

where Φ depends on a given representative fx ∈ ININ of x ∈ P but is independent
of y ∈ K. Here A∃ is a purely existential formula as above (when expressed in
terms of the representation of P,K) that is (provably in T ω) extensional in x, y
with respect to =X,=Y .

6

For the special Polish spaces IN and ININ no representation is necessary since T ω

contains quantification over these spaces as a primitive concept. Let us illustrate
the use of theorem 2.10 by two extremely simple examples:

(3) PAω ` ∀x ∈ IR∃n ∈ IN (n > x)

and
(4) PAω ` ∀x ∈ (0, 1]∃n ∈ IN (1 < n · x).

Clearly, IR has a standard representation as Polish space via the Cauchy com-
pletion of Q, i.e. real numbers are represented as Cauchy sequences of rational

5Proofs of universal lemmas and even of lemmas of the form ∀u∃v ≤ tu∀w Fq f for functionals
u, v,w of moderate types can be disregarded as such lemmas can be treated simply as axioms, see
the remarks in the introduction and [53, 56].

6This extensionality is not needed for the extraction of Φ but only to justify that A∃ indeed
speaks about x ∈ P and y ∈ K rather than x, y ∈ ININ.
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numbers with fixed rate of convergence (say 2−n) and > (expressed on such rep-
resentatives) is in Σ0

1. Hence theorem 2.10 applies and there exists a primitive
recursive functional which computes given a representative (rn) of x a number
n ∈ IN satisfying (3). E.g. we may take Φ(rn) := dr0e + 1.
In (4) there does not exist any subrecursive such Ψ which – given a representative
(rn) of a strictly positive real number x – would produce an n satisfying (4). This
corresponds to the fact that one cannot treat ∀x ∈ (0, 1] as a primitive notion (since
(0, 1] is not complete) but only

∀x ∈ IR(∃m ∈ IN(x ≥ 1/(m + 1))→ ∃n ∈ IN(1 < n · x)),

i.e.
∀x ∈ IR∀m ∈ IN∃n ∈ IN (x ≥ 1/(m + 1)→ 1 < n · x),

where now ‘x ≥ 1/(m + 1) → 1 > n · x)’ is (equivalent to) a Σ0
1-formula and

‘∀x ∈ IR∀n ∈ IN’ can be treated as primitive quantifiers. Indeed, in (rn) plus m as
input the solution is trivial: Ψ((rn),m) := m + 2. Alternatively, one can rewrite (4)
using the Polish space [1,∞) as

PAω ` ∀x ∈ [1,∞)∃n ∈ IN(1 < n · (1/x)).

We then can take Ψ(rn) := Φ(rn) with Φ from the first example (note that 1/x
is primitive recursively definable on [1,∞) but not on (0,∞) in the Cauchy rep-
resentation (rn)). This example a-fortiori shows that if the compactness of K is
weakened to total boundedness than one does not have in general uniform bounds
anymore (independent from y ∈ K). This also is the case if K is only Polish
and bounded (but not totally bounded): Consider the closed unit ball B in the
space C[0, 1] of all continuous functions f : [0, 1] → IR w.r.t. the uniform norm
‖ f ‖∞ := sup{| f (x)| : x ∈ [0, 1]} (note that w.r.t. the metric induced by ‖·‖∞,C[0, 1]
is a Polish space and B a bounded Polish space). Then

PAω ` ∀ f ∈ B∃n ∈ IN(n is code of some p ∈ Q[x] with ‖ f − p‖∞ < 1/2).

Clearly, there is no uniform bound on ‘∃n’ (i.e. a bound independent of f ∈ B)
as the sequence fn(x) := sin(nx) ∈ B shows. However, given a representative of
f (in the sense of the standard representation of the Polish space C[0, 1]) one can
easily compute a suitable n.

At first sight, these results essentially seem to show that the requirements on K be-
ing complete and totally bounded are necessary to be guaranteed the extractability
of bounds Φ that do not depend on parameters y from K. However, these coun-
terexamples only show that this can be the case for concrete spaces K. Looking
at the example concerning B ⊂ C[0, 1] above one realizes that it is the (prov-
able) separability of C[0, 1] that was crucially used (likewise it was the provable
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incompleteness of (0, 1] that was used in the first counterexample). In fact, to
have a B-uniform bound on the very property of separability is nothing else but
requiring B to be totally bounded. This opens up the possibility to extract uni-
form bounds from proofs that do not use the separability of K but rather treat K
as an abstract metric space (X, d). Since the only direct way to talk about met-
ric spaces in systems like T ω is via their standard representation which is based
on separability, one then has to extend T ω by an abstract space (X, d) as a kind
of atom resulting in a new system T ω[X, d]. This is done by introducing a new
ground type X (for objects in X) and all finite types over IN and X together with a
constant dX plus axioms expressing that dX is a pseudo-metric. Equality x =X y is
defined as dX(x, y) =IR 0IR, where the real numbers still are represented as type-1
objects and =IR is the equivalence relation on those corresponding to equality in IR.
Higher type equality is defined extensionally. Whereas in the previous cases the
issue of extensionality was not important due to the availability of an elimination-
of-extensionality procedure (note that functional interpretation is not sound for
full extensionality in higher types) it now becomes crucial that we only include a
weak quantifier-free rule of extensionality which allows one to infer r[s] =τ r[t]
only once s =ρ t has been established. Fortunately, for most applications in fixed
point theory and ergodic theory this does not cause any problems since the exten-
sionality of functions f : X → X usually follows from the f -properties assumed
such as f being nonexpansive. In [63] such systems were introduced and very
general metatheorems on the extractability of bounds that are independent from
parameters x ∈ X and even f : X → X were obtained under the only assumption
that (X, d) was bounded. In [31] this is further refined and it is shown that the
global boundedness assumption on (X, d) can be replaced by local bounds. This
was achieved by a new majorizability relation x∗ &a

ρ x that is parametrized by
some reference point a ∈ X. For a finite type ρ over IN, X, the majorant x∗ always
has a finite type over just IN resulting from replacing in ρ the type X by IN. For the
ground type X, the relation is defined as follows

x∗ &a
X x :≡ x∗ ≥IR dX(a, x),

where x has type X while x∗ has the type IN. For ρ := X → X the relation is
defined between objects f ∗ of type 1 = (IN→ IN) and f of type X → X as follows

f ∗ &a
X→X f :≡

{
∀n ∈ IN( f ∗(n + 1) ≥ f ∗(n))∧
∀x∗ ∈ IN∀x ∈ X(x∗ ≥IR dX(a, x)→ f ∗(x∗) ≥IR dX(a, f (x))).

Our approach extracts effective bounds in terms of such majorants x∗ ∈ IN, f ∗ :
IN → IN etc. rather than x ∈ X, f : X → X and does not presuppose at all that
(X, d) comes together with some notion of effectivity on X.
In [63, 31] not only metric spaces (X, d) but also other classes of structures such as
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hyperbolic spaces, CAT(0)-spaces, normed spaces, uniformly convex spaces and
inner product spaces are treated. Further examples (IR-trees, δ-hyperbolic spaces
and uniformly convex hyperbolic spaces) are discussed in [82]. Since hyperbolic
spaces play an important role in section 6 below we give the definition

Definition 2.11 ([63, 34, 92]). (X, d,W) is called a hyperbolic space if (X, d) is a
metric space and W : X × X × [0, 1]→ X a function satisfying

(i) ∀x, y, z ∈ X∀λ ∈ [0, 1]
(
d(z,W(x, y, λ)) ≤ (1 − λ)d(z, x) + λd(z, y)

)
,

(ii) ∀x, y ∈ X∀λ1, λ2 ∈ [0, 1]
(
d(W(x, y, λ1),W(x, y, λ2)) = |λ1 − λ2| · d(x, y)

)
,

(iii) ∀x, y ∈ X∀λ ∈ [0, 1]
(
W(x, y, λ) = W(y, x, 1 − λ)

)
,

(iv)
{
∀x, y, z,w ∈ X, λ ∈ [0, 1](
d(W(x, z, λ),W(y,w, λ)) ≤ (1 − λ)d(x, y) + λd(z,w)

)
.

Definition 2.12. Let (X, d,W) be a hyperbolic space. The set

seg(x, y) := { W(x, y, λ) : λ ∈ [0, 1] }

is called the metric segment with endpoints x, y.
We usually write (1 − λ)x ⊕ λy for W(x, y, λ).

Remark 2.13. Every convex subset C of a normed linear space is a hyperbolic
space with W(x, y, λ) := (1 − λ)x + λy.

In the case of theorems 2.8 and 2.10 it is mainly the concrete numerical informa-
tion obtained from specific extracted bounds Φ of (in most cases) relatively low
complexity which is of interest (see section 5 below) as the existence of a com-
putable uniform bound follows (in the case where all ∃-quantifiers in Aq f have type
IN) by unbounded search and the fact that computable functionals ININ × 2IN → IN
have computable moduli of uniform continuity ωΦ : ININ → IN for Φ(x, ·) re-
stricted to y ∈ 2IN) so that also ΦM(x) := max{Φ(x, y) : y ∈ 2IN} (and even
ΦM(x) := max{Φ(x, y) : y ≤1 sx}) is computable as well. In the case of noncom-
pact spaces, however, even the existence of a uniform bound at all is of interest.
We, therefore, use in the following the strongest system Aω extended by an ab-
stract hyperbolic space resulting in Aω[X, d,W]−b, where ‘−b’ indicates that we
do not assume (X, d) to be bounded.
Rather than formulating here one of the general metatheorems from [31] we con-
fine ourselves to some special case which, however, is typical for the kind of
results used in obtaining the bounds in sections 6 and 7 below.
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Definition 2.14. Let (X, d) be a metric space. A mapping f : X → X is called
nonexpansive (short: n.e.) if

∀x, y ∈ X(d( f (x), f (y)) ≤ d(x, y)).

Theorem 2.15 (Gerhardy - Kohlenbach [31]). Let A∃ be an ∃-formula and P,K
Polish resp. compact metric spaces in standard representation by Aω-definable
terms.
IfAω[X, d,W]−b proves a sentence

∀x ∈ P∀y ∈ K∀zX, z̃X, f X→X( f nonexpansive→ ∃vINA∃
)

then one can extract a (bar recursively) computable functional Φ(gx, b) s.t. for all
x ∈ P, gx ∈ ININ representative of x, b ∈ IN

∀y ∈ K∀z, z̃ ∈ X∀ f : X → X
(
f n.e. ∧ d(z, f (z)), d(z, z̃) ≤ b→ ∃v ≤ Φ(gx, b) A∃

)
holds in any nonempty hyperbolic space (X, d,W).

The most crucial thing about theorem 2.15 is that the bound Φ depends on
(X, d,W), f , z and z̃ only via an upper bound b ≥ d(z, z̃), d(z, f (z)). In particu-
lar, if (X, d) is b-bounded one obtains a bound that is fully independent from f , z, z̃
(this was already proved in Kohlenbach [63]).

Theorem 2.15 also holds for normed spaces (as well as subclasses of those such as
Hilbert spaces) if we additionally require that b ≥ ‖z‖ (due to the fact that we now
have to take the reference point a in our majorization relation as the zero vector
OX in this case). This is unavoidable as e.g. the following trivial example

∀zX, z̃X∃yIN (y > ‖z‖ + ‖z̃‖)

shows.

Remark 2.16. For systems based on PAω+QF-AC+WKL etc. instead of Aω we
obtain bounds of the respective limited complexity classes discussed above.

3 Applications of proof mining in number theory
A famous theorem of K.F. Roth says

Theorem 3.1 (Roth [93]). An algebraic irrational number α has only finitely many
exceptionally good rational approximations, i.e. for ε > 0 there are only finitely
many q ∈ IN such that

R(q) :≡ q > 1 ∧ ∃!p ∈ ZZ : (p, q) = 1 ∧ |α − pq−1| < q−2−ε.
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Weaker results (with smaller exponents) had been obtained before by Dirichlet
1842, Liouville 1844, Thue 1909, Siegel 1921, Schneider 1936 and Dyson and
Gelfond 1947 (see [84, 85]).
In 1983, Esnault and Viehweg found a new proof of Roth’s theorem. Both proofs
are ineffective and prima facie give no bounds neither on the size nor on the num-
ber of q’s. Nevertheless, Davenport and Roth obtained an exponential bound on
the number of q’s analyzing Roth’s proof.
In 1985 Luckhardt (see [84]) applied a systematic logical analysis (based on Her-
brand’s theorem in the form (L) discussed in section 2 and using prior work of
Kreisel [77]) to both proofs of Roth’s theorems, obtaining from Roth’s proof a
bound which roughly is the fourth root of the bound found by Davenport and
Roth and from the proof due to Esnault and Viehweg the first polynomial bound
on the number of q’s, more precisely:

Theorem 3.2 (Luckhardt [84]). The following upper bound on #{q : R(q)} holds:

#{q : R(q)} <
7
3
ε−1 log Nα + 6 · 103ε−5 log2 d · log(50ε−2 log d),

where Nα < max(21 log 2h(α), 2 log(1 + |α|)) and h is the logarithmic absolute
homogeneous height.

Independently, Bombieri and van der Poorten obtained in 1988 [10] a roughly
similar bound using a more ad hoc strategy of proof.

4 Applications of proof mining in algebra
Artin’s solution of Hilbert’s 17th problem can be formulated as follows (see e.g.
[85]):
Let k be an ordered field and let R be a real-closed order extension of k. If f ∈
k[x1, . . . , xn] of degree d is positive semi-definite over R, then f can be represented
as a non-negative weighted sum of squares of the form

f (x1, . . . , xn) =
λ∑

i=1

pi · gi(x1, . . . , xn)2,

where pi ∈ k, pi ≥ 0 and gi ∈ k(x1, . . . , xn).
Artin’s proof can be formalized in weak formal systems based on the weak
König’s lemma WKL (which are conservative over Primitive Recursive Arith-
metic PRA as can be shown e.g. by monotone functional interpretation, see
[53, 57]). This was already observed by Kreisel in the late 50’s who concluded
from this the existence of primitive recursive bounds (in n, d) for λ and the degrees
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of the rational functions involved. If one carries this out one obtains an exponen-
tial tower whose height is given by the number of variables. Later L. Henkin
showed that the pi and the coefficients of the gi can be piecewise-rationally con-
structed from the coefficients of f . Kreisel asked whether such a case distinction
is necessary and whether there would exist a continuous solution. These ques-
tions where settled completely by Delzell in a series of papers ([22, 23, 24, 25],
see [26] for a thorough discussion of the role of proof theory played in these de-
velopments). The details are too technical to be stated here.

Another type of applications of proof theory is presented by recent work of T.
Coquand and H. Lombardi (see e.g. [19, 20, 21]). Here the use of ideal (so-called
strict Π1

1-) statements (on objects such as prime ideals or maximal ideals) in ab-
stract algebra is replaced by elementary (Σ0

1) syntactical ones which can effectively
be witnessed.7 This effective reduction of strict Π1

1-formulas to Σ0
1-formulas again

can be viewed as a WKL-elimination mentioned in the introduction (WKL in this
work shows up indirectly via the completeness theorem for propositional logic).
Among other things this has led to a new non-Noetherian version of Serre’s
splitting-off theorem (1958) and the Forster-Swan theorem (1964-67) improving
results of Heitmann from 1984.

5 Application of proof mining in approximation
theory

An important classical theorem in best approximation theory is the following:

Theorem 5.1 (Jackson [46]). Let f ∈ C[0, 1] and n ∈ IN. There exists a unique
polynomial pb ∈ Pn of degree ≤ n that approximates f best in the L1-norm, i.e.

‖ f − pb‖1 = inf
p∈Pn
‖ f − p‖1 =: dist1( f , Pn).

Here ‖ f ‖1 :=
∫ 1

0
| f (x)|dx.

Both the (easy) existence as well as the (difficult) uniqueness part are proved inef-
fectively involving noncomputable real numbers in the form of – logically speak-
ing – WKL. Applying the extraction algorithm provided by the proof of theorem
2.10, the following result was extracted from another ineffective uniqueness proof
due to E.W. Cheney [18]:

7A is strict Π1
1 if is has the form ∀X∃y Aq f , where X and y are set resp. number variables and

Aq f is quantifier-free. Alternatively, one can uses quantitication over 0/1-functions instead of X.
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Theorem 5.2 (Kohlenbach-Oliva [73]). Let

Φ(ω, n, ε) := min{
cnε

8(n + 1)2 ,
cnε

2
ωn(

cnε

2
)},

where

cn := bn/2c!dn/2e!
24n+3(n+1)3n+1 and ωn(ε) := min{ω( ε4 ), ε

40(n+1)4d 1
ω(1) e
}.

Then Φ(ω, n, ε) is an effective rate of strong unicity for the best L1-approximation
of any function f in C[0, 1] having modulus of uniform continuity ω from Pn, i.e.
for all n and f ∈ C[0, 1]

∀p1, p2 ∈ Pn; ε ∈ Q∗+ (
2∧

i=1

(‖ f − pi‖1 ≤ dist1( f , Pn)+Φ(ω, n, ε))→ ‖p1 − p2‖1 ≤ ε),

where ω is a modulus of uniform continuity of the function f , i.e.

∀ε ∈ Q∗+∀x, y ∈ [0, 1](|x − y| < ω(ε)→ | f (x) − f (y)| < ε).

Note that Φ only depends on f only via the modulus ω.

What makes Φ a rate of ‘strong unicity’ in the sense of numerical analysis is that
it does not depend at all on p1, p2 ∈ Pn. This can be explained in terms of theorem
2.10 as it is easy to see that it suffices to construct such a rate on the compact
subset K f ,n := {p ∈ Pn : ‖p‖1 ≤ 5

2‖ f ‖1} since such a rate can be extended to whole
Pn (see [54, 73, 66]). Strong unicity plays a vast role in approximation theory. In
particular, any rate of strong unicity provides a modulus of pointwise continuity
(‘stability’) of the corresponding projection operator that maps a function to its
unique best approximation. The fact that Φ does not depend on f as such but only
on ω is also guaranteed a priori based on theorem 2.10 (see [73]).

Remark 5.3. The fact that the bound depends on ω comes from the representation
of C[0, 1] as Polish space w.r.t. ‖ ·‖∞. (C[0, 1], ‖ ·‖1) is easily seen to be incomplete
and hence not a Polish space!

Although the uniqueness of the best L1-approximation was known since 1921,
only in 1975 Björnestål [9] proved the existence of a rate of strong unicity Φ
having the form c f ,n εωn(c f ,n ε), for some constant c f ,n depending on f and n.
Björnestål’s proof is ineffective and does not describe c f ,n explicitly. In 1978,
Kroó [80] improved Björnestål’s results by showing that a constant cω,n, depend-
ing only on the modulus of uniform continuity of f and n exists. Again, the
constant is not presented. Kroó also showed that the ε-dependency established by



170 170

170 170

BEATCS no 93 THE EATCS COLUMNS

162

Björnestal is optimal. Since the above rate also has this optimal dependency, theo-
rem 5.2 is an explicit effective version of Kroó’s result (see the detailed discussion
in [66]). This effective rate of strong unicity allows one for the first time to give a
subrecursive algorithm for the computation of the best approximation for general
f ∈ C[0, 1]. The complexity of that procedure is analyzed in [89].

Effective bounds on strong unicity for best Chebycheff approximation were ex-
tracted in [54, 55] improving earlier results of D. Bridges and K.-I. Ko.

6 Application of proof mining in metric fixed point
theory

A substantial part of metric fixed point theory studies the fixed point (and approx-
imate fixed point) property of nonexpansive selfmappings f : C → C of convex
subsets of normed spaces (X, ‖ · ‖) or – more generally – hyperbolic spaces (which
includes the class of CAT(0)-spaces), see e.g. [50] and – for fixed point theory
in the context of CAT(0)-spaces – [48, 49]. Whereas the fixed point theory of
contractions, i.e. of mappings f : X → X satisfying

∀x, y ∈ X (d( f (x), f (y)) ≤ c · d(x, y))

for some c ∈ (0, 1), essentially is trivial and fully effective due to the Banach fixed
point theory, this is radically different for the more general class of nonexpansive
mappings. Here in general neither do fixed points exist nor are they necessarily
unique in cases where they do exist. Moreover, even in the case of a unique
fixed point, the trivial iteration f n(x) might not converge to the fixed point as the
example f : [0, 1] → [0, 1], f (x) := 1 − x shows: f n(x) converges to the unique
fixed point 1/2 iff x = 1/2. As a result of these difficulties, the fixed point theory
of nonexpansive mappings is one of the most active research areas in nonlinear
analysis. However, the fixed point theory of such mappings still has a certain
computational flavor as one can define other effective iteration schemata which
under general conditions converge towards a fixed point or - at least - provide
approximate fixed point sequences.
The most common schema is the so-called Krasnoselski-Mann iteration which for
a given sequence (λn) in [0, 1] and starting point x0 ∈ C is defined as follows (for
the general case of hyperbolic spaces)

xn+1 := (1 − λn)xn ⊕ λn f (xn).

In the following theorems we assume (following [45]) that (λk)k∈IN satisfies the
following conditions:
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• (λk) is divergent in sum,

• ∃K ∈ IN∀k ∈ IN(λk ∈ [0, 1 − 1
K ]).

Theorem 6.1 (Ishikawa [45]).
Under the assumptions above the following holds:

(xn)n∈IN bounded → ‖xn − f (xn)‖
n→∞
→ 0.

The theorem has been extended to hyperbolic spaces in [34]. Both proofs are
prima facie ineffective and do not provide any rate of convergence.

Another important result is the Borwein-Reich-Shafrir theorem

Theorem 6.2 (Borwein-Reich-Shafrir [11]). Let (X, d,W) be a hyperbolic space,
f : X → X nonexpansive and (λn) as above. Then

d(xn, f (xn))
n→∞
→ r( f ) := inf{d(y, f (y)) : y ∈ X}.

Note that in the Borwein-Reich-Shafrir theorem, (xn) is not assumed to be
bounded. The Ishikawa-Gobel-Kirk theorem combined with the Borwein-Reich-
Shafrir theorem implies that

d(xn, f (xn))
n→∞
→ 0

if there exists an x∗ such that the Krasnoselski-Mann iteration starting from x∗

is bounded. In [70] (and – for the normed case – in [61]) a logical analysis of
the ineffective proof of the Borwein-Reich-Shafrir theorem based on the extrac-
tion algorithm from the proof of theorem 2.15 has been carried out resulting in a
quantitative version of the latter guaranteed a priori by theorem 2.15. Combined
with the (mere truth of the) Ishikawa-Goebel-Kirk theorem the following bound
on this convergence is extracted (since (d(xn, f (xn)))n is nonincreasing the conver-
gence towards 0 can be written as a Π0

2-statement so that theorem 2.15 applies):

Theorem 6.3 (Kohlenbach-Leu̧stean [70]). Let (X, d,W) be a hyperbolic space
and f : X → X be a nonexpansive mapping, (λn)n∈IN, α and K be such that α :
IN × IN→ IN be such that λn ∈ [0, 1 − 1

K ] and

∀i, n ∈ IN
(
(α(i, n) ≤ α(i + 1, n)) ∧ (n ≤

i+α(i,n)−1∑
s=i

λs)
)
.

Let b > 0, x, x∗ ∈ X be such that

d(x, x∗) ≤ b ∧ ∀n,m ∈ IN(d(x∗n, x
∗
m) ≤ b).
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Then the following holds

∀ε > 0∀n ≥ h(ε, b,K, α)
(
d(xn, f (xn)) ≤ ε

)
,

where
h(ε, b,K, α) := α̂(d10b · exp(K(M + 1))e − 1,M)), with
M ∈ IN such that M ≥ 1+4b

ε
and

α̂(0, n) := α̃(0, n), α̂(i + 1, n) := α̃(α̂(i, n), n) with
α̃(i, n) := i + α(i, n) (i, n ∈ IN).

Note that the rate of convergence depends on x, f , X only via b and on (λn) only
via α,K. In [70], many more results of this type are proved.
Since our notion of hyperbolic space, in particular, contains all CAT(0)-spaces,
the result applies to these spaces as well.
For the special case of (convex subsets of) normed spaces the result was proved
already in [61] and [62]. For the general logical background see [63, 74]. In
[63, 31] it is shown that the quantitative version of such a kind is guaranteed by a
general logical metatheorem whose proof provides an algorithm for the extraction
of the bound in this and many other contexts.
The result implies, in particular, that for bounded X the convergence
d(xn, f (xn))→ 0 is uniform in x and f (ineffectively this is due to [34]).
Since (x∗n) is assumed to be bounded, a natural question to be addressed by proof
mining is to analyze how much of this boundedness actually is needed. As a con-
sequence of the fact that the above result is based on the logical analysis of the
Borwein-Reich-Shafrir theorem (which does not involved any boundedness as-
sumption) and uses only the truth of the Ishikawa-Goebel-Kirk theorem (rather
than its proof), this question is not answered by these results but requires a direct
logical analysis of the Ishikawa-Goebel-Kirk theorem which (for x∗ := x) gives
the following answer:

Theorem 6.4 (Kohlenbach [66]). Let (X, d,W) be a nonempty hyperbolic space,
f : X → X a nonexpansive mapping, (λn),K, α as in theorem 6.3, x ∈ X and (xn)
the Krasnoselski-Mann iteration of f starting from x and b̃ > 0 so that d(x, f (x)) ≤
b̃. Then for every ε, b > 0 the following holds (abbreviating h∗(ε, b, b̃,K, α) by h∗):

∀i ≤ h∗∀ j ≤ α(h∗,M) (d(xi, xi+ j) ≤ b)→ ∀n ≥ h∗
(
d(xn, f (xn)) < ε

)
,

where

h∗(ε, b, b̃,K, α) := α̂



b̃ · exp

(
K ·

(
3b̃+b
ε
+ 1

))
ε

−· 1,M


with α̂ as before.
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For the case of sequences (λn) in [a, b] with 0 < a < b < 1 we obtain from theorem
6.4 the following qualitative improvement of the Ishikawa-Goebel-Kirk theorem
concerning the requirement of (xn) being bounded (which for the case of constant
λn := λ ∈ (0, 1) and convex subsets of normed spaces was first observed in [2]
(theorem 2.1)):

Corollary 6.5 (Kohlenbach [66]). Let (X, d,W) be a hyperbolic space and f :
X → X nonexpansive. For x ∈ X and (λn) in [a, b], where 0 < a < b < 1, let (xn)
be the corresponding Krasnoselski-Mann iteration of f starting from x. Let

c(n) := max{d(x, x j) : j ≤ n}.

Then
lim
n→∞

c(n)
n
→ 0

implies that
lim
n→∞

d(xn, f (xn)) = 0.

The proof of this corollary is based on the fact that for K ∈ IN, K ≥ 2 satisfying
λn ∈ [ 1

K , 1 −
1
K ] for all n ∈ IN one can take α(i,M) := K · M.

Remark 6.6. The previous result shows that d(xn, f (xn))→ 0 provided (xn) grows
with a lower than linear (in n) rate. This is optimal in the sense that linear growth
does not suffice as follows from the following simple example: X := IR, f (x) :=
x+1 and λ := 1

2 . For the starting point x0 := 0 we have for the Krasnoselski-Mann
iteration (xn) that xn =

n
2 , but d(xn, f (xn)) = 1 for all n ∈ IN.

Since the fundamental paper Goebel-Kirk [33], an extension of the class of non-
expansive functions has been studied extensively in fixed point theory:

Definition 6.7. Let (X, d) be a metric space. A function f : X → X is called
asymptotically nonexpansive if for some sequence (kn) in [0,∞) with limn→∞ kn =

0 one has (with f n denoting the n-th iteration of f )

d( f nx, f ny) ≤ (1 + kn)d(x, y), ∀n ∈ IN,∀x, y ∈ X.

In the case of asymptotically nonexpansive mappings one considers the following
version of the Krasnoselski-Mann iteration:

x0 := x, xn+1 := (1 − λn)xn + λn f n(xn).

Definition 6.8 ([35, 82]). A hyperbolic space (X, d,W) is uniformly convex if for
any r > 0 and any ε ∈ (0, 2] there exists δ ∈ (0, 1] such that for all a, x, y ∈ X,

d(x, a) ≤ r
d(y, a) ≤ r
d(x, y) ≥ εr

 ⇒ d
(
1
2

x ⊕
1
2

y, a
)
≤ (1 − δ)r. (1)
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A mapping η : (0,∞)× (0, 2]→ (0, 1] providing such a δ := η(r, ε) for given r > 0
and ε ∈ (0, 2] is called a modulus of uniform convexity.
We say that η is monotone if it decreases with r (for any fixed ε).

Examples of uniformly convex hyperbolic spaces (with monotone modulus of uni-
form convexity) are Hilbert spaces as well as CAT(0)-spaces which are the gener-
alization of Hilbert spaces satisfying instead of the parallelogram equality only a
parallelogram inequality (also called Bruhat-Tits inequality; see e.g. [12]).

For Krasnoselski-Mann iterations (xn) of asymptotically nonexpansive mappings
f we in general no longer have that (d(xn, f (xn)))n is noninceasing. Hence we
this time have to formulate our quantitative bound in terms of ‘metastability’
rather than the Π0

3-form of convergence. Using an appropriate form of theorem
2.15 the following result has been obtained (see also Kohlenbach-Lambov [69]
which treats the uniformly convex normed case and the logical discussion pro-
vided there):

Theorem 6.9 (Kohlenbach-Leu̧stean [72]). Let (X, d,W) be a uniformly convex
hyperbolic space with a monotone modulus of uniform convexity η and f : X → X
be asymptotically nonexpansive with sequence (kn).

Assume that K ≥ 0 is such that
∞∑

n=0

kn ≤ K and that L ∈ IN, L ≥ 2 is such that

1
L
≤ λn ≤ 1 −

1
L

for all n ∈ IN.
Let x ∈ X and b > 0 be such that for any δ > 0 there is p ∈ X with

d(x, p) ≤ b ∧ d( f (p), p) ≤ δ. (2)

Then for all ε ∈ (0, 1] and for all g : IN→ IN,

∃N ≤ Φ(K, L, b, η, ε, g)∀m ∈ [N,N + g(N)] (d(xm, f (xm)) < ε) , (3)

where
Φ(K, L, b, η, ε, g) := h(M)(0), h(n) := g(n + 1) + n + 2,

M :=


3
(
5KD + D + 11

2

)
δ

 , D := eK (b + 2) ,

δ :=
ε

L2F(K)
· η

(
(1 + K)D + 1,

ε

F(K)((1 + K)D + 1)

)
,

F(K) := 2(1 + (1 + K)2(2 + K)).

Moreover, N = h(i)(0) + 1 for some i < M.

The special case g(n) := 0 yields that for M as defined above

(∗) ∃N ≤ 2M (d(xN , f (xN)) < ε).
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In the case of CAT(0)-spaces one obtains a quadratic bound on N in (∗) (see [72])
which even for nonexpansive mappings and the special case of Hilbert space X is
expected to be optimal.
For further results obtained by proof mining in the context of fixed point theory
see [13, 14, 15, 16, 30, 60, 62, 64, 66, 69, 70, 71, 72, 83, 81]. Most of these results
(except for [72] partly summarized above) are included in the survey [67].

7 Applications of proof mining in ergodic theory
Ergodic theory has close connections to metric fixed point theory and nonexpan-
sive mappings f again play an important role. In particular, one studies the asymp-
totic behavior of the averaging operator defined by

An(x) :=
1
n

S n(x), where S n(x) :=
n−1∑
i=0

f i(x).

The context, typically, is that of Hilbert spaces (or, more generally, uniformly
convex Banach spaces).
A classical result is the following

Theorem 7.1 (von Neumann mean ergodic theorem). Let X be a Hilbert space
and f : X → X a nonexpansive linear operator. Then for any point x ∈ X the
sequence (An(x))n defined above converges (in the Hilbert space norm).

In [1], a detailed unwinding of a standard (ineffective) proof of this theorem is
given. Since, as the authors show, there is (in general) no computable bound on the
convergence itself, one again has (in order to obtain computational information)
to move to the no-counterexample version (i.e. metastability in the sense of Tao)
of this result:

∀g : IN→ IN∀ε > 0∀x ∈ X ∃n∀i, j ∈ [n; n + g(n)] (‖Ai(x) − A j(x)‖ < ε).

From the general logical metatheorem proved in [31] and discussed in section 2
above (see theorem 2.15) it can be inferred (after some preprocessing of the proof)
that one can extract a computable bound Φ(d, ε, g) on ∃n that only depends on a
norm upper bound d ≥ ‖x‖, ε and g (note that since f is linear and nonexpansive,
one has ‖ f (x)‖ ≤ ‖x‖ so that ‖ f (x) − x‖ ≤ 2‖x‖).
In [1] the following bound Φ is extracted:

Theorem 7.2 (Avigad-Gerhardy-Towsner [1]). Let X and f be as in theorem 7.1.
Then

∀g : IN→ IN∀ε > 0∀x ∈ X ∃n ≤ Φ∀i, j ∈ [n; n + g(n)] (‖Ai(x) − A j(x)‖ ≤ ε),
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where Φ = h(k)(0) with ρ := d ‖x‖
ε
e, k := 29ρ2, h(n) := n + 213ρ4g̃((n + 1)g̃(2nρ)ρ2)

and g̃(n) := max{i + g(i) : i ≤ n}.

An area closely related to ergodic theory is ‘topological dynamics’. For an early
use of proof mining in connection with Furstenberg and Weiss’ proof (based on
topological dynamics) of van der Waerden’s theorem see [32].

8 Applications of proof mining in computer science
In the previous section we have shown show interesting new computational infor-
mation can be extracted using proof theoretic tools even from prima facie highly
ineffective proofs in different areas of mathematics. This extraction of compu-
tational information in itself is an application of proof mining that it relevant to
computer science as it opens up a general logic-based approach toward computa-
tional mathematics.
In this section we mention briefly some more specific uses of proof mining to
proofs inside of theoretical computer science and logic as well experiments with
machine-extractions of algorithms from (simple) proofs.

A normalization algorithm for typed λ-terms (and various extensions thereof) that
has received quite some attention is the so-called ‘normalization by evaluation’
algorithm first described in Berger-Schwichtenberg [6] (though it has some roots
in early work of Martin-Löf as well). While this algorithm was first found without
the use of proof mining it was shown by U. Berger in [4] that it in fact coincides
with the algorithm extractable from the standard Tait-Troelstra strong normaliza-
tion proof using Kreisel’s so-called modified realizability (which can be viewed
as a simplified form of functional interpretation that suffices here since the nor-
malization proof can be carried out with constructive logic; see [66] for a detailed
discussion of modified realizability and its relation to functional interpretation).
Whereas the extraction in [4] was done by hand, more recently, a machine ex-
traction of this algorithm has been carried out in [5] thereby comparing different
tools: MinLog, Coq and Isabelle/HOL.
Normalization by evaluation can be viewed as a kind of reduction-free algorithm
(based on a logical relation used to define the computability predicate).
In [52] we gave a reduction-free proof (based on monotone functional interpreta-
tion) for the fact that primitive recursive functionals in the sense of Gödel of type
ININ → ININ are uniformly continuous on { f : f ≤1 g}with a primitive recursive (in
g) modulus of uniform continuity. Recently, M.-D. Hernest used his implementa-
tion ([38]) of (an optimized so-called ‘light’ version [37] of) monotone functional
interpretation to machine-extract such moduli for concrete functionals with essen-
tially optimal results (see [40]).
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Various experiments with machine extractions of algorithms from (though rather
simple) proofs in elementary arithmetic, combinatorics and algebra have been
carried out e.g. in Berger-Schwichtenberg [7] (using a combination of modified
realizability and a so-called refined Friedman/Dragalin-translation) which, in par-
ticular, treats Dickson’s lemma and in Hernest [39] (using ‘light’ functional inter-
pretation). An approach based on functional interpretation of Dickson’s lemma
and the Hilbert Basis Theorem, carried out (on paper) by A. Hertz [42], provides
particularly good results in terms of complexity theory. From a practical point of
view the algorithm extracted in Raffalli [91] (based on methods related to Kriv-
ine [79]) seems to be quite efficient in test cases. In [94], Schwichtenberg uses
functional interpretation to extract an algorithm close to Euclid’s from an almost
trivial proof.

An interesting use of the Shoenfield variant of functional interpretation for the ex-
traction of a new cut-elimination algorithm from the ineffective semantical proof
of cut-elimination was recently given by G. Mints [87]. Conservation results of
appropriate forms of weak König’s lemma over systems of feasible analysis have
been proved in Ferreira-Oliva [29] using their bounded functional interpretation
([28]).
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Abstract

Living cells are extremely well-organized autonomous systems, consisting
of discrete interacting components. Key to understanding and modeling
their behavior is modeling their system organization. Four distinct chemical
toolkits (classes of macromolecules) have been characterized, each combi-
natorial in nature. Each toolkit consists of a small number of simple compo-
nents that are assembled (polymerized) into complex structures that interact
in rich ways. Each toolkit abstracts away from chemistry; it embodies an
abstract machine with its own instruction set and its own peculiar interac-
tion model. These interaction models are highly effective, but are not ones
commonly used in computing: proteins stick together, genes have fixed out-
put, membranes carry activity on their surfaces. Biologists have invented a
number of notations attempting to describe these abstract machines and the
processes they implement. Moving up from molecular biology, systems bi-
ology aims to understand how these interaction models work, separately and
together.
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Preface to this reprint. In this paper from 2005 I tried to summarize what I
found most remarkable about cellular organization, that is the fact that cells
compute, and that computation is one of their most important functions. We
can easily understand “why” cells need to compute: unicellular organisms,
in the active search for food and the active avoidance of predators, need to
deploy increasingly sophisticated and highly optimized biochemical algo-
rithms, in an information processing arms race with each other. (It’s hard
for me to use a different term than algorithms, although pathways and net-
works are common terms.) However, we do not really understand “how”
cells compute, except in very basic cases. Among the many, many things
that are not known about biology, this is the one that should concern us
most, particularly because information processing at the cellular level is so
basic. Unlike more evolved information processing systems in higher or-
ganisms, here we know a lot about cellular information coding and basic
processing steps. And yet, the programming models that arise from those
“abstract machines” of biochemistry are unfamiliar ones. What I find even
more remarkable is that cells have three separate Turing-complete (in prin-
ciple) mechanisms at their disposal: proteins, genes, and membranes, which
all often cooperate on information processing tasks.

1 Introduction

Following the discovery of the structure of DNA, just over 50 years ago, molec-
ular biologists have been unraveling the functioning of cellular components and
networks. The amount of molecular-level knowledge accumulated so far is abso-
lutely amazing. And yet we cannot say that we understand how a cell works, at
least not to the extent of being able to easily modify or repair a cell. The process
of understanding cellular components is far from finished, but it is becoming clear
that simply obtaining a full part list will not tell us how a cell works. Rather, even
for substructures that have been well characterized, there are significant difficul-
ties in understanding how components interact as systems to produce the observed
behaviors. Moreover, there are just too many components, and too few biologists,
to analyze each component in depth in reasonable time. Similar problems occur
also at each level of biological organization above the cellular level.

Enter systems biology, which has two aims. The first is to obtain massive
amounts of information about whole biological systems, via high-throughput ex-
periments that provide relatively shallow and noisy data. The Human Genome
Project is a prototypical example: the knowledge it accumulated is highly valu-
able, and was obtained in an automated and relatively efficient way, but is just
the beginning of understanding the human genome. Similar effort are now un-
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derway in genomics (finding the collection of all genes, for many genomes), in
transcriptomics (the collection of all actively transcribed genes), in proteomics
(the collection of all proteins), and in metabolomics (the collection of all metabo-
lites). Bioinformatics is the rapidly growing discipline tasked with collecting and
analyzing such omics data.

The other aim of systems biology is to build, with such data, a science of the
principles of operation of biological systems, based on the interactions between
components. Biological systems are obviously well-engineered: they are very
complex and yet highly structured and robust. They have only one major engi-
neering defect: they have not been designed, in any standard sense, and so are
not laid out as to be easily understood. It is not clear that any of the engineering
principles of operations we are currently familiar with are fully applicable. Under-
standing such principles will require an interdisciplinary effort, using ideas from
physics, mathematics, and computing. These, then, are the promises of systems
biology: it will teach us new principles of operation, likely applicable to other
sciences, and it will leverage other sciences to teach us how cells work in an ac-
tionable way.

In this paper, we look at the organization of biological systems from an infor-
mation science point of view. The main reason is quite pragmatic: as we increas-
ingly map out and understand the complex interactions of biological components,
we need to write down such knowledge, in such a way that we can inspect it, an-
imate it, and understand its principles. For genes, we can write down long but
structurally simple strings of nucleotides in a 4-letter alphabet, that can be stored
and queried. For proteins we can write down strings of amino acids in a 20-letter
alphabet, plus three-dimensional information, which can be stored a queried with
a little more difficulty. But how shall we write down biological processes, so that
they can be stored and queried? It turns out that biologists have already developed
a number of informal notation, which will be our starting points. These notations
are abstractions over chemistry or, more precisely, are abstractions over a number
of biologically relevant chemical toolkits.

2 Biochemical Toolkits
Apart from small molecules such as water and some metabolites, there are four
large classes of macromolecules in a cell. Each class is formed by a small number
of units that can be combined systematically to produce structures of great com-
plexity. That is, to produce both individual molecules of essentially unbounded
size, and multi-molecular complexes.

The four classes of macromolecules are as follows. Different members of each
class can have different functions (structure, energy storage, etc.). We focus on
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the most combinatorial, information-bearing, members of each class:

• Nucleic acids. Five kinds of nucleotides combine in ordered sequences to
form two nucleic acid polymers: DNA and RNA. As data structures, RNA
is lists, and DNA is doubly-linked lists. Their most prominent role is in
coding information, although they also have other important functions.

• Proteins. About 20 kinds of amino acids combine linearly to form proteins.
Each protein folds in a specific three-dimensional shape (sometimes from
multiple strings of amino acids). The main and most evolutionary stable
property of a protein is not the exact sequence of amino acids that make it
up, nor the exact folding process, but its collection of surface features that
determine its function. As data structures, proteins are records of features
and, since these features are often active and stateful, they are objects in the
object-oriented programming sense.

• Lipids: Among the lipids, phospholipids have a modular structure and can
self-assemble into closed double-layered sheets (membranes). Membranes
differ in the proportion and orientation of different phospholipids, and in the
kinds of proteins that are attached to them. As data structures, membranes
are containers, but with an active surface that acts as an interface to its
contents.

• Carbohydrates: Among the carbohydrates, oligosaccharides are sugars lin-
ked in a branching structure. As data structures, oligosaccharides are trees.
They have a vast number of configurations, and a complex assembly pro-
cesses. Polysaccharides form even bigger structures, although usually of a
semi-regular kind (rods, meshes). We do not consider carbohydrates further,
although they are probably just as rich and interesting as the other toolkits.
They largely have to do with energy storage and with cell surface and extra-
cellular structures. But it should be noted that they too have a computational
role, in forming unique surface structures that are subject to recognition.
Many proteins are grafted with carbohydrates, through a complex assembly
process called glycosylation.

Out of these four toolkits arises all the organic chemicals, composing, e.g.,
eukaryotic cells (Figure 1, [32] p.1). Each toolkit has specific structural prop-
erties (as emphasized by the bolded words above), systematic functions, and a
peculiarly rich and flexible mode of operation. These peculiar modes of operation
and systematic functions are what we want to emphasize, beyond their chemical
realization.

Cells are without doubt, in many respects, information processing devices.
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Figure 1: Eukaryotic Cell. Eukaryotic cells have an extensive array of
membrane-bound compartments and organelles with up to 4 levels of nesting.
The nucleus is a double membrane. The external membrane is less than 10% of
the total.

Without properly processing information from their environment, they soon die
for lack of nutrients or for predation. The blueprint of a cell, needed for its func-
tioning and reproduction, is stored as digital information in the genome; an essen-
tial step of reproduction is the copying of that digital information. There are hints
that information processing in the genome of higher organisms is much more so-
phisticated than currently generally believed [33].

We could say that cells are based on chemistry that also perform some infor-
mation processing. But we take a more extreme position, namely that cells are
chemistry in the service of information processing. Hence, we look for infor-
mation processing machinery within the cellular machinery, and we try to under-
stand the functioning of the cell in terms of information processing, instead of
chemistry. In fact, we can readily find such information processing machinery in
the chemical toolkits that we just described, and we can switch fairly smoothly
from the classical description of cellular functioning in terms of classes of macro-
molecules, to a description based on abstract information-processing machines.

3 Abstract Machines
An abstract machine is a fictional information-processing device that can, in prin-
ciple, have a number of different physical realizations (mechanical, electronic,
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biological, or even software). An abstract machine is characterized by:

• A collection of discrete states.

• A collection of operations (or events) that cause discrete transitions between
states.

The evolution of states through transitions can in general happen concurrently.
The adequacy of this generic model for describing complex systems is argued,
e.g., in [22].

Each of the chemical toolkits we have just described can be seen as a separate
abstract machine with an appropriate set of states and operations. This abstract
interpretations of chemistry is by definition fictional, and we must be aware of
its limitation. However, we must also be aware of the limitations of not abstract-
ing, because then we are in general limited to work at the lowest level of reality
(quantum mechanics) without any hope of understanding higher principles of or-
ganization. The abstract machines we consider are each grounded in a different
chemical toolkit (nucleotides, amino acids, and phospholipids), and hence have
some grounding in reality. Moreover, each abstract machine corresponds to a dif-
ferent kind of informal algorithmic notation that biologists have developed (Fig-
ure 2, bubbles): this is further evidence that abstract principles of organization are
at work.

The Gene Machine (better known as Gene Regulatory Networks) performs in-
formation processing tasks within the cell. It regulates all other activities, includ-
ing assembly and maintenance of the other machines, and the copying of itself.
The Protein Machine (better known as Biochemical Networks) performs all me-
chanical and metabolic tasks, and also some signal processing. The Membrane
Machine (better known as Transport Networks) separates different biochemical
environments, and also operates dynamically to transport substances via complex,
discrete, multi-step processes.

These three machines operate in concert and are highly interdependent. Genes
instruct the production of proteins and membranes, and direct the embedding of
proteins within membranes. Some proteins act as messengers between genes, and
others perform various gating and signaling tasks when embedded in a membrane.
Membranes confine cellular materials and bear proteins on their surfaces. In eu-
karyotes, membranes confine the genome, so that local conditions are suitable for
regulation, and confine other reactions carried out by proteins in specialized vesi-
cles.

Therefore, to understand the functioning of a cell, one must understand also
how the various machines interact. This involves considerable difficulties (e.g.
in simulations) because of the drastic difference in time and size scales: proteins
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Figure 2: Abstract Machines, Molecular Basis, and Notations

interacts in tiny fractions of a second, while gene interactions take minutes; pro-
teins are large molecules, but are dwarfed by chromosomes, and membranes are
larger still. Before looking at the interactions among the different machine in more
detail, we start by discussing each machine separately.

4 The Protein Machine (Biochemical Networks)

4.1 Principles of Operation
Proteins are long folded-up strings of amino acids with precisely determined, but
often mechanically flexible, three-dimensional shapes. If two proteins have sur-
face regions that are complementary (both in shape and in charge), they may
stick to each other like Velcro, forming a protein complex where a multitude
of small atomic forces creates a strong bond between individual proteins. They
can similarly stick highly selectively to other substances. During a complexation
event, a protein may be bent or opened, thereby revealing new interaction sur-
faces. Through complexation many proteins act as enzymes: they bring together
compounds, including other proteins, and greatly facilitate chemical reactions be-
tween them without being themselves affected.
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Proteins may also chemically modify each other by attaching or removing
small phosphate groups at specific sites. Each such site acts as a boolean switch:
over a dozen of them can be present on a single protein. Addition of a phosphate
group (phosphorylation) is performed by an enzyme that is then called a kinase.
Removal of a phosphate group (dephosphorylation) is performed by an enzyme
that is then called a phosphatase. For example, a protein phosphatase kinase ki-
nase is a protein that phosphorylates a protein that phosphorylates a protein that
dephosphoryates a protein. Each (de-)phosphorylation may reveal new interaction
surfaces, and each surface interaction may expose new phosphorylation sites.

It turns out that a large number of protein interactions work at the level of ab-
straction just described. That is, we can largely ignore chemistry and the protein
folding process, and think of each protein as a collection of features (binding sites
and phosphorylation sites) whose availability is affected by (de-)complexation and
(de-)phosphorylation interactions. This abstraction level is emphasized in Kohn’s
Molecular Interaction Maps graphical notation [29][27] (Figure 4).

We can describe the operation of the protein machine as follows (Figure 3).
Each protein is a collection of sites and switches; each of those can be, at any given
time, either available or unavailable. Proteins can join at matching sites, to form
bigger and bigger complexes. The availability of sites and switches in a complex
is the state of the complex. A system is a multiset of (disjoint) complexes, each in
a given state.

The protein machine has two kinds of operations. (1) An available switch on
a complex can be turned on or off, resulting in a new state where a new collec-
tion of switches and sites is available. (2) Two protein complexes can combine at
available sites, or one complex can split into two, resulting in a new state where a
new collection of switches and sites is available.

Who is driving the switching and binding? Other proteins do. There are tens
of thousands of proteins in a cell, so the protein machine has tens of thousands
of “primitive instructions”; each with a specific way of acting on other proteins
(or metabolites). For each cellular subsystem one must list the proteins involved,
and how each protein interacts with the other proteins in terms of switching and
binding.

4.2 Notations
Finding a suitable language in which to cast such an abstraction is a non-trivial
task. Kohn designed a graphical notation, resulting in pictures such as Figure
4 [29]. This was a tremendous achievement, summarizing hundreds of techni-
cal papers in page-sized pictures, while providing a sophisticated and expressive
notation that could be translated back into chemical equations according to semi-
formal guidelines. Because of this intended chemical semantics, the dynamics of
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Figure 3: The Protein Machine Instruction Set

Figure 4: Molecular Interaction Maps Notation. From [29]. A: graphical prim-
itives. B: complexation and phosphorylation. C: enzymatic diagram and equiva-
lent chemical reactions. D: map of the p53-Mdm2 and DNA Repair Regulatory
Network.
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Figure 5: MAPK Cascade

a systems is implied in Kohn’s notation, but only by translation to chemical (and
hence kinetic) equations. The notation itself has no dynamics, and this is one of
its main limitation. The other major limitation is that, although graphically ap-
pealing, it tends to stop being useful when overflowing the borders of a page or of
a whiteboard (the original Kohn maps span several pages).

Other notations for the protein machine can be devised. Kitano, for exam-
ple, improved on the conciseness, expressiveness, and precision of Kohn’s no-
tation [28], but further sophistication in graphical notation is certainly required
along the general principles of [18]. A different approach is to devise a textual
notation, which inherently has no “page-size” limit and can better capture dynam-
ics; examples are Bio-calculus [38], and most notably κ-calculus [14][15], whose
dynamics is fully formalized. But one may not need to invent completely new
formalisms. Regev and Shapiro, in pioneering work [49][47], described how to
represent chemical and biochemical interactions within existing process calculi
(π-calculus). Since process calculi have a well understood dynamics (better un-
derstood, in fact, than most textual notations that one may devise just for the pur-
pose), that approach also provides a solid basis for studying systems expressed in
such a notation. Finally, some notations incorporate both continuous and discrete
aspects, as in Charon [3] and dL-systems [45].

4.3 Example: MAPK Cascade

The relatively simple Kohn map in Figure 5 (adapted from [25]) describes the
behavior of a circuit that causes Boolean-like switching of an output signal in
presence of a very weak input signal. (It can also be described as a list of 10
chemical reactions, or of 25 differential/ algebraic equations, but then the network
structure is not so apparent.) This network, generically called a MAPK cascade,
has multiple biochemical implementations and variations. The components are
proteins (enzymes, kinases, phophatases, and intermediaries). The circle-arrow
Kohn symbol for “enzyme-assisted reaction” can signify here either a complexa-
tion that facilitates a reaction, or a phosphorylation/dephosphorylation, depending
on the specific proteins.
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The system initially contains reservoirs of chemicals KKK, KK, and K (say,
100 molecules each), which are transformed by the cascade into the kinases
KKK*, KK-PP, and K-PP respectively. Enzymes E2, KK-Phosphatase and K-
Phosphatase are always available (say, 1 molecule each), and tend to drive the
reactions back. Appearance of the input enzyme E1 in very low numbers (say,
less than 5) causes a sharp (Boolean-like 0-100) transition in the concentration of
the output K-PP. The concentrations of the intermediaries KK-PP, and especially
KKK*, raise in a much smoother, non-Boolean-like, fashion. Given the men-
tioned concentrations, the network works fine by setting all reaction rates to equal
values.

To notice here is that the detailed description of each of the individual pro-
teins, with their folding processes, surface structures, interaction rates under dif-
ferent conditions, etc. could take volumes. But what makes this signal processing
network work is the structure of the network itself, and the relatively simple inter-
actions between the components.

4.4 Summary
The fundamental flavor of the Protein Machine is: fast synchronous binary inter-
actions. Binary because interactions occur between two complementary surfaces,
and because the likelihood of three-party instantaneous chemical interactions can
be ignored. Synchronous because both parties potentially feel the effect of the in-
teraction, when it happens. Fast because individual chemical reactions happen at
almost immeasurable speeds. The parameters affecting reaction speed, in a well-
stirred solution, are just a reaction-specific rate constant having to do with surface
affinity, plus the concentrations of the reagents (and the temperature of the solu-
tion, which is usually assumed constant). Concentration affects the likelihood of
molecules randomly finding each other by Brownian motion. Note that Brown-
ian motion is surprisingly effective at a cellular scale: a molecule can “scan” the
equivalent volume of a bacteria for a match in 1/10 of a second, and it will in
fact scan such a bounded volume because random paths in 3D do not return to the
origin.

5 The Gene Machine (Gene Regulatory Networks)

5.1 Principles of Operation
The central dogma of molecular biology states that DNA is transcribed to RNA,
and RNA is translated to proteins (and then proteins do all the work). This dogma
no longer paints the full picture, which has become considerably more detailed
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Figure 6: The Gene Machine Instruction Set

in recent years. Without entering into a very complex topic [33], let us just note
that some proteins go back and bind to DNA. Those proteins are called transcrip-
tion factors (either activators or repressors); they are produced for the purpose
of allowing one gene (or signaling pathway) to communicate with other genes.
Transcription factors are not simple messages: they are proteins, which means
they are subject to complexation, phosphorylation, and programmed degradation,
which all have a role in gene regulation.

A gene is a stretch of DNA consisting of two (not necessarily contiguous or
unbroken) regions: an input (regulatory) region, containing protein binding sites
for transcription factors, and an output (coding) region, coding for one or more
proteins that the gene produces. Sometimes there are two coding regions, in op-
posite directions [46], on count of DNA being a doubly-linked list. Sometimes
two genes overlap on the same stretch of DNA.

The output region functions according to the genetic code: a well understood
and almost universal table mapping triplets of nucleotides to one of about 20
amino acids, plus start and stop triplets. The input region functions according to a
much more complex code that is still poorly understood: transcription factors, by
their specific 3D shapes, bind to specific nucleotide sequences in the input region,
with varying binding strength depending of the precision of the match.

Thus, the gene machine, although entirely determined by the digital infor-
mation coded in DNA, is not entirely digital in functioning: a digitally encoded
protein, translated and folded-up, uses its “analog” shape to recognize another
digital string and promote the next step of translation. Nonetheless, it is custom-
ary to ignore the details of this process, and simply measure the effectiveness with
which (the product of) a gene affects another gene. This point of view is reflected
in standard notation for gene regulatory networks (Figure 7).

In Figure 6, a gene is seen as a hardware gate, and the genome can be seen
as a vast circuit composed of such gates. Once the performance characteristics
of each gate is understood, one can understand or design circuits by combining
gates, almost as one would design digital or analog hardware circuits. The perfor-
mance characteristics of each gene in a genome is probably unique. Hence, as in
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the protein machine, we are going to have thousands of “primitive instructions”:
one for each gene.

A peculiarity of the gene machine is that a set of gates also determines the
network connectivity. This is in contrast with a hardware circuit, where there is
a collection of gates out of a very small set of “primitive gates”, and then a sep-
arate wiring list. Each gene has a fixed output; the protein the gene codes for
(although post-processing may vary such output). Similarly, a gene has a fixed
input: the fixed set of binding sites in the input region. Therefore, by knowing
the nucleotide sequence of each gene in a genome, one (in principle) also knows
the network connectivity without further information. This situation is similar to
a software assembly-language program: “Line 3: Goto Line 5” where both the
input and output addresses are fixed, and the flow graph is determined by the in-
structions in the program. However, a further difference is that the output of a
gene is not the “address” of another gene: it is a protein that can bind with vary-
ing strength to a number of other genes.

The state of a gene machine is the concentrations of the transcription factors
produced by each gene (or arriving from the environment). The operations, again,
are the input-output functions of each gene. But what is the “execution” of a gene
machine? It is not as simple as saying that one gene stimulates or inhibits another
gene. It is known that certain genes perform complex computations on their inputs
that are a mixture of boolean, analog, and multi-stage operators (Figure 7-B [54]).
Therefore, the input region of each gene can itself be a sophisticated machine.

Whether the execution of a gene machine should be seen as a continuous
or discrete process, both in time and in concentration levels, is already a major
question. Qualitative models (e.g.: random and probabilistic Boolean networks
[26][50], asynchronous automata [52], network motifs [36]) can provide more in-
sights that quantitative models, whose parameters are hard to come by and are
possibly not critical. On the other hand, it is understood that pure Boolean models
are inadequate in virtually all real situations. Continuous, stochastic, and decay
aspect of transcription factor concentrations are all critical in certain situations
[34][53].

5.2 Notations
Despite all these difficulties and uncertainties, a single notation for the gene ma-
chine is in common use, which is the gene network notation of Figure 7-A. There,
the gates are connected by either “excitatory” (pointed arrow) or “inhibitory”
(blunt arrow) links. What such relationships might mean is often left unspeci-
fied, except that, in a common model, a single constant weight is attached to each
link.

Any serious publication would actually start from a set of ordinary differential
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Figure 7: Gene Regulatory Networks Notation. A [16]: gene regulatory net-
work involved in sea urchin embryo development: B [54]: boolean/arithmetic
diagram of module A, the last of 6 interlinked modules in the regulatory region of
the endo16 sea urchin gene; G,F,E,DC,B are module outputs feeding into A, the
whole region is 2300 base pairs.

equations relating concentrations of transcription factors, and use pictures such
at Figure 7-A only for illustration, but this approach is only feasible for small
networks. The best way to formalize the notation of gene regulatory networks is
still subject to debate and many variations, but there is little doubt that formaliz-
ing such a notation will be essential to get a grasp on gene machines the size of
genomes (the smallest of which, M.Genitalium, is on the order of 150 Kilobytes,
and one closer to human cellular organization, Yeast, is 3 Megabytes).

5.3 Example: Repressilator

The circuit in Figure 8, artificially engineered in E.Coli bacteria [19], is a simple
oscillator (given appropriate parameters). It is composed of three genes with sin-
gle input that inhibit each other in turn. The circuit gets started by constitutive
transcription: each gene autonomously produces output in absence of inhibition,
and the produced output decays at a certain stochastic rate. The symmetry of the
circuit is broken by the underlying stochastic behavior of chemical reactions. Its
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Figure 8: Repressilator Circuit

behavior can be understood as follows. Assume that gene a is at some point not
inhibited (i.e. the product B of gene b is absent). Then gene a produces A, which
shuts down gene c. Since gene c is no longer producing C, gene b eventually starts
producing B, which shuts down gene a. And so on.

5.4 Summary

The fundamental flavor of the Gene Machine is: slow asynchronous stochastic
broadcast. The interaction model is really quite strange, by computing standards.
Each gene has a fixed output, which is not quite an address for another gene: it
may bind to a large number of other genes, and to multiple locations on each
gene. The transcription factor is produced in great quantities, usually with a well-
specified time-to-live, and needs to reach a certain threshold to have an effect. On
the other hand, various mechanisms can guarantee Boolean-like switching when
the threshold is crossed, or, very importantly, when a message is not received.
Activation of one gene by another gene is slow by any standard: typically one
to five minutes, to build up the necessary concentration1. However, the genome
can slowly direct the assembly-on-need of protein machines that then act fast:
this “swap time” is seen in experiments that switch available nutrients. The
stochastic aspect is fundamental because, e.g., with the same parameters, a cir-
cuit may oscillate under stochastic/discrete semantics, but not under determinis-
tic/continuous semantics [53]. One reason is that a stochastic system may decay
to zero molecules of a certain kind at a given time, and this can cause switching
behavior, while a continuous system may asymptotically decay only to a non-zero
level.

1Consider that bacteria replicate in only 20 minutes while cyclically activating hundreds of
genes. It seems that, at lest for bacteria, the gene machine can make “wide” but not very “deep”
computations [36].
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Figure 9: The Membrane Machine Instruction Set (2D)

6 The Membrane Machine (Transport Networks)

6.1 Principles of Operation
A cellular membrane is an oriented closed surface that performs various molecu-
lar functions. Membranes are not just containers: they are coordinators and sites
of major activity2 Large functional molecules (proteins) are embedded in mem-
branes with consistent orientation, and can act on both sides of the membrane si-
multaneously. Freely floating molecules interact with membrane proteins, and can
be sensed, manipulated, and pushed across by active molecular channels. Mem-
branes come in different kinds, distinguished mostly by the proteins embedded in
them, and typically consume energy to perform their functions. The consistent
orientation of membrane proteins induces an orientation on the membrane.

One of the most remarkable properties of biological membranes is that they
form a two-dimensional fluid (a lipid bilayer) embedded in a three-dimensional
fluid (water). That is, both the structural components and the embedded pro-
teins freely diffuse on the two-dimensional plane of the membrane (unless they
are held together by specific mechanisms). Moreover, membranes float in water,
which may contain other molecules that freely diffuse in that three-dimensional
fluid. Membrane themselves are impermeable to most substances, such as water
and protons, so that they partition the three-dimensional fluid. This organization

2“For a cell to function properly, each of its numerous proteins must be localized to the correct
cellular membrane or aqueous compartment.” [32] p.675.
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provides a remarkable combination of freedom and structure.
Many membranes are highly dynamic: they constantly shift, merge, break

apart, and are replenished. But the transformations that they support are natu-
rally limited, partially because membranes must preserve their proper orientation,
and partially because membrane transformations need to be locally-initiated and
continuous. For example, it is possible for a membrane to gradually buckle and
create a bubble that then detaches, or for such a bubble to merge back with a mem-
brane. But it is not possible for a bubble to “jump across” a membrane (only small
molecules can do that), of for a membrane to turn itself inside-out.

The basic operations on membranes, implemented by a variety of molecular
mechanisms, are local fusion (two patches merging) and local fission (one patch
splitting in two) [8]. We discuss first the 2D case, which is instructive and for
which there are some formal notations, and then the 3D case, the real one for
which there are no formal notations.

In two dimensions (Figure 9), at the local scale of membrane patches, fusion
and fission become indistinguishable as a single operation, switch, that takes two
membrane patches, i.e. to segments A-B and C-D, and switches their connecting
segments into A-C and B-D (crossing is not allowed). We may say that, in 2D,
a switch is a fusion when it decreases the number of whole membranes, and is a
fission when it increases such number.

When seen on the global scale of whole 2D membranes, switch induces four
operations: in addition to the obvious splitting (Mito) and merging (Mate) of
membranes, there are also operation, quite common in reality, that cause a mem-
brane to “eat” (Endo) or “spit” (Exo) another subsystem (P). There are common
special cases of Mito and Endo, when the subsystem P consists of zero (Drip,
Pino) or one (Bud, Phago) membranes. All these operations preserve bitonality
(dual coloring); that is, if a subsystem P is on a dark (or light) background before
a reaction, it will be on a dark (or light) background after the reaction. Bitonality
is related to preservation of membrane orientation, and to locality of operations
(a membrane jumping across another one does not preserve bitonality). Bitonal
operations ensure that what is or was outside the cell (light) never gets mixed with
what is inside (dark). The main reactions that violate bitonality are destructive and
non-local ones (such a digestion, not shown). Note that Mito/Mate preserve the
nesting depth of subsystems, and hence they cannot encode Endo/Exo; instead,
Endo/Exo can encode Mito/Mate [12].

In three dimensions, the situation is more complex (Figure 10). There are 2
distinct local operations on surface patches, inducing 8 distinct global operations
that change surface topology. Fusion joins two Positively curved patches (in the
shapes of domes) into one Negatively curved patch (in the shape of a hyperbolic
cooling tower) by allowing the P-patches to kiss and merge. Fission instead splits
one N-patch into two P-patches by pinching the N-patch. Fusion does not neces-
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Figure 10: The Membrane Machine Instruction Set (3D). Each row consists of
initial state, two intermediate states, and final state (and back).

sarily decrease the number of membranes in 3D (it may turn a sphere into a torus
in two different ways: T-Endo T-Mito), and Fission does not necessarily increase
the number of membranes (it may turn a torus into a sphere in two different ways:
T-Exo, T-Mate). In addition, Fusion may merge two spheres into one sphere in
two different ways (S-Exo, S-Mate), and Fission may split one sphere into two
spheres in two different ways (S-Endo, S-Mito). Note that S-Endo and T-Endo
have a common 2D cross section (Endo), and similarly for the other three pairs.

Cellular structures have very interesting dynamic topologies: the eukaryotic
nuclear membrane, for example, is two nested spheres connected by multiple
toroidal holes (and also connected externally to the Endoplasmic Reticulum). This
whole structure is disassembled, duplicated, and reassembled during cellular mi-
tosis. Developmental processes based on cellular differentiation are also within
the realm of the Membrane Machine, although geometry, in addition to topology,
is an important factor there.

6.2 Notations
The informal notation used to describe executions of the Membrane Machine does
not really have a name, but can be seen in countless illustrations (e.g., Figure 11,
[32] p.730). All the stages of a whole process are summarized in a single snapshot,
with arrows denoting operations (Endo/Exo etc.) that cause transitions between
states. This kind of depiction is natural because often all the stages of a process
are observed at once, in photographs, and much of the investigation has to do with
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Figure 11: Transport Networks Notation. LDL particle (left) is recognized,
ingested, and transported to a lysosome vesicle (right). [32], p.730.

determining their proper sequence and underlying mechanisms. These pictures
are usually drawn in two colors, which is a hint of the semantic invariant we call
bitonality.

Some membrane-driven processes are semi-regular, and tend to return to
something resembling a previous configuration, but they are also stochastic, so
no static picture or finite-state-automata notation can tell the real story. Complex
membrane dynamics can be found in the protein secretion pathway, through the
Golgi system, and in many developmental processes. Here too there is a need for
a precise dynamic notation that goes beyond static pictures; currently, there are
only a few such notations [42][48][12].

6.3 Example: LDL Cholesterol Degradation

The membrane machine runs real algorithms: Figure 11 depicts LDL-cholesterol
degradation. The “problem” this algorithm solves is to transport a large object (an
LDL particle) to an interior compartment where it can be degraded; the particle
is too big to just cross the membrane. The “solution”, by a precise sequence of
discrete steps and iterations, utilizes proteins embedded in the external cellular
membrane and in the cytosol to recognize, bind, incorporate, and transport the
particle inside vesicles to the desired compartment, all along recycling the active
proteins.

6.4 Summary

The fundamental flavor of the Membrane Machine is: fluid-in-fluid architecture,
membranes with embedded active elements, and fusion and fission of compart-
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ments preserving bitonality. Although dynamic compartments are common in
computing, operations such as endocytosis and exocytosis have never explicitly
been suggested as fundamental. They embody important invariants that help seg-
regate cellular materials from environmental materials. The distinction between
active elements embedded on the surface of a compartment, vs. active elements
contained in the compartment, becomes crucial with operations such as Exo. In
the former case, the active elements are retained, while in the latter case they are
lost to the environment.

7 Three Machines, One System

7.1 Principles of Operation
We have discussed how three classes of chemicals, among others, are fundamen-
tal to cellular functioning: nucleotides (nucleic acids), amino acids (proteins),
and phospholipids (membranes). Each of our abstract machines is based primar-
ily on one of these classes of chemicals: amino acids for the protein machine,
nucleotides for the gene machine, and phospholipids for the membrane machine.

These three classes of chemicals are however heavily interlinked and interde-
pendent. The gene machine “executes” DNA to produce proteins, but some of
those proteins, which have their own dynamics, are then used as control elements
of DNA transcription. Membranes are fundamentally sheets of pure phospho-
lipids, but in living cells they are heavily doped with embedded proteins which
modulate membrane shape and function. Some protein translation happens only
through membranes, with the RNA input on one side, and the protein output on
the other side or threaded into the membrane.

Therefore, the abstract machines are interlinked as well, as illustrated in Fig-
ure 2. Ultimately, we will need a single notation in which to describe all three
machines (and more), so that a whole organism can be described.

7.2 Notations
What could a single notation for all three machines (and more) look like? All
formal notations known to computing, from Petri Nets to term-rewriting systems,
have already been used to represent aspects of biological systems; we shall not
even attempt a review here. But none, we claim, has shown the breadth of ap-
plicability and scalability of process calculi [35], partially because they are not a
single notation, but a coherent conceptual framework in which one can derive suit-
able notations. There is also a general theory and notation for such calculi [37],
which can be seen as the formal umbrella under which to unify different abstract
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machines.
Major progress in using process calculi for describing biological systems was

achieved in Aviv Regev’s Ph.D. thesis [47], where it is argued that one of the
standard existing process calculi, π-calculus, enriched with a stochastic semantics
[24][43][44], is extraordinarily suitable for describing both molecular-level inter-
actions and higher levels of organization. The same stochastic calculus is now
being used to describe genetic networks [30]. For membrane interactions, though,
we need something beyond basic process calculi, which have no notion of com-
partments. Ambient Calculus [13] (which extends π-calculus with compartments)
has been adapted [47][48] to represent biological compartments and complexes.
A more recent attempt, Brane Calculus [12], embeds the biological invariants and
2D operations from Section 6.

These experiences point at process calculi as, at least, one of the most promis-
ing notational frameworks for unifying different aspects of biological representa-
tion. In addition, the process calculus framework is generally suitable for relating
different levels of abstractions, which is going to be essential for feasibly repre-
senting biological systems of high architectural complexity.

Figure 12 gives a hint of the difference in notational approach between pro-
cess calculi and more standard notations. Ordinary chemical reaction notation is
a process calculus: it is a calculus of chemical processes. But it is a notation that
focuses on reactions instead of components; this becomes a disadvantage when
components have rich structure and a large state space (like proteins). In chemical
notation one describes each state of a component as a different chemical species
(Na, Na+), leading to an combinatorial blowup in the description of the system
(the blowup carries over to related descriptions in terms of differential equations).
In process calculus notation, instead, the components are described separately,
and the reactions (occurring through complementary event pairs such as !r and
?r) come from the interactions of the components. Interaction leads to a combi-
natorial blowup in the dynamics of interactions, but not in the description of the
systems, just like in ordinary object-oriented programming

On the left of Figure 12 we have a chemical description of a simple system of
reactions, with a related (non-compositional) Petri Nets description. On the right
we have a process calculus description of the same system, with a related (compo-
sitional) description in terms of interacting automata (e.g., Statecharts [22] with
sync pseudostates). Both kinds of descriptions can take into account stochas-
tic reaction rates (k1,k2), and both can be mapped to the same stochastic model
(Continuous-Time Markov Chains), but the descriptions themselves have different
structural properties. From a simulation point of view, the left-hand-side approach
leads to large sparse matrices of chemical species vs. chemical reactions, while
the right-hand-side approach leads to large multisets of interacting objects.
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Figure 12: Chemical vs. Process Calculi Notations

7.3 Example: Viral Infection

The example in Figure 13 (adapted from [2], p.279) is the “algorithm” that a spe-
cific virus, the Semliki Forest virus, follows to replicate itself. It is a sequence of
steps that involve the dynamic merging and splitting of compartments, the trans-
port of materials, the operation of several proteins, and the interpretation of ge-
netic information. The algorithm is informally described in English below. A
concise description in Brane Calculus is presented in [12], which encodes the in-
fection process at high granularity, but in its entirety, including the membrane,
protein, and gene aspects.

A virus is too big to cross a cellular membrane. It can either punch its RNA
through the membrane or, as in this example, it can enter a cell by utilizing stan-
dard cellular phagocytosis machinery. The virus consists of a capsid containing
the viral RNA (the nucleocapsid). The nucleocapsid is surrounded by a membrane
that is similar to the cellular membrane (in fact, it is obtained from it “on the way
out”). This membrane is however enriched with a special protein that plays a
crucial trick on the cellular machinery, as we shall see shortly.

Infection: The virus is brought into the cell by phagocytosis, wrapped in an
additional membrane layer; this is part of a standard transport pathway into the
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Figure 13: Viral Replication

cell. As part of that pathway, an endosome merges with the wrapped-up virus. At
this point, usually, the endosome causes some reaction to happen in the material
brought into the cell. In this case, though, the virus uses its special membrane
protein to trigger an exocytosis step that deposits the naked nucleocapsid into the
cytosol. The careful separation of internal and external substances that the cell
usually maintains has now been subverted.

Replication: The nucleocapsid is now in direct contact with the inner workings
of the cell, and can begin doing damage. First, the nucleocapsid disassembles, de-
positing the viral RNA into the cytosol. This vRNA then follows three distinct
paths. First it is replicated to provide the vRNA for more copies of the virus. The
vRNA is also translated into proteins, by standard cellular machinery. The pro-
teins forming the capsid are synthesized in the cytosol. The virus envelope protein
is instead synthesized in the Endoplasmic Reticulum, and through various steps
(through the Golgi apparatus) ends up lining transport vesicles that merge with
the cellular membrane, along another standard transport pathway.

Progeny: In the cytosol, the capsid proteins self-assemble and incorporate
copies of the vRNA to form new nucleocapsids. The newly assembled nucleo-
capsids make contact with sections of the cellular membrane that are now lined
with the viral envelope protein, and bud out to recreate the initial virus structure
outside the cell.
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7.4 Summary

The fundamental flavor of cellular machinery is: chemistry in the service of mate-
rials, energy, and information processing. The processing of energy and materials
(e.g., in metabolic pathways) need not be emphasized here, rather we emphasize
the processing of information, which is equally vital for survival and evolution
[1]. Information processing tasks are distributed through a number of interacting
abstract machines with wildly different architectures and principles of operation.

8 Outlook: Model Construction and Validation

The biological systems we need to describe are massively concurrent, heteroge-
neous, and asynchronous: notoriously the hardest kinds of systems to cope with
in programming. They have stochastic behavior and high resilience to drastic
changes of environmental conditions. What organizational principles make these
systems work reliably, and what conditions make them fail? These are the ques-
tions that computational modeling needs to answer.

There are two main aspects to modeling biological systems. Model construc-
tion, requires first an understanding of the principles of operation. This is what
we have largely been discussing here: understanding the abstract machines of sys-
tems biology should lead us to formal notations that can be used to build (large,
complex) biological models. But then there is model validation: a good scientific
model has to be verified or falsified through postdiction and prediction. We briefly
list different techniques that are useful for model validation, once a specific model
has been written up in a specific precise notation.

Stochastic simulation of biochemical systems is a common technique, typi-
cally based on the physically well-characterized Gillespie algorithm [21], which
originally was devised for reaction-oriented descriptions. The same algorithm can
be used also for component-oriented (compositional) descriptions with a dynam-
ically unbounded set of chemical species [44]. Stochastic simulation is partic-
ularly effective for systems with a relatively low number of interactions of any
given kind, as is frequently the case in cellular-scale systems. It produces a single
(high-likelihood) trace of the system for each run. It frequently reveals behav-
ior that is difficult to anticipate, and that may not even correspond to continuous
deterministic approximations [34]. It can be quantitatively compared with exper-
iments.

Static analysis techniques of the kind common in programming can be ap-
plied to the description of biological systems [40]. Control-flow analysis and
mobility analysis can reveal subsystems that cannot interact [7][41]. Causality
analysis can reconstruct the familiar network diagrams from process description
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[11]. Abstract interpretation can be used to study specific facets of a complex
model [39], including probabilistic aspects [17].

Modelchecking is now used routinely in the analysis of hardware and soft-
ware systems that have huge state spaces; it is based on the state and transition
model we emphasized during the discussion of abstract machines. Modelchecking
consists of a model description language for building models, a query language
for asking questions about models (typically temporal logic), and an efficient state
exploration engine. The basic technology is very advanced, and is beginning to
be applied to descriptions of biological systems too, in various flavors. Temporal
modelchecking asks qualitative questions such as whether the systems can reach a
certain state (and how), or whether a state is a necessary checkpoint for reaching
another state [9][20]. Quantitative modelchecking asks quantitative questions
about, e.g., whether a certain concentration can eventually equal or double some
other concentration in some state [4][6]. Stochastic modelchecking, based, e.g.,
on discrete or continuous-time Markov chain models, can ask questions about the
probability of reaching a given state [31].

Formal reasoning is the most powerful and hardest technique to use, but al-
ready there is a long tradition of building tools for verifying properties of concur-
rent systems. Typical activities in this area are checking behavioral equivalence
between different systems, or between different abstraction levels of the same sys-
tem, including now biological systems [10][5].

While computational approaches to biology and other sciences are now com-
mon, several of the techniques outlined above are unique to computer science
and virtually unknown in other fields; hopefully they will bring useful tools and
perspectives to biology.

9 Conclusions
Many aspects of biological organization are more akin to discrete hardware and
software systems than to continuous systems, both in hierarchical complexity
and in algorithmic-like information-driven behavior. These aspects need to be
reflected in the modeling approaches and in the notations used to describe such
systems, in order to make sense of the rapidly accumulating experimental data.

“The data are accumulating and the computers are humming, what we are
lacking are the words, the grammar and the syntax of a new language...”
Dennis Bray (TIBS 22(9):325-326, 1997)

“The most advanced tools for computer process description seem to be also the
best tools for the description of biomolecular systems.”
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Ehud Shapiro (Biomolecular Processes as Concurrent Computation, Lecture
Notes, 2001)

“Although the road ahead is long and winding, it leads to a future where biology
and medicine are transformed into precision engineering.”
Hiroaki Kitano (Nature 420:206-210, 2002)

“The problem of biology is not to stand aghast at the complexity but to conquer
it.”
Sydney Brenner (Interview, Discover Vol. 25 No. 04, April 2004)
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Abstract

This paper presents a simple but uniform completeness proof for the ax-
iomatisations of five weak behavioural equivalences: branching congruence,
η-congruence, delay congruence, quasi-branching congruence, and weak
congruence in the basic CCS without recursion. For the first three congru-
ences, our result improves van Glabbeek and Weijland’s completeness proof
of using graph rewriting by a more direct proof that is fully equational. For
quasi-branching congruence, our completeness result is, to the best of our
knowledge, new.

1 Introduction

Strong bisimilarity, the widely used notion of equivalence for process algebra [7],
provides a definition of equality that can capture similarities between processes
without forcing them to be syntactically the same. The idea is to match any tran-
sition in one process with a transition, labelled by the same action, in the other
process.

An important feature in process algebra is abstraction, which deems some of
the actions in a process invisible or silent. Consequently, any consecutive execu-
tion of invisible transitions is not observable. It turns out that there exist many
possibilities for extending strong bisimilarity with invisible transitions. The first
extension is Milner’s weak bisimilarity [7], which resembles strong bisimilarity,
but allows arbitrary sequences of invisibleτ-transitions to be inserted before or
after an atomic transition. Van Glabbeek and Weijland have introduced branch-
ing bisimilarity [11] as an equivalence on processes that preserves the branch-
ing structure of processes. It distinguishes slightly more processes than weak
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bisimilarity. Situated between the two equivalences are two incomparable bisim-
ilarities: η-bisimilarity and delay bisimilarity [11]. Cherief [3] has characterised
quasi-branching bisimilarity (which is slightly coarser than branching bisimilar-
ity) as the coarsest equivalence that is preserved under refinement and finer than
η-bisimilarity and delay bisimilarity.

Unlike strong bisimilarity, all the five weak notions of bisimilarity are not
closed under the summation operator, but for each of them one can define a corre-
sponding congruence relation in a standard way. In the framework of basic CCS,
where processes are built from inaction, prefixing, and summation operators, both
strong bisimilarity and weak congruence can be completely axiomatised in an el-
egant way. The completeness property for strong bisimilarity is easy to prove. For
weak congruence (that is called observation congruence in [7]), the completeness
proof is also not difficult, thanks to a result attributed to Hennessy in [7], called
theHennessy Lemmawhich says that ifP ≈ Q then eitherτ.P ' Q or P ' Q or
P ' τ.Q, for weak bisimilarity≈ and weak congruence'. For all the weak notions
of congruences mentioned above, except for quasi-branching congruence, com-
plete axiomatisations are proposed in [11]. The completeness proof for branching
congruence is achieved by using an advancedgraph rewriting techniquedue to
Bergstra and Klop [2]. The basic idea is to establish a graph rewriting system on
finite process graphs, which is confluent and terminating. Then one proves that:
(i) two normal forms of the graph rewriting system are bisimilar iff they are equal
(i.e., isomorphic), (ii) every rewriting step in the system preserves bisimilarity,
and (iii) every rewriting step corresponds to a proof step of the axiom system in
question. The completeness proofs for delay, weak, andη-congruence are then
derived from the proof for branching congruence in a uniform way. As far as
finite processes are concerned, this technique seems a bit heavy and discourag-
ing to non-experts in process algebra. One may wonder whether it is possible to
give a simpler completeness proof which is uniform for all congruences but only
involves equational reasoning similar to that in [7].

In this paper we give a positive answer to the above question and we are able
to add quasi-branching congruence into the picture; we present a simple but uni-
form completeness proof that works for all the five weak notions of congruence.
Our proof is very simple because it involves direct equational reasoning instead of
graph rewriting. Our result is also very uniform in the sense that by mild modifi-
cations to the completeness proof for branching congruence we obtain the proofs
for other four congruences. We also find a subtle difference between weak be-
havioural equivalences that are to some extent sensitive to the branching struc-
ture of processes (e.g. branching bisimilarity, quasi-branching bisimilarity and
η-bisimilarity) and that are insensitive (e.g. delay bisimilarity and weak bisimi-
larity): the Hennessy Lemma is valid for delay bisimilarity and weak bisimilarity
but not for branching bisimilarity, quasi-branching bisimilarity andη-bisimilarity.
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Due to the difference, our proof schema for completeness deviates from that given
in [7]: instead of using the Hennessy Lemma, we exploit aPromotion Lemma
which says that ifP ≈ Q thenτ.P = τ.Q is provably in some axiom system. The
Promotion Lemma is less demanding than Hennessy Lemma and thus valid for all
the five bisimilarities, based upon which we achieve a uniform proof.

This paper highlights the power of the Promotion Lemma because it shows an-
other situation where the Hennessy Lemma fails but the Promotion Lemma leads
to completeness. Similar phenomenon has already occurred in theπ-calculus [6]
and probabilistic process algebra [5], but none of the weak equivalences investi-
gated in those papers is sensitive to the branching structure of processes.

2 Weak behavioural equivalences

Following [11], we consider a simple language, the basic CCS. But the result in
this paper can be easily generalised (see the discussions in Section 5). Processes
are built from inaction (0), prefixing (α.P), and summation (P + Q). The opera-
tional semantics of processes is standard. We writeP =⇒ P′ if there are processes
P0, ...,Pn with n ≥ 0 andP ≡ P0

τ
−→ P1

τ
−→ ...

τ
−→ Pn ≡ P′. If in that sequence

n ≥ 1 then we writeP
τ
=⇒ P′.

We recall the definitions of several weak notions of bisimulation appeared in
the literature (see e.g. [7, 11]).

Definition 2.1. A binary relationR over processes is abranching simulationif
PRQ implies that whenever P

α
−→ P′ then

(Cτ): eitherα = τ and P′RQ

(Cb): or there exist Q′,Q′′ such that Q=⇒ Q′′
α
−→ Q′ with PRQ′′ and P′RQ′.

The relationR is abranching bisimulationif bothR andR−1 are branching simu-
lations. Two processes P and Q arebranching bisimilar, denoted P≈b Q, if there
exists a branching bisimulation relating P and Q.

There are some variants of the above matching conditions:

(Cs
τ): eitherα = τ and there exists Q′ such that Q=⇒ Q′ with PRQ′ and P′RQ′

(Cq
τ): eitherα = τ and there exists Q′ such that Q=⇒ Q′ with P′RQ′

(Cη): or there exist Q′,Q′′ such that Q=⇒ Q′′
α
−→=⇒ Q′ with PRQ′′ and P′RQ′

(Cd): or there exists Q′ such that Q=⇒
α
−→ Q′ with P′RQ′
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(Cw): or there exists Q′ such that Q=⇒
α
−→=⇒ Q′ with P′RQ′

Semi-branching bisimilarity(≈s) is defined in terms of (Csτ) and (Cb).
Quasi-branching bisimilarity(≈q) is defined in terms of (Cqτ) and (Cb).
η-bisimilarity (≈η) is defined in terms of (Cτ) and (Cη).
Delay bisimilarity(≈d) is defined in terms of (Cτ) and (Cd).
Weak bisimilarity(≈w) is defined in terms of (Cτ) and (Cw).

It can be checked that all the bisimilarities defined above are indeed equiv-
alence relations. In [11] it is shown that≈s coincides with≈b, the inclusions
≈b⊆≈q⊆≈η⊆≈w and≈b⊆≈q⊆≈d⊆≈w are strict, but≈η and≈d are incomparable.

It turns out that all the bisimilarities defined above are not congruences with
respect to the operator+. The classical counterexample is thatτ.a ≈x a but τ.a+
b 6≈x a + b for x ∈ {b,q, η,d,w}. A typical way of obtaining congruences from
bisimilarities is to require that both processes make essential moves at the first
step [7, 11]. For instance, we define quasi-branching congruence as follows.

Definition 2.2. P and Q arequasi-branching congruent, written P'q Q, if

1. whenever P
α
−→ P′ then

(a) eitherα = τ and there exists Q′ such that Q
τ
=⇒ Q′ and P′ ≈q Q′,

(b) or there exists Q′ such that Q
α
−→ Q′ and P′ ≈q Q′;

2. symmetric to clause 1 by exchanging the roles of P and Q.

The other four congruences can be defined in a similar way.
The next two lemmas report simple properties that hold for all the five bisimi-

larities studied in this paper. We shall exploit them to prove Lemma 3.3.

Lemma 2.3. For x ∈ {b,q, η,d,w}, if τ.P+ Q ≈x P then P+ Q ≈x P.

Proof. We make use of “bisimulation up to” techniques to construct appropriate
bisimulations. See [4] for a detailed proof. �

Lemma 2.4. For x ∈ {b,q, η,d,w}, if P ≈x Q then one of the three cases holds:

1. there exists some P′ such that P
τ
−→ P′ and P′ ≈x Q;

2. there exists some Q′ such that Q
τ
−→ Q′ and P≈x Q′;

3. P'x Q.

Proof. See [4]. �
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For≈d and≈w, we have the following result, where the part on≈w is known as
the original Hennessy Lemma in CCS.

Lemma 2.5. For x ∈ {d,w}, P ≈x Q iff ( τ.P 'x Q or P'x Q or P'x τ.Q).

Proof. For≈w, a proof is given in [7]. It can be adapted for≈d easily. �

Remark 2.6. The above property does not hold for≈b, ≈q and≈η. For a coun-
terexample, consider the two processesτ.(a+ b) + a and a+ b. Let x∈ {b,q, η}, it
is true thatτ.(a+ b) + a ≈x a+ b. However,

τ.(τ.(a+ b) + a) 6'x a+ b (i)
τ.(a+ b) + a 6'x a+ b (ii )
τ.(a+ b) + a 6'x τ.(a+ b) (iii )

In (i) an action b from the right hand side cannot be matched up by any action
from the left hand side of the inequality. Similar for (ii). In (iii) an action a from
the left hand side cannot be matched up by any action from the right hand side.

3 Axiomatisations

In this section we consider complete axiomatisations of branching congruence,
quasi-branching congruence,η-congruence, delay congruence, and weak congru-
ence. For all the axiomatisations, the soundness properties are quite easy to show,
thus we omit them. So we focus on the completeness properties and provide a
uniform but simple completeness proof that works for the five congruences.

All the axioms that we need are displayed in Figure 1. It is shown in [7] that
S1-4form a complete axiom system for strong bisimilarity. By adding the three
τ-lawsT1-3, Milner has obtained a complete axiom system for weak congruence.
In [11] van Glabbeek and Weijland have established a complete axiomatisation of
branching congruence by addingB to S1-4. Two other congruences'η and'd are
also axiomatised in [11], just by adding {B,T3} and T1-2, respectively, toS1-4.
The axiomT3′ is the special case ofT3 whenα = τ, and it is derivable fromT2
andS4. We shall show that'q can be axiomatised by adding {B,T3′} to S1-4. We
use the following abbreviations for the axiom systems of the five congruences.

Ab = { S1-4,B}
Aq = { S1-4,B,T3′}
Aη = { S1-4,B,T3}
Ad = { S1-4,T1-2}
Aw = { S1-4,T1-3}
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S1 P+ 0 = P
S2 P+ Q = Q+ P
S3 P+ (Q+ R) = (P+ Q) + R
S4 P+ P = P

B α.(τ.(P+ Q) + Q) = α.(P+ Q)

T1 α.τ.P = α.P
T2 τ.P+ P = τ.P
T3 α.(P+ τ.Q) + α.Q = α.(P+ τ.Q)

T3′ τ.(P+ τ.Q) + τ.Q = τ.(P+ τ.Q)

Table 1: All the axioms

Note thatB impliesT1 and is derivable fromT1-2. So we can also useT1 when
doing equational reasoning inAb,Aq,Aη, and useB in Ad,Aw. We writeA `
P = Q if P = Q can be derived from the equations inA.

The following saturation properties, clauses 1 and 4 in particular, are well-
known in CCS. Here we also consider two special cases of the transition relation
=⇒

α
−→=⇒:

α
−→=⇒ and=⇒

α
−→, in clauses 2 and 3, respectively.

Lemma 3.1 (Saturation). 1. if P
τ
=⇒ P′ then {S1-4,T3′} ` P = P+ τ.P′;

2. if P
α
−→=⇒ P′ then {S1-4,T3} ` P = P+ α.P′;

3. if P =⇒
α
−→ P′ then {S1-4,T2} ` P = P+ α.P′;

4. if P =⇒
α
−→=⇒ P′ then {S1-4,T2-3} ` P = P+ α.P′.

Proof. By transition induction. As an example, we show the second clause.
Basis step: P

α
−→ P′. Then the conclusion holds byS4.

Induction step: P
α
−→=⇒ P′′

τ
−→ P′. Then we infer

{ S1-4,T3} ` P = P+ α.P′′ by induction
= P+ α.(P′′ + τ.P′) by S4
= P+ α.(P′′ + τ.P′) + α.P′ by T3
= P+ α.P′

�
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As usual we use the notion ofnormal form. P is in normal form if it is of the
form

∑n
i=1αi .Pi, where eachPi is also in normal form.

Lemma 3.2. For each P, there is a normal form P′ such that {S1-4} ` P = P′.

We now introduce the important promotion lemma. It relates operational se-
mantics to equational rewriting. Its proof is achieved by induction on the sizes of
processes. We define the size,size(P), of processP as follows.

size(0) = 0
size(α.P) = 1+ size(P)

size(P+ Q) = size(P) + size(Q)

Lemma 3.3 (Promotion). 1. If P ≈b Q thenAb ` τ.P = τ.Q;

2. If P ≈q Q thenAq ` τ.P = τ.Q;

3. If P ≈η Q thenAη ` τ.P = τ.Q;

4. If P ≈d Q thenAd ` τ.P = τ.Q;

5. If P ≈w Q thenAw ` τ.P = τ.Q.

Proof. By Lemma 3.2, we can assume thatP andQ are in normal form.

1. We carry out the proof by induction onsize(P+ Q).

Basis step If size(P + Q) = 0, then it is straightforward to see thatAb `

P = Q = 0, thusAb ` τ.P = τ.Q.

Induction step Supposesize(P + Q) > 0. SinceP ≈b Q, by Lemma 2.4
we can distinguish three cases.

(a) There exists someP′ such thatP
τ
−→ P′ andP′ ≈b Q. To have the

strong transitionP
τ
−→ P′, P must be of the formτ.P′ + R for some

processR. Sinceτ.P′ +R≈b Q ≈b P′, it follows from Lemma 2.3 that
P′ + R ≈b P′ ≈b Q. Note thatsize(P′ + R+ Q) < size(τ.P′ + R+ Q)
andsize(P′ +Q) < size(τ.P′ +R+Q). By induction hypothesis, it can
be inferred that

Ab ` τ.(P
′ + R) = τ.Q = τ.P′. (1)

So we derive

Ab ` τ.P = τ.(τ.P′ + R)
= τ.(τ.(P′ + R) + R) by (1)
= τ.(P′ + R) by B
= τ.Q by (1)
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(b) There exists someQ′ such thatQ
τ
−→ Q′ andP ≈b Q′. This case is

symmetric to case 1 by exchanging the roles ofP andQ.

(c) P 'b Q. We aim to prove that each summand ofP can be absorbed
by Q. Let α.P′ be a summand ofP, which gives rise to a transition
P

α
−→ P′. Correspondingly, there exists someQ′ such thatQ

α
−→ Q′

andP′ ≈b Q′. Clearly we can derive

Ab ` Q = Q+ α.Q′ (∗)

by the axiomS4. Note thatsize(P′+Q′) < size(P+Q). So by induction
hypothesis we obtain

Ab ` τ.P
′ = τ.Q′. (2)

So we derive

Ab ` Q+ α.P′ = Q+ α.τ.P′ by T1
= Q+ α.τ.Q′ by (2)
= Q+ α.Q′ by T1
= Q by (*)

In summary,Ab ` Q + P = Q and symmetricallyAb ` P + Q = P.
ThereforeAb ` τ.P = τ.(P+ Q) = τ.Q.

2. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAq and≈q, and replace the two underlined

parts with “eitherQ
α
−→ Q′ or α = τ andQ

τ
=⇒ Q′” and “either the axiom

S4or Lemma 3.1(1)” respectively.

3. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAη and≈η, and replace the two underlined

parts withQ
α
−→=⇒ Q′ and Lemma 3.1(2) respectively.

4. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAd and≈d, and replace the two underlined
parts withQ =⇒

α
−→ Q′ and Lemma 3.1(3) respectively.

5. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAw and≈w, and replace the two underlined
parts withQ =⇒

α
−→=⇒ Q′ and Lemma 3.1(4) respectively.

�
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Remark 3.4. In the induction step of the above proof, we have distinguished three
independent cases by Lemma 2.4, and in the first two cases Lemma 2.3 plays
an important role. Nevertheless, for behavioural equivalences that are insensi-
tive to the branching structure of processes such as≈d and≈w, the proof of the
above lemma can be simplified. For instance, in the case of≈w, one just needs
to consider two possibilities: (i) P

τ
−→ P′ with P′ ≈w Q, (ii) P

α
−→ P′ with

Q =⇒
α
−→=⇒ Q′ and P′ ≈w Q′. In the particular case of (ii), one can prove

the property (*) by Lemma 3.1(4). This proof schema is adopted in [6] to show
the promotion property of all the behavioural equivalences considered in that pa-
per. It is also adapted to a probabilistic setting in [5] where probabilistic weak
bisimilarity is investigated. However, the proof schema does not apply to weak be-
havioural equivalences that are to some extent sensitive to the branching structure
of processes, such as≈b, ≈q and≈η. The reason is that for these equivalences the
τ-transitions before theα-transition in (ii) cannot be simply absorbed. Otherwise,
the branching structure of processes would not be observable.

With the saturation and promotion properties we are now ready to establish
the following completeness theorem.

Theorem 3.5 (Completeness). 1. If P 'b Q thenAb ` P = Q;

2. If P 'q Q thenAq ` P = Q;

3. If P 'η Q thenAη ` P = Q;

4. If P 'd Q thenAd ` P = Q;

5. If P 'w Q thenAw ` P = Q.

Proof. 1. Similar to the proof Lemma 3.3(1) we assumeP,Q in normal form
and proceed by induction onsize(P+Q). The basis step is trivial, so we only
consider the induction step. Letα.P′ be a summand ofP. ThenP

α
−→ P′

must be matched up byQ
α
−→ Q′ for someQ′ such thatP′ ≈b Q′. Clearly

we can derive
Ab ` Q = Q+ α.Q′ (∗∗)

by the axiomS4. By Promotion Lemma,

Ab ` τ.P
′ = τ.Q′. (3)

Therefore

Ab ` Q+ α.P′ = Q+ α.Q′ by T1 and (3)
= Q by (**)

Hence we haveAb ` Q+P = Q. SymmetricallyAb ` P+Q = P. Therefore
Ab ` P = Q.



224 224

224 224

BEATCS no 93 TECHNICAL CONTRIBUTIONS

216

2. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAq and≈q, and replace the two underlined

parts with “eitherQ
α
−→ Q′ or α = τ andQ

τ
=⇒ Q′” and “either the axiom

S4or Lemma 3.1(1)” respectively.

3. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAη and≈η, and replace the two underlined

parts withQ
α
−→=⇒ Q′ and Lemma 3.1(2) respectively.

4. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAd and≈d, and replace the two underlined
parts withQ =⇒

α
−→ Q′ and Lemma 3.1(3) respectively.

5. The arguments are the same as in the proof of clause 1 except that we change
all the notationsAb and≈b intoAw and≈w, and replace the two underlined
parts withQ =⇒

α
−→=⇒ Q′ and Lemma 3.1(4) respectively.

�

Remark 3.6. For x ∈ {d,w}, there exists a even simpler completeness proof that
does not rely on the Promotion Lemma. The reason is that Lemma 2.5 helps
to lift P ≈x Q to eitherτ.P 'x Q or P 'x Q or P 'x τ.Q, thus allowing the
induction hypothesis to apply when proving (3) in the last proof. For instance, this
is the method adopted in [7] for showing thatAw constitutes a complete axiom
system for'w. For x ∈ {b,q, η}, however, this method cannot be used because the
Hennessy Lemma fails for them (cf. Remark 2.6).

4 Related work

Van Glabbeek pointed out to us some related work, notably the paper [1] which
uses an approach very close to ours. In that paper, Acetoet al. gave complete
axiomatisations for branching, delay, weak, andη-congruences in the basic CCS
augmented with prefix iteration. A careful comparison between [1] and this paper
shows the following similarities and differences.

1. The completeness results in [1] are a bit stronger than ours because they
are valid for open terms in the basic CCS with prefix iteration. However,
to make our ideas as net as possible, in this paper we only consider closed
terms in the basic CCS.

2. The main proof strategy of [1] is similar to that adopted in [11], i.e., one
shows a completeness result for branching congruence, from which the
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completeness results for delay, weak, andη-congruences are derived. How-
ever, since one of our aims is to obtain uniformity, we have adopted the strat-
egy of setting up a general proof schema that gives us a direct completeness
proof for all the congruences as well as quasi-branching congruence.

3. In [1] the completeness proof for branching congruence relies on a key re-
sult which states that (with a change of notations)

If P ≈b Q thenAb ` α.P = α.Q for all α ∈ Aτ. (†)

This is very similar to our Promotion Lemma for branching bisimilarity
(Lemma 3.3(1)), though the statement looks different. Moreover, in view
of the axiomT1, the two results are essentially equivalent. The difference
is that our statement appears more concise, and more importantly we have
extended the result to all other congruences, which allows us to give direct
(and mutually independent) proofs of completeness for all weak behavioural
equivalences. In contrast, the completeness proofs for delay, weak, andη-
congruences in [1] are indirect because they depend on the proof for branch-
ing congruence.

4. We treat delay, weak, andη-bisimilarity in a way different from [1]. We
do saturation by means of some “preprocessing” jobs (Lemma 3.1) before
showing the quite general Promotion Lemma, whereas Acetoet al. do it
by means of some “postprocessing” jobs ([1] Proposition 4.7) that reduce
the completeness proofs for delay, weak, andη-congruences to the proof for
branching congruence.

5. We show the Promotion Lemma in a very simple way, but we use the
property Lemma 2.3 whose proof is not trivial. So in fact we have trans-
ferred some complexity in proving the Promotion Lemma to the proof of
Lemma 2.3. Nevertheless, [1] does not need a property like Lemma 2.3 in
showing (†), at the price of a less concise proof.

The notion of “branching bisimulation up to” first appears in [12], which ax-
iomatises branching congruence over processes with finite-state behaviours (so
the axiomatisation of branching congruence over finite processes is treated as a
special case). The completeness proofs use, in the same style as [8], a unique
solution theorem.

We may consider Theorem 3.7 in [11] as the semantic version of our Promo-
tion Lemma. It states thatP ≈x Q iff τ.P 'x τ.Q for x ∈ {b, η,d,w}. It is also
remarked in [11] that the Hennessy Lemma holds for delay and weak bisimilarity,
but not for branching andη-bisimilarity. Nevertheless, in [11] the usefulness of
the above theorem in completeness proofs is not investigated.
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5 Concluding remarks

This paper presents a simple but uniform completeness proof for the axiomatisa-
tions of branching congruence, quasi-branching congruence,η-congruence, delay
congruence, and weak congruence over finite processes. Compared with the com-
pleteness proof of [11] that employs a graph rewriting technique, our proof by
direct equational reasoning is more accessible to non-experts in process algebra.
This paper also shows a setting where the Hennessy Lemma fails but the Promo-
tion Lemma leads to completeness.

For convenience of presentation, we have focused on the basic CCS where pro-
cesses are built from the operators of inaction, prefixing, and summation. Other
operators, for example, restriction, relabelling, and parallel composition, can be
incorporated while preserving the proof schema presented in this paper. It is also
straightforward to extend our results from closed terms to open terms. However,
since our completeness proof proceeds by induction on the size of processes, we
are not able to handle recursion, which requires other machinery (e.g., the unique
solution theorem investigated in [8]).

For future work, it is interesting to extend our results to theπ-calculus [9, 10].
In that setting, one has the freedom to consider late vs. early style of weak be-
havioural equivalences. For example, we could define alate branching bisimula-
tion and anearly branching bisimulation. Here is a potential candidate:

Definition. A symmetric binary relationR is a late branching bisimulation if
wheneverPRQ andP

α
−→ P′ then

1. eitherα = τ andP′RQ,

2. or the following property holds:

(a) if α is not an input action then someQ′,Q′′ exist such that
Q =⇒ Q′′

α
−→ Q′ with PRQ′′ andP′RQ′;

(b) if α = a(x) then someQ′,Q′′ exist such thatQ =⇒ Q′′
α
−→ Q′ with

PRQ′′ andP′{y/x} R Q′{y/x} for every namey.

To define early branching bisimulation, we just need to change clause 2(b) in
the above definition into the following one:

if α = a(x) then for every namey someQ′,Q′′ exist such that
Q =⇒ Q′′

α
−→ Q′ with PRQ′′ andP′{y/x} R Q′{y/x}.

It is easy to check that the largest late/early branching bisimulation is an equiv-
alence relation. For the corresponding congruences and their axiomatisations, the
results in this paper and [6] would be useful.
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Abstract

In this paper, we prove that the general tiling problem of the hyperbolic
plane is undecidable by proving a slightly stronger version using only a reg-
ular polygon as the basic shape of the tiles. The problem was raised by
a paper of Raphael Robinson in 1971, in his famous simplified proof that
the general tiling problem is undecidable for the Euclidean plane, initially
proved by Robert Berger in 1966.

1 Introduction

The question, whether it is possible to tile the plane with copies of a fixed finite
set of tiles was raised by Wang, [24] in the late 50’s of the previous century. Wang
solved theorigin-constrainedproblem which consists in fixing an initial tile in the
above finite set of tiles. Indeed, fixing one tile is enough to entail the undecidabil-
ity of the problem. The general case, later called thegeneral tiling problem in
this paper,GT P in short, without condition, in particular with no fixed initial tile,
was proved undecidable by Berger in 1966, [1]. Both Wang’s and Berger’s proofs
deal with the problem in the Euclidean plane. In 1971, Robinson found an alterna-
tive, simpler proof of the undecidability ofGT P in the Euclidean plane, see [22].
In this 1971 paper, he raises the question ofGT P for the hyperbolic plane. Seven
years later, in 1978, he proved that in the hyperbolic plane, the origin-constrained
problem is undecidable, see [23]. Up to now,GT Premained open.

In this paper, we give a synthetic presentation of the techniques contained on
several technical papers deposited onarXiv, see [13, 18], and on the web site of
the author, in particular [15].

In the second section, we remind a few features of all proofs of this problem.
Then, we turn to the hyperbolic case, assuming that the reader is familiar with
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hyperbolic geometry, at least with its popular models: Poincaré’s disc or half-
plane. See [20] and [10] for preliminaries and other bibliographical references.

In the third section, we sketchilly present the frame of the construction. In
the fourth section, we present a needed interlude, a parenthesis on brackets: it is
a basic ingredient of the proof. In the fifth section, the line construction is lifted
up to a planar Euclidean one. In the sixth section, we show how to implement
the Euclidean construction in the hyperbolic plane. In the seventh section, we
complete the proof of the main result:

Theorem 1. The domino problem of the hyperbolic plane is undecidable.

As an immediate corollary,GT P is undecidable in the hyperbolic plane.
In the eighth section, several corollaries of the construction are given. We give

an indication on a possible simplification of the construction. We try to infer what
might be learned from the construction leading to theorem 1.

Note that an alternative proof ofGT P is outlined by Jarkko Kari in [6, 7].
His proof is completely different from this one. Here, the presented proof has
the following property: given a one-bit oracle that the finite set of tilesS has a
solution, our construction gives an algorithm to tile the plane with copies of tiles
in S in infinite time.

2 The general strategy

In the proofs ofGT P in the Euclidean plane by Berger and Robinson, an assump-
tion, most probably considered as obvious at that time, is implicit.

Consider a finite setS of prototiles. Call solution of the tiling of the plane
by S a partitionP such that the closure of any element ofP is a copy of an element
of S. We notice that this definition contains the traditonal condition on matching
signs in the case when the elements ofS possess signs.

Note thatGT Pcan be formalized as follows:

∀S (∃P sol(P,S)) ∨ ¬(∃P sol(P,S)),

where∨ is interpreted as: there is an algorithm which, applied toS provides us
with ’yes’ if there is a solution and ’no’ if there is none.

The origin-constrained problem can be formalized in a similar way by:

∀(S,a) (∃P sol(P,S,a)) ∨ ¬(∃P sol(P,S,a)),

wherea ∈ S, with the same algorithmic interpretation of∨.
Now, note that if we have a solution ofGT P, we also have a solution of the

origin-constrained problem, with the facility that we may choose the first tile.
However, to prove thatGT Phas no solution, we have to prove that, whatever the
initial tile, the corresponding origin-constrained problem also has no solution.
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Nevertheless, Berger’s and Robinson’s proofs consider that we start the con-
struction with a special tile, called theorigin . There is no contradiction: they
force the tiling to have a dense subset of origins. These origins start the simula-
tion of the space-time diagram of the computation of the same Turing machineM.
The machineM can be assumed to start from an empty tape. The origins define
infinitely many domains of computation of infinitely many sizes. If the machine
does not halt, starting from an origin, it is possible to tile the plane. If the machine
halts, whatever the initial tile, we nearby find an origin and, from this one, we
shall eventually fall into a domain which contains the halting ofM: at this point,
it is easy to prevent the tiling to go on.

The present construction aims at the same goal.

3 The general frame: the tiling {7,3} and its man-
tilla

Our construction takes place in a particular tiling of the hyperbolic plane: the
tessellation{7,3} which we call theternary heptagrid , simply heptagrid, for

short, see [2, 11, 20]. It is generated by the regular heptagon with vertex angle
2π
3

by reflection in its sides and, recursively, by reflection of the images in their sides.
The background of figure 3 gives an illustration of this tiling in the Poincarés disc.

a b

Figure 1. On the left: Robinson’s basic tiles for the undecidability of GT P in the Eu-
clidean case. On the right: the tiles a and b are a ’literal’ translation of Robinson’s basic
tiles to the situation of the heptagrid.

We fix a special tiling based on the tessellation{7,3}which is motivated by the
following consideration. In figure 1, the left-hand side indicates the basic shapes
of the tiles devised by Robinson in the construction of the tiling used in his proof
of the undecidability ofGT P. The right-hand side of the figure gives the ’literal’
translation of these tiles for the heptagrid. It is not difficult to see that it is not
possible to tile the hyperbolic plane with the tilesa and b. However, a slight
modification of the tileb, see the tilec of figure 2, leads to the solution. On the
right-hand side of figure 2, we have the translation of the tilesa andc into genuine
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à la Wang tiles. The patternα corresonds toa and the patternβ corresponds toc.

a c α β

Figure 2. On the left: change in the tiles à la Robinson. On the right: their translation
in pure Wang tiles.

3.1 The mantilla

In the ternary heptagrid, aball of radius n around a tileT0 is the set of tiles which
are within distancen from T0 which we call thecentreof the ball. Thedistanceof
a tileT0 to anotherT1 is the number of tiles constituting a shortest path of adjacent
tiles betweenT0 andT1. Call flower a ball of radius 1.

Now, the tilesα andβ of figure 2 can be assembled in flowers only: a tileα,
which we callcentre, requires to be surrounded by tilesβ only, which we call
petals. This is obtained by numbering the edges of the tilesα from 1 to 7, see [14,
15]. Now, a petal belongs to three flowers at the same time by the very definition
of the implementation. And so, the flowers partially merge. The resulting tiling is
called themantilla .

There are several types of flowers, considering the number of red vertices for
which the other end of an edge is a vertex of a centre. We refer the reader to [14]
for the corresponding properties. Here, we simply take into consideration three
basic patterns of flowers, which we callF-, G- and8-flowers respectively, see
figure 3.
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Figure 3. Splitting of the sectors defined by the flowers. From left to right: an F-sector,
a G-sector and an8-sector.

The figure also represents the way which allows to algorithmically construct
the mantilla. We split thesectorsgenerated by each kind of flowers in sub-sectors
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of the same kind and only them, which we call thesonsof the flowers. This easily
gives a way to recursively define a tiling. The construction is deterministic below
the flower. It is non-deterministic when we proceed upwards. Later, we shall make
the notions of top and bottom more precise. The exact description of the splitting
can be found in [14]. We simply remark that such a splitting is an application of
the general method described in [20, 10], for instance.

Based on these considerations, we have the following result which is thor-
oughly proved in [14].

Lemma 1. There is a set of4 tiles of typeα and17 tiles of typeβ which allows to
tile the hyperbolic plane as a matnilla. Moreover, there is an algorithm to perform
such a construction.

3.2 Trees of the mantilla

The leftmost flower of figure 3, which represents anF-sector, also indicates a re-
gion delimited by continuous white lines. These lines aremid-point lines, which
pass through the mid-points of consecutive edges of heptagons of the heptagrid.
As shown in [2, 11], they delimit a Fibonacci tree. Let us remind that a Fibonacci
tree has two kinds of nodes: black ones and white ones. A black node has two
sons, a black and a white one. A white node has three sons, a black and two white
ones. In both cases, the black son is the leftmost son. The root of a Fibonacci tree
is a white node. The tiles inside the tree which are cut by these mid-point rays are
called theborders of the tree, while the set of tiles spanned by the Fibonacci tree
is called theareaof the tree.

TheF-son of aG-flower is called aseed. The tree, rooted at a seed, is called
a tree of the mantilla. The seeds are the candidates for the construction of a
computing region. From figure 3, we can easily define theborder of a sector
which is a ray crossing8-centres. See [14] for exact definitions.

Lemma 2. (see[14]) The borders of a tree of the mantilla never meet the border
of a sector. Consequently, the borders of two different trees of the mantilla never
meet. Either their areas are disjoint or the area of one of them contains the area
of the other.

From this, we can order the trees of the mantilla by inclusion of their areas.
It is only a partial order. We are interested in the maximal elements of this order.
We call themthreads, see [14] for an exact definition. Threads are indexed byIN
or ZZ. We call ultra-threads the threads which are indexed byZZ. When there
are ultra-threads, two of them coincide, starting from a certain index. The union
of the areas of the trees which belong to an ultra-thread is the hyperbolic plane.
Some realizations of the mantilla have ultra-threads, others have none.



233 233

233 233

The Bulletin of the EATCS

225

3.3 Isoclines

In [15], we have a new ingredient. Define the status of a tile asblack or white,
applying the usual rules of such nodes in a Fibonacci tree. Then, we have:

Lemma 3. It is possible to require that8-centres are always black tiles. When
this is the case, a seed is always a black tile.
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Figure 4. The black tile property and the levels:
On the left-hand side, a black F-centre; on the right-hand side, a black G`-centre. We can
see the case of an8-centre on both figures.

Define arcs as follows, see [15]: in a white tile, the arc joins the mid-point
of the sides which have a common vertex with the side to the father. In a black
tile, the arc joins the mid-point of the sides separated by the side to the father
and the side to the uncle, on the left-hand side of the father. Joining arcs, we get
paths. The maximal paths are calledisoclines. They are illustrated on figure 4.
An isocline is infinite and it splits the hyperbolic plane into two infinite parts. The
isoclines from the different trees match, even when the areas are disjoint.

Lemma 4. Let the root of a tree of the mantilla T be on the isocline0. Then, there
is a seed in the area of T on the isocline5. If an 8-centre A is on the isocline0,
starting from the isocline4, there are seeds on all the levels. From the isocline10
there are seeds at a distance at most20 from A.

We number the isocline from 0 to 19 and repeat this, periodically. This defines
upwards anddownwards in the hyperbolic plane.

4 A parenthesis on brackets

We refer the reader to [15] for an exact definition. However, figure 5, below,
illustrates the construction which now, we sketchily describe.

The generation 0 consists of points on a line which are regularly spaced. Label
the pointsR, M, B, M, in this order. Repeat it periodically. An interval containing
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R, M, B exactly is calledactive. An interval containingB, M, R exactly is called
silent. The generation 0 isblue.

M M M M M M M M M M M M M M M M MR R R R R R R RB B B B B B B B

M M M M M M M M MR R R RB B B B

M M M M MR RB B

M M MB R

X M Y

Figure 5. The silent and active intervals with respect to mid-point lines. The light verti-
cal signals send the mid-point of the concerned interval to the next generation. The grays
are chosen to be easily replaced by red or blue in an opposite way. The ends X and Y
indicate that the figure can be used to study both active and silent intervals.

Blue and red are saidopposite. Assume that the generationn is defined. For
the generationn+1, the points which we take into consideration are the points
which are still labelledM when the generationn is completed. Then, take at
random anM which is the mid-point of an active interval of the generationn,
and label it, eitherR or B. Next, define the active and silent intervals in the same
way as for the generation 0. The colour of the active and silent intervals of the
generationn+1 is opposite to that of the generationn.

When the process is achieved, we get aninfinite model.
Deep results on the space of all these realizations are given by an acurate

analysis to be found in [8]. The interested reader should have a look at this paper.
For our purpose, infinite models have interesting properties, see [15]. We shall

mention some of them in the Euclidean implementation with triangles.
Cut an infinite model at some letter and remove all active intervals which

contain this letter. What remains on the right-hand side of the letter is called a
semi-infinite model.

It can be proved that in a semi-infinite model, any lettery is contained in at
most finitely many active intervals, see [15].

5 The interwoven triangles

Now, we lift up the active intervals astrianglesin the Euclidean plane. The trian-
gles are isoceles and their heights are supported by the same line, called theaxis,
see figure 6. We also lift up silent intervals of the infinite model up to again isoce-
les triangles with their heights on the axis. To distinguish them from the others,
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we call themphantoms. We shall speak oftrilaterals for properties shared by
both triangles and phantoms.

Figure 6. An illustration of the interwoven triangles.

We have very interesting properties for our purpose.

Lemma 5. Triangles of the same colour do not meet no overlap: they are disjoint
or embedded. Phantoms can be split intotowers of embedded phantoms with
the same mid-point and with alternating colours. Trilaterals can meet by a basis
cutting the halves of the legs which contains the vertex.

From the construction of the abstract brackets, we get a simple algorithm to
construct the inteerwoven triangles.

The generation 0 is fixed by alternating triangles and phantoms. The mid-
distance lines of the phantoms of generation 0 grow a horizontal green signal
which crosses the legs of the phantom which they meet.

When the generationn is completed, a vertex of a triangle or a phantom is put
on the intersection of the axis with the mid-distance line of atriangle of genera-
tion n. The legs grow until they meet a green signal, traveling on a horizontal line.
The legs stop the green signal if the trilateral is a triangle, otherwise, they do not
stop it. In both cases, the legs go on, until they meet a basis of their colour. They
stop it and constitute a trilateral of the generationn+1. Now, the intersection of
the basis of the trilateral with the axis requires a vertex: of a triangle, on a basis of
phantom, of a phantom, on a basis of triangle. The process is repeated endlessly.

The detection of the green signal and of the correct basis are facilitated by
the following mechanism: the legs of red triangles emit horizontal signals which
have a laterality. Right-, left-hand side legs emit right-, left-hand side signals
respectively. We do not provide a tile for the meeting of such signals inside a
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triangle. This allows to detect what corresponds to the free letters: call them the
free rowsof a red triangle.

Lemma 6. The interwoven triangles can be obtained by a tiling of the Euclidean
plane which can be forced by a set of190tiles.

In [15], we display the corresponding tiles which are in a square format, and
we also describe them with the help of formulas taking into account the properties
of lemma 5.

6 Implementing the interwoven triangles in the hy-
perbolic plane

The idea of the implementation in the hyperbolic plane is based on the following
observation.

From lemma 4, we define the isoclines 0, 5, 10 and 15 to play the rôle of the
rows in the Euclidean implementation. The trilaterals are constructed on trees of
the mantilla. A vertex is a seed, and the legs are supported by the borders of the
tree. The basis is defined by an isocline which cuts both borders of the tree.

As there are 6 seeds on the isocline 5 inside the tree defined by a seed at the
isocline 0, there are 6 trilaterals of the generation 1 raised by a triangle of the
generation 0. And so, contrarily to what happens in the Euclidean construction,
we have several trilaterals of the same generation for the same set of isoclines
crossed by the legs of these trilaterals.

Call latitude of a trilateral the set of isoclines which are crossed by its legs,
vertex and basis being included.

It is not difficult to see that there will be infinitely many trilaterals within a
given latitude. This requires tosynchronize the choice of triangle or phantom
when turning from one generation to the next one. Also, we can imagine that
horizontal signals coming from different triangles of the same latitude and with
different lateralities will meet. This will require to tune many details in order to
maintain the guidelines of the algorithm, described in section 5.

The idea will be to synchronize the bases, the vertices and the signals on the
mid-distance lines. We shall also have to see how the axis is implemented.

From what we have already seen, there is no more one axis, but a lot of them.
In fact, what we called an axis can be materialized by a thread. As most threads
are indexed byIN only, we have always the implementation of a semi-infinite
model. We shall manage the implementation in such a way that the semi-infinite
models are simply different cuts of the same infinite model. The possibility of the
realization of the infinite model in the case of an ultra-thread brings in no harm: it
can be viewed as a cut at infinity.
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6.1 The scent

By definition, we decide that all seeds which are on an isocline 0 areactive. It
means that they actually grow legs of a triangle of the generation 0. This is enough
to guarantee that the set of active seeds is dense in the hyperbolic plane. Next,
an active seed diffuses ascent inside its trilateral until the fifth isocline, starting
from this seed, is reached. Seeds which receive the scent, and only them, become
active. An active seed triggers the green signal when it reaches an isocline 5 or an
isocline 15. By construction, the generation 0 is not determined by the meeting of
a green signal. But the others are.

We can see that the scent process constructs a tree. The branches of the
tree materialize the thread which implements the considered semi-infinite models.
Note that the above synchronization mechanism fixes things for spaces between
triangles but also inside them.

6.2 Horizontals signals with a laterality

Due to the occurrene of several trilaterals within a given latitude, now we have to
require that all triangles, both red and blue and blue 0, emit a signal along their
legs. The signal will be calledupper when it is emitted by the legs, but there
is an exception: the vertices do not emit any horizontal signal. There is another
exception: the corners of a phantom, as well as those of a triangle, also emit an
upper signal. The colour and the laterality of this signal are those of the corner.

Figure 7. The pattern of a join-tile.

In between two contiguous triangles of the same latitude, horizontal signals of
the same colour but with a different laterality will meet. Such a meeting must be
allowed: it is performed by an appropriate tile, called ajoin tile. There is a join-
tile for red and blue signals, as well as for the orange signals, further defined. The
pattern represented by figure 7 illustrates such a junction. On the left-, right-hand
side, we have the right-, left- hand side signals respectively. We also require that
an upper horizontal signal of a given laterality may cross a leg of a trialteral of the
same colour, only if it has the same laterality as the leg. Note that the opposite
junction cannot be obtained, as turning tiles is made impossible by the existence
of the isoclines and their numbering.
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Lemma 7. An upper horizontal signal with a laterality cannot join two legs of the
same tilateral.

The proof easily follows from the rule about the meeting of legs with an upper
horizonal signal. Accordingly, the legs of a trilateral may only be joined by a
horizontal signal which has no laterality.

6.3 Synchronization: the mechanisms

The first mechanism which we introduce to force the synchronization of different
constructions is that all bases on a given isocline merge. This changes the tile for
the coner, but this does not affect the algorithm of section 5.

This principle forces the presence of various signals on the same isocline.
Contradictions might follow, which would ruin the construction. We have to look
at this very carefully.

As a first point, note that the upper signals allow to differentiate the various
parts of a basis. If the upper horizontal signal is of the same colour as the basis
it accompanies, we are outside any trilateral whose basis lies on the same iso-
cline. Then, the basis is calledcovered. If not, we are inside a trilateral of this
generation, and the basis is calledopen.

This distinction is important. When a leg meets a basis: if it is the first half
of a leg, i.e. between the vertex and the mid-point of the leg, it meets the basis
withouth changing it. When the second half of a leg meets a basis, it crosses it
if the colour is different. If it is the same colour, it crosses it only if the basis is
covered. If it is open, the leg has met the basis with which it forms a corner and
it does not cross it. Indeed, from lemma 7, an upper horizontal signal cannot go
from one leg of a trilateral to the other: there must be a triangle of the same colour
in between.

Now, we have to look at the consequences of the synchronization on other
signals: on the green signals and on the horizontal blue and red signals.

The problem is the following. Consider two trianglesA and B of the same
latitude. They belong to the same generationn and they have the same colour. We
may assume thatA is on the left-hand side ofB. Let ι be the isocline of the mid-
distance line ofA andB. From the study of the abstract brackets, we know that
there is a tower of phantoms insideA and insideB, such thatι is the mid-distance
line of the phantoms of the tower. We also know that the same tower is repeated
along ι betweenA and B, possibly several times. Accordingly, there is a green
signal onι insideA and insideB, and also betweenA andB.

A similar problem occurs with the horizontal signals which are emitted by
the right-hand side leg ofA, the vertex being excepted. Symmetrically, the left-
hand side leg ofB emits a horizontal signal of the same colour and on the same
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isoclines of the latitude ofA. The join-tile of figure 7, replicated in appropriate
colours, allows to connect together horizontal signals of opposite lateralities trav-
elling betweenA and B in the appropriate directions and on the same isocline.
Now, the structure of inner trilaterals inside a phantom is the same as inside a tri-
angle of the same generation. Accordingly, the notion of a free row also applies to
phantoms. From lemma 7, if a horizontal signal enters a phantom of its colour on
a free row, we get into trouble for the meeting with the other leg of the phantom.

Both problems can be solved in a similar way.
The idea is toavoid the phantoms as it is not possible to cross them. The

advantage is that the deviated signal does not distrub the construction inside the
phantom. Also, if during the detour, the signal keeps its laterality, it behaves as
if the phantom were not present. In particular, the join-tile can be used for the
connection of the signal with the opposite one coming in front of it, from the
other triangle.

Technically, the solution is the following. The legs of a triangle stop the green
signal which meet them on the mid-distance line, as required by the algorithm of
section 5. Now, at the mid-point of the leg, on the corresponding isoclineι, the leg
triggers anorangesignalσ of its laterality, outside the triangle, sayA. Whenσ
meets the first phantomP on its way, it does not cross it: on the other side of the
leg ofP, there is a green signal. Instead of this,σ climbs up over the left-hand side
leg of P until it reaches the vertex. Then, it goes down along the right-hand side
leg of P until it reaches the isoclineσ. This is easy to recognize: it is the single
tile such that there is a green signal on the other side of the leg. Also, during this
travel along the first half of the legs ofP, σ does not change its laterality. From
this, lemma 7 also applies toσ, which rules out the occurrence of an orange signal
on ι insideP. And so,σ does not disturb the construction insideP. By lemma 7,
we can see thatσ matches its opposite signal onι with the join-tile.

It is not difficult to see that the solution applies to a horizontal blue signal. For
a blue-0 or blue phantom, there is a single free row: the mid-distane line. Accord-
ingly, a horizontal blue signal meeting the leg of a blue-0 or blue phantomP on
an isocline which is not the mid-distance line ofP also meets the opposite signal
coming from a blue-0 or blue triangle inside the phantom. The join-tile solves the
problem if needed. For the blue signal which travels on the isoclineι of the mid-
distance line ofP, its behaviour is exactly that of an orange signal, which solves
the problem.

We remain with the case of a red triangle. This time,ι still denotes the mid-
distance line of the trianglesA andB, and the right-hand side leg ofA emits right-
hand side horizontal red signals on all the isoclines of the latitude ofA, the line of
the vertex ofA being excepted. We have the same situation as with a blue signal
if the signal arrives on an isocline which does not correspond to a free row of the
red phantomP which is first met on the way. If the signal arrives on an isocline
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of a free row ofP, the idea is to collect all the red signals travelling within the
latitude ofP on the isocline of a free row in a single signal, as there are a lot of
free rows in a red trilateral. This single signal has the form of a red signal with
a laterality: that of all the red signals arriving toP. It climbs up over the legs
of P, this time from the vertex to the basis and conversely. Also, the laterality of
the signal is not changed and, when it goes down along the other leg ofP, the
signal sends a copy of itself, outsideP, on each isocline of a free row. In this
way, the red signals which arrive toP and which depart from it on an isocline
of a free row ofP constitute a comb: on one side, the comb gathers the signals,
and, on the other side, it dispatches them. In this way, the avoiding is obtained
without perturbing what happens insideP, and also without disturbing what must
be outsideP. The signal passes as ifPwere not present. We just remark that, as the
laterality is not changed, lemma 7 also applies here. As a consequence, the same
phenomenon may happen insideP, but only within the latitudes of the triangles
which P contains. As the mid-distance line of these triangles are different from
that ofP, the just described phenomenon occurs for the inner phantoms insideP
whose mid-distance line is that ofP. This is conformal with the requirement that
what happens insideP must not be disturbed.

Now, we can conclude that the tiling forces the construction of trilaterals gen-
eration after generation, as indicated by the algorithm of section 5.

7 Completing the proof

7.1 The computing areas

Now, we ignore the blue-0 and the blue triangles, the phantoms of any colour as
well as the parts of the bases of red triangles which are covered. Accordingly, we
focus our attention on the red triangles only.

We have already mentioned that lemma 7 applied to horizontal red signals
allows us to detect the free rows inside the red triangles. We shall agree that a
special signal, the yellow one, without laterality, will mark the free rows of the
red triangles. The set of tiles of lemma 6, see [13, 15], also implements this
detection and the installation of the yellow signal on the free rows.

The free rows of the red triangles constitute the horizontals of the grid which
we construct in order to simulate the space-time diagram of a Turing machine.

Now, we have to define the verticals of the grid to complete the simulation.
They consist of rays which cross8-centres. Figure 8 illustrates the various ways
of their connection with the tile of a border of the tree being on a free row.

The computing signal starts from a the seed. It travels on the free rows. Each
time a vertical is met, which contains a symbol of the tape, the required instruction
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is performed. If the direction is not changed and the corresponding border is not
met, the signal goes on, on the same row. Otherwise, it goes down along the
vertical until it meets the next free row. There, it looks at the expected vertical,
going in the appropriate direction. Further details ared dealt with in [15].
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Figure 8. The perpendicular starting from a point of the border of a triangle which
represents a square of the Turing tape.

On the left-hand side: the case of the vertex. On the right-hand side, the three other
cases for the right-hand side border are displayed on the same figure.

Note that in the case of the butterfly model, see [13, 15], the mechanism of
the orange signal, in particular for crossing legs of trilaterals, forces the green
signal to run over the whole isocline which is the mid-point of the latitude which
contains no triangle.

7.2 The tiles

Within the frame of this paper, it is not possible to exhaustively describe the tiles
needed for the construction which we described. In the reports [15] and in [13],
we give a precise account of the tiles.

Here, we just indicate how to construct the tiles, at the same time giving a way
to describe all the tiles and to count them.

The finite set of tiles which we need to prove theorem 1, consists of two parts.
First, we have the set ofprototiles which forces the construction of the mantilla as
well as the isoclines, the activation of seeds through the isoclines 0 and the spread-
ing of the scent, and then the construction of the interwoven triangles, including
the detection of the free rows in the red triangles.

The second set consists ofmeta-tileswhich, in fact, arevariablesfor tiles, as
the meta-tiles convey the signals directly connected with the simulation of a given
Turing machine. In the actual construction, the meta-tiles replace a part of the
prototiles: they replace all the prototiles which are placed on an element of the
computation: either the tiles which convey the computing signal, or those which
convey the evolution of each square of the Turing tape. But the replacement is
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not systematic: the precise interval of a free row where a computing signal occurs
depends on the simulated machine.

In each set, the tiles are constituted of a tileα or β on which we superpose
several signals. There are horizontal and vertical signals. The horizontal signals
can be viewed aschannelswhich run along the path of the isocline inside the
tile. We know that each tile has a top part and a bottom one. By definition, the
top is determined by the side to the father to which we assign the umber 1. By
numbering the other sides from 2 up to 7 by counter-clockwise turning around the
tile, we define alocal numbering. In this numbering, the isocline goes from the
side 2 to the side 7 in a white tile and it goes from the side 3 to the side 7 in a black
one. For upper signals, the channel is above the isoclines. A basis runs below the
isocline. The green and orange signals run on the same channel which is above
the isocline and below the channel for a horizontal red or blue signal.

We have two main kinds of verticals: the legs of a trilateral and the verticals
for the computing grid. The signals of the legs always cross black tiles. Right-
hand side legs go from the side 2 to the side 6 and left-hand side ones go from
the side 1 to the side 4. From this, we notice that a tile of a leg always knows its
laterality and, also, which of its sides are inside the trilateral and which are outside
it. The vertical signals for the grid go through8-centres. In an8-centre, the signal
goes from the side 2 to the side 5 in terms of the local numbering. In the next
petal, it goes from the side 1 to the side 4. In the following tile, it goes from the
side 1 to the side 6, from wich it again enters an8-centre, through its side 2.

We have three colours for the trilaterals: blue-0 for the generation 0, blue for
the even generations and red for the odd ones. Legs of triangles are represented
by a thick signal, those of phantoms by athin one. First halves of legs are dark
and second ones are light in blue-0 and blue trilaterals. In red trilaterals, we use
the opposite convention: the first half is light and the second one is dark. The tile
of figure 7 defines the general patterns to indicate the laterality of a signal. These
patterns are given the colour of the corresponding signal.

Then, the most intricate task comes: the superposition of all these kinds of
signals. This can be precisely described and counted, as performed in [15, 13].

With this, we completed the proof of theorem 1.

8 A few corollaries

The construction leading to the proof of theorem 1 allows to get a few results in
the same line of problems.

As indicated in [3, 4], there is a connection betweenGT P and theHeesch
number of a tiling. This number is defined as the maximum number ofcoronas
of a disc which can be formed with the tiles of a given set of tiles, see [9] for more
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information. As indicated in [4], and as our construction fits in the case of domino
tilings, we have the following corollary of theorem 1.

Theorem 2. There is no computable function which bounds the Heesch number
for the tilings of the hyperbolic plane.

The construction of [12, 14] gives the following result, see [16, 19].

Theorem 3. The finite tiling problem is undecidable for the hyperbolic plane.

Combined with the construction proving theorem 3 and a result of [20], the
construction of the present paper allows us to establish another result, see [17].

Theorem 4. The periodic tiling problem is undecidable for the hyperbolic plane,
also in its domino version.

In this statement,periodic means that there is a shift which leaves the tiling
globally invariant.

At last, in another direction, we may apply the arguments of Hanf and Myers,
see [5, 21], and prove the following result, see [15].

Theorem 5. There is a finite set of tiles such that it generates only non-recursive
tilings of the hyperbolic plane.

9 Conclusion

According to the estimations of [15, 18], the number of tiles is huge. Taking
into account the changes introduced in [18], a new counting indicates that we
need 18,856 prototiles and 4,006 meta-tiles. This will precisely be presented in a
forthcoming paper.

Of course, we may wonder whether the number of tiles can be reduced. This
might be possible by a small tuning of the present signals. For instance, we could
forbid yellow rows on the mid-distance line of a red triangle. But the advantage
would not be that important. Moreover, an attentive look at the tiles indicates that
the reason of the big number of tiles lies in lemma 4. A consequence of the lemma
is the important number of passive tiles connected with the isoclines which do not
bear the construction signals. And so, a significant reduction of the number of tiles
could be reached by a new, simpler setting. Professor Goodman-Strauss advised
me to do so. In fact, recently, I realized that this is possible. I have not the room,
here, to explain the idea. It is interesting to notice that this simplification allows
to implement a similar implementation of the interwoven triangles in both the
ternary heptagrid and in the pentagrid. But more than one third of the prototiles is
needed for conveying and controlling the synchronization signals.
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Another consequence could be derived from the construction. At first glance,
lifting the abstract brackets to the interwoven triangles seems to be a purely Eu-
clidean construction. However, it seems to me that the possibility to transfer the
construction to the hyperbolic plane has an important meaning. From my hum-
ble point of view, this construction, which looks like purely Euclidean, is indeed
within the scope of absolute geometry. It mainly requires Archimedes’ axiom.
Absolute geometry itself has no pure model: a realization is necessarily either
Euclidean or hyperbolic. We suggest to conclude that, probably, the extent of
absolute geometry is somehow under-estimated.
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Readers are invited to send comments, and to send exercises, even if they
don’t know the answer. Write to Laurent.Rosaz@lri.fr.

81 Earth rotation

How long is an earth rotation ? Give the answer with a 1 minute precision.
Note : 24 hours is not the good answer !

82 Faces, edges of then-cube

A 3-cube hasX3
0 = 8 vertices,X3

1 = 12 edges,X3
2 = 6 faces andX3

3 = 1 volume. A
2-cube, that is a square, hasX2

0 = 4 vertices,X2
1 = 4 edges andX2

2 = 1 face.
What is the formula hidden behind these numbers ?
That is, generalizeXn

p for every 0≤ p ≤ n and find a fornula for it.

S  P P

80 A square grid to fill

Put the numbers from 1 ton2 in ann × n grid. ConsiderM the maximum of the
differences of the values of next to each other slots (one above the other slots, or
one on the left of the other slots). It is very easy to manage to getM = n. Is it
possible to getM < n ?

Solution
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To begin with, it is easy to see thatM must be larger than aboutn/2 : Number 1
must be somewhere in the grid, as well as numbern2. There is a path from 1 ton2

of length at most 2n. If the value change is always less thann/2, the path is too
short to perform the change from 1 ton2.

To prove thanM must be larger or equal ton, consider the three setsA =
[1, (n2 − n)/2+ 1], B = [(n2 − n)/2+ 2, (n2 + n)/2] andC = [(n2 + n)/2+ 1,n2].
Observe that ifM < n, there cannot be any contact betweenA andC, so that the
“frontier” of A is made of elements inB. Now, A is large andB is not. Play a
little with it, try to put all the elements inA in a surface with a frontier as small as
cardinal ofB. You will get quickly convinced it is impossible (basically because
B is too small to go from one side of the grid to the opposite side. The best way to
putn− 1 elements to delimit a large surface is to put them just above a diagonal).
To prove it properly is technical and boring, I won’t do it.
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R  ICALP 2007 / LICS 2007

34th Intl Colloquium on Algorithms, Languages and Programming
and

22nd Annual IEEE Symposium on Logic in Computer Science

8–15 July, 2007, Wrocław, Poland

Manfred Kudlek

ICALP 2007, the 34th in this series of conferences on theoretical computer sci-
ence, took place from July 9-13, 2007, together with the workshops from July 9-
15, 2007, at Wrocław, the first time in Poland. It was co-located with LICS 2007,
held from July 10-14, 2007, PPDP 2007 (9th ACM-SIGPLAN International Sym-
posium on Principles and Practice of Declarative Programming), and LC 2007
(Logic Colloquium) which took place from July 14-19, 2007. There were also 9
joint ICALP/LICS satellite workshops. Conference site was the just 2 weeks be-
fore finishedInstytut Informatyki Uniwersytetu Wrocławskiego (Institute of Com-
puter Science, University of Wrocław). All conferences and workshops took place
there.

W (V, B) is an old town with many historical buildings
many of them having been damaged at the end of the second World War, but care-
fully reconstructed. Among them is the Town Hall (R) and the University
Main building (U L V) in Baroque style. It was
inaugurated in 1702 in a former Jesuit College.

The conferences were organized by Institute of Computer Science, Univer-
sity of Wrocław. The Organizing Committee consisted of J M
(chair), M B́ (), A J̇, T J́,
E K́ (LICS), P K (LC), K L́, A
M̧, P R (PPDP), P W ( ),
and A C, M F́, A F, A K-
̇, P L́-G, M S́, and K J.

ICALP 2007, LICS 2007 were sponsored by U W,
C  W, ICALP 2007 also by EATCS, and LICS 2007 also by IEEE
Computer Society.

ICALP and LICS together were attended by 255 participants, including also
7 local organizers, together with the workshops by 320. Details are given in the
following table where (I,IL,L) means participants for (ICALP, ICALP and LICS,
LICS) or for (ICALP, ICALP and LICS, LICS) and workshops, respectively, W
for workshops only, and IT=I+IL, LT=L+IL.
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C I IL L W IW LW C I IL L W IT LT
AU 3 3 IL 6 1 1 7 2
BE 5 1 1 6 2 IN 1
CA 6 2 4 2 8 6 IT 5 3 4 3 8 7
CH 3 1 1 4 2 JP 5 2 2 5 7 4
CL 1 1 2 NL 1 2 3 1 3 5
CN 1 1 NO 2 2
CZ 1 2 1 3 PL 25 19 5 44 24
DE 13 4 4 13 17 8 RO 2 1 2
DK 3 3 SE 2 1 2
EE 1 1 SK 1 1 1
ES 1 1 2 2 1 TR 1
FI 1 1 1 1 2 TW 2 2

FR 8 8 7 14 16 15 UK 6 12 16 13 18 28
GR 4 4 US 26 6 6 5 32 12
HK 1 1 Σ 127 65 63 65 192 128

The scientific program of ICALP 2007 consisted of 6 invited lectures (2 joint
with LICS), 1 special talk, and 76 contributions, selected from 240 submissions.
coming from 37 countries. 4 papers were withdrawn, 1 more in track A after
acceptance. Details on number of authors and distribution by countries for all
tracks are given below. The program was divided into 27 sessions (15 in track A,
8 in B, 4 in C), sometimes 3 in parallel, 6 plenary sessions (2 joint with LICS), as
well as 1 special session. The entire program of all conferences and the workshops
can be found athttp://icalp07.ii.uni.wroc.pl/.

The following tables give the statistics by number of authors (S submitted, A
accepted, W withdrawn) in all tracks and total (1 paper in track A was withdrawn
after acceptance), and by countries (C country, I invited, (A,B,C)S submitted,
(A,B,C)A accepted:

A B C Σ

S A S A S A S A
1 33 3 18 4 2 53 7
2 51 17 19 11 17 5 87 32
3 40 11 15 5 11 4 66 20
4 20 9 6 3 3 1 29 13
5 3 1 1 4 1
6 1 1 1 1

148 42 58 24 34 11 240 77
W 1 1 2 1 4 1
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C I AS AA BS BA CS CA ΣS ΣA
AU 11

12
1
8 11

2 1 1
2 3 5

12
5
8

BE 21
4 11

4
1
3

1
3 2 7

12 1 7
12

CA 1011
12 23

4
1
3

1
3 2 1 131

4 4 1
12

CH 3 2
3 21

4
1
4 11

2
1
2 63

4 1 5
12

CL 2
3

2
3

2
3

2
3

CN 33
4

1
2 5 3 113

4
1
2

CY 1
3

1
3

CZ 1
2

1
4

1
4

3
4

1
4

DE 211
2 711

12 7 7
12 43

4 29 1
12 122

3

DK 1 1
3

1
3

1
4 1 1 7

12
1
3

EE 1
3

1
3

1
3

1
3

ES 15
6

2
3

7
12

7
12 2 5

12 11
4

FI 1 1

FR 63
4 21

4 8 1
12 41

4 2 165
6 61

2

GR 1
3 42

3 13
4 42

3 13
4

HK 11
6

1
2 11

2 22
3

1
2

IE 1 1

IL 1
6 19 9

10 6 1
15

1
3 11

4 11
4 2129

60 719
60

IN 31
5

1
10

1
3 1 4 8

15
1
10

IS 1
4

1
4

IT 23
4 11

6 3 7
12 11

2 1 71
3 22

3

JP 6 1 2 1 1 1 9 3

KR 4 1 5

MX 1
2

1
2

MY 1 1

NL 5
6

1
4 22

3
2
3 31

2
11
12

NO 2
3 1 8

15
3
10 1 8

15
3
10

NZ 1
2

1
2

PL 31
4 11

2
1
2 1 53

4
1
2

PT 3
4

3
4

RU 1 1

SE 11
3

3
4 2 1

12

TH 1
3

1
3

1
3

1
3

TR 7 7

TW 11
4 11

4 1 21
4 11

4

UK 1 419
20 123

40 411
12 411

12 1 1013
15 6 59

120

US 25
6 315

6 125
6 101

3 23
4 14 1

12 6 1
12 561

4 212
3

Σ 6 148 42 58 24 34 11 240 77
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There were 117 submissions for LICS, from which 39 were accepted, plus 5
short presentations.

C I S A P C I S A P C I S A P
AT 1

4 DE 9 5
6 PL 3 8

15 1 8
15 1

AU 54
5

4
5 1 DK 11

2 RO 11
4

BD 1 ES 21
2

1
2 SE 22

3

BE 5
6 FI 5

6
1
3 SG 11

2

CA 511
15 42

5 FR 2
3 21 1

12 65
6 UA 1

CH 1
3

1
3 IL 1

6 3 UK 51
3 211

5 65
6 1

CL 1
3

1
3 IT 121

3 32
3 1 US 25

6 111
5 237

60 1
CN 31

2 JP 12
3

2
3

CZ 5
6 NL 1 311

12 1 5
12 Σ 10 117 39 5

The scientific program of LICS consisted of 10 invited lectures (2 joint with
ICALP, 6 joint with LC), 2 special talks, 39 contributions selected from 117 sub-
missions, and 5 short papers, presented in 13 sessions of full and 2 of short papers.
The invited talks were in plenary sessions, either for LICS or joint with ICALP or
LC.

The scientific program of PPDP 2007 consisted of 1 invited lecture and 13
contributions.

All talks in ICALP and LICS were presented, although some not by their
authors.

There were 9 joint ICALP/LICS satellite workshops, attended by 112 partici-
pants:

FCS/ARSPA 2007- 2nd Joint Workshop on Foundations of Computer Secu-
rity and Automated Reasoning for Security Protocol Analysis

WCAN 2007 - 3rd Workshop on Cryptography for Ad-hoc Networks
GOCP 2007- 1st International Workshop on Group-Oriented Cryptographic

Protocols
PAuL 2007 - 2nd International Workshop on Probabilistic Automata and

Logic
SOS 2007- 4th Workshop on Structural Operational Semantics
TRSH 2007- Workshop on Theory of Randomized Search Heuristics
LCC 2007 - 9th International Workshop on Logic and Computational Com-

plexity
DCM 2007 - 3rd International Workshop on Development of Computational

Models
TMCNAA 2007 - Workshop on Traced Monoidal Categories, Network Alge-

bras, and Apllications
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Date, number of invited talks (I), contributions (C), and participants (P) are
given in the following table.

WS 7. I C P WS 7. I C W
FCS/ARSPA 8 1 9 16 TRSH 14-15 9 12
WCAN 8 6 5 LCC 15 4 5 21
GOCP 9 2 7 11 DCM 15 1 10 13
PAUL 9 1 4 14 DCM/TMCNAA 1
PAUL/SOS 1 TMCNAA 15 7 2 11
SOS 9 1 8 15

ICALP 2007 was opened on Monday morning by JM, show-
ing a GoogleEarth picture of the conference site with old baracks (the new build-
ing was finished only two weeks before), and welcoming the participants.

The first invited ICALP talk by B C on ‘Ushering in a New Era
of Algorithm Design’was a very good overview on that topic. He started with a
question from King Kong‘If Google is a religion, what is God?’and‘Every lec-
ture should make only one point, and keep in time. I am out of both.’He talked on
low energy, noises (showing a monkey at typewriter or ‘cryptographer at work’),
and science of the formula as in physics, chemistry, astronomy or in genomics,
neuroscience, and networkonomics, finishing withDziȩkuje. Unfortunately there
is only a short abstract in the proceedings.

I D, in the second ICALP one on‘A “Proof Reading” of Some
Issues in Cryptography’or ‘Has Provable “Security” Proved to be Good for Any-
thing?’, gave an excellent overview on security problems, ending with‘How to
proceed in research and practice?’and the conclusion‘Provable security proved
useful’.

T C. H, with the first invited LICS lecture‘The Kepler Conjecture
and the Flyspeck Project’, or ‘A Collection of Problems in Geometry’, presented
a very good introduction into the history and solution of the conjecture, finally
published in 2006.

F B. S presented a nice third invited ICALP talk with
‘Credentials-Based Authorization: Evaluation and Implementation’on problems
of authorization in the context of the Nexus OS, and ways to solve them as with
credentials, certain logics and proof methods, as well as the open question of
completeness. Unfortunately the proceedings contain only an abstract.

F V. F (co-authors FD, DM. T) gave a fast
fourth invited ICALP lecture‘Subexponential Parameterized Algorithms’, starting
with the problem of placing fire brigade stations in Bergen, talking on frameworks
for parallel algorithms as combinatorial bounds and dynamic programming, and
algorithms on planar graphs.
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The second invited LICS talk‘Reflections on Finite Model Theory’by
P G. K was an excellent overview on the history and importance
for LICS of that field. He started with‘What is FMT?’and finished with‘FMT is
a very good prison for me’.

G D. P with the fifth ICALP/third LICS invited lecture‘The Al-
gebraic Theory of Effects’gave an excellent presentation on functional program-
ming, relations between type theory, proof theory and categorial logic, on non-
pure computation, interactive IO, deconstructors, algebras and co-algebras, logic
for programming languages, logic for effects, Scott/Milner LCF, dynamic logic.
He started with‘Some important ideas have never been published’and finished
with ‘To do many things as operational semantics, Hoare logic, modularity in con-
currency’. Unfortunately, his paper is neither contained in the ICALP nor LICS
proceedings.

With the sixth ICALP/fourth LICS invited talk‘Highly Efficient Secrecy-pre-
serving Proof Correctness of Computations, and Applications’M O. R
gave an excellent presentation on zero-knowledge proofs, multipartive computa-
tion, and on a highly efficient method to prove correctness of computations pre-
serving secrecy of input (‘Wiping out traces in the sand’), verifying value con-
sistency (‘OK? Elementary, Dr. Watson!), done in an evaluator model. He also
presented an application to auctions, giving shocking experimental results for 100
bidders, finishing with‘Who is first bidder for question?’.

There were other 6 joint LICS/LC invited lectures
M H (co-authors R H, P-A́ M̀), gave an ex-

cellent talk with‘Combinatorics of Proofs’or ‘Categorial Combinatorics for In-
nocent Strategies’, referring to a talk at LC 31 years ago, reflecting onextreme
abstractions as category theory, game semantics, and linear logic, and finishing
with ‘I hope this style of approach will extend’.

R I, with ‘Skolemization in Constructive Theories’, had a nice
presentation on an alternative to Skolemization implying an analogue to Her-
brand’s theorem.

Another good presentation was given by A S with ‘Non-well-
founded Proofs’or ‘Formal Borel Sets (A Proof-theoretic Approach)’on domain
theory, topological models, and probabilistic models, concentrating on proof the-
ory and locality of random sequences.

An excellent presentation‘Higher-order Matching, Games and Automata’
with colourful slides was given by C S on model checking of higher
order schemes, application of tree automata, higher order unification, and relation
between model and satisfiability checking.

C C (with co-authors J B, D D, P
O’H, M P, V V, H Y) gave a nice



257 257

257 257

The Bulletin of the EATCS

249

talk with ‘Can Logic Tame Systems Programs?’on designing and implementing
tools for automatic reasoning about safety of systems programs.

A good presentation was given by M́ E́ with ‘Infinite Sets that
Admit Exhaustive Search I’, referring to part II as most highly rated paper in
LICS 2007, on relations between topology and computability as continuous, open,
clopen, discrete, Hausdorff, compact vs. computable, semi-decidable, decidable,
semi-decidable equality, semi-decidable compactness, exhaustively searchable,
respectively. He finished with‘This conjecture which is in the paper is proba-
bly wrong’.

Abstracts of these 6 talks can be found in the abstract book of LC.
Also to mention are three special award lectures. The EATCS D

A, after a short introduction by W T on the scientific work, was
given on Monday afternoon to D S S. The awarded then presented
an excellent lecture‘Looking to the Future’in which he started with a list of
previous winners, all good friends of him, and particularly congratulating M
R. He continued withvery many funny things, what is going to be the next
big thing (solving P=NP?, building a quantum computer?), and what are not next
big things (aesthetic, natural, pervasive computing, stream computing theory).
The next big thing (‘That’s it!’ ) is multicore computing having no tools yet. He
than gave a short history of computers, its main frames until web computing and
the return of supercomputers for parallel computing, finishing with‘It’s time for
EATCS to move into the Real World!’.

Two LICS T--T A (for papers 20 years ago) were distributed
on Tuesday afternoon. One was presented to S A for his paper
‘Domain Theory in Logical Form’, who then gave a very nice lecture on‘Domain
Theory in Logical Form: 20 Years Later’, talking on precursors and successors in
the field and ending with personal reflections like‘Now it can be solved! A quirky
fact’ (not having PhD thesis at hand), that a PhD thesis is not a life sentence, and
the importance of LICS.

The other one was presented to G D. P for the paper‘A Frame-
work for Defining Logics’(co-authors R H, F H). The
awarded then gave a very good talk on‘Local Frameworks, Initial Ideas, and
Further Development’, as on logical frameworks, Martin Löf theory, type sys-
tems, and what happened next to Edinburgh, at other places, and what is done
now.

The winners of the best ICALP papers were J-Y C, P L for ‘Holo-
graphic Algorithms: The Power of Dimensionailty Resolved’in track A, B
B, J B for ‘A Generalization of Cobham’s Theorem to Au-
tomata over Real Numbers’in track B, and TM, M N, G S for
‘Deterministic History-independent Strategies for Storing Information on Write-
once Memories’in track C. Unfortunately, those from track C could not be present,
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their paper being well presented by T M, but J-Y C and B
B gave excellent presentations of their papers.

The winner of the K Award for the best student paper in LICS, selected
from 5 candidates, was N T for ‘Full Abstraction for Nominal Gen-
eral Reference’.

Among the very many good other contributions only few, personally inter-
ested, can be mentioned here. Thus there were very good and interesting pre-
sentations by P B̈ on new complexity classes over the reals induced
by exotic quantifiers, by M B on computational complexity of con-
straint problems over infinite domains, by L B on relations between
data compression and Kolmogorov complexity, and by T C on de-
terministic Ramseyan factorization and its application to monadic logic and inifi-
nite structures.

LS̈, introduced anirwana statein his talk on modal logic of Segala
system, and C-K H caused D S to give the advice‘Don’t show
with laser to audience’.

Also to mention is the excellent invited lecture‘Copy-cat Strategies and Infor-
mation Flow in Physics, Geometry, Logic and Compuation’by S A
in DCM, talking on emergence, cloning and relations between linear and classic
logic, quantum and classical physics, linear time and computational universality.

In TCMNAA 7 good and interesting invited lectures were presented:
M H with ‘On Traced Monoidal Closed Categories’, P O
with ‘Hoare Logic in the Abstract’, P P with ‘ Traces, Kahn
Networks and the Geometry of Interaction’, G Ş̆ with ‘Streams,
Network Algebras, and Interactive Systems’, Gordon Plotkin with‘Completness
of TMC’s wrt. FDVec’, D̌ P́ with ‘Traces of Intruders II: From Copy-
cat, through Man-in-the-middle, to Automated Turing Test’, and M H
with ‘Categorial Aspects of the Trace’.

A highlight was the ceremony in the Baroque A L of the Main
University Building on Thursday afternoon to award the degree ofDoctor Ho-
noris Causato M O R who was born in B in 1931. It
started with the entry of university professors guiding M R, all in tradi-
tional Academic dresses. L P, the university rector, welcomed the
awarded, his wife R and sister M B-P, and referred to a ceremony
on October 14, 1913, granting the PhD in literature to E H, Michael Rabin’s
mother. T R, Dean of Faculty of Mathematics and Computer Science,
presented Michael Rabin’s Curriculum Vitae. After that, L P, in
Latin and English, presented the Dr. H.c. to the awarded. Michael Rabin then
expressed his personal feelings on science, talked about the start of his scientific
life, mentioned Kleene’s bookMetamathematics, on a dialogue when asked by a
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biology professor (‘What do you want to study? - Foundations of Computing -
What are they usefuk for? - Use in Biology - That will never happen!), that his
early results in computer science have been absolutely disregarded by mathemati-
cions, the influence by A  and A M, randomizing for
primality test, and his marriage and daughter. He finished with‘Not study for
prices but learning of its own’. The ceremony was accompanied by an Academic
student choir, singing in Polish, English and Latin.

The proceedings of ICALP 2007, edited by L A, C C,
T J́, and A T, have been published as Springer
LNCS 4596. They contain the 2 invited papers by D, F, and abstracts
of those by C, S, and all other contributions. The proceedings of
LICS 2007, edited by LO, have been published by IEEE Computer Society.
They contain the invited papers by H, R, K, S, H, and
all other normal contributions.

The EATCS General Assembly was held on Tuesday late afternoon. On it
there is a separate report. T H got an EATCS button by the author
of this report for having reached more than 5 full papers on ICALP’s. Each of the
four editors of the proceedings received a button, too. The current state of busy
contributors to ICALP’s is given in the table below.

The social program started on Tuesday evening with a welcome reception in
the Baroque OM in the Main University Building, with cold and
warm buffet, and drinks. L P, the rector of the university, announced
a speech of only 45 minutes on the university, its history and buildings, but it
lasted only a few minutes, including the welcome for the participants of ICALP
and LICS. G A thanked the organizers. It ended by 22 h.

Because of some rain on Wednesday the excursion to the southwest of
Wrocław was slightly changed, cancelling the visit ofŚ̧̇ mountain where a
picnic and a 2 hour hiking tour had been planned. We first visited the Peace
Church atŚ commemorating the 30 years war peace treaty in 1648. It is
constructed entirely from wood and was finished within one year in 1657. Later
we had a guided tour through a part of a huge tunnel system in the S moun-
tains near O́, built by prisoners of the Nazi regime in the 1940’s, of whom
only few survived the hard conditions. The last stop was at PW near
N, with an Arboretum. There also a BBQ party was offered, with typical
Polish dishes as P, B and draft Polish beer. It was about 23 h when we
returned to Wrocław.

On Thursday evening a cocktail party was given in the Town Hall of Wrocław,
with cold, warm buffet and drinks, and Polish dishes again. The Lord Mayor
R D, with PhD in Logics, having prepared a speech of 23 pages,
but didn’t use it and welcomed us and in particular M R, talking about
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Kurt Mehlhorn 11 ICALP Contributors

Jean-Eric Pin 101
2

Juhani Karhumäki 9 7
60 Arnold Schönhage 5

Zvi Galil 8 Thomas Henzinger 5

Amir Pnueli 71
2

Mihalis Yannakakis 7 5
12 Dominique Perrin 45

6

Philippe Flajolet 71
4 Zohar Manna 45

6

Grzegorz Rozenberg 7 Juraj Hromkovǐc 4 7
10

Paul Vitányi 611
12 Denis Thérien 4 7

12

Claus-Peter Schnorr 61
2 Moshe Vardi 4 7

12

Torben Hagerup 61
2 Manfred Droste 41

2

Géraud Sénizergues 61
2 Robin Milner 41

2

Karel Čulik II 6 David Peleg 4 9
20

Walter Vogler 6 Ming Li 4 5
12

Christos Papadimitriou 55
6 Maurice Nivat 41

4

John Reif 53
4 Moti Yung 41

4

Joost Engelfriet 51
2 Volker Diekert 41

6

Matthew Hennessy 51
2 Piotr Berman 41

6

Arto Salomaa 51
2 Marek Karpínski 41

6

Juris Hartmanis 51
3 Thomas Wilke 41

6

Andrzej Lingas 51
3 Christophe Reutenauer 4

Burkhard Monien 519
60 Marcel Paul Schützenberger4

Michael Rabin 51
3 Davide Sangiorgi 4

Ronald Book 51
4 Leslie Valiant 4

Christian Choffrut 5 Colin Stirling 4

the town. M R, born in B (the German name of the town) in
1931, accompanied by his wife R and his sister M B-P, briefly
talked about changing names. During the party the group C P R (4
seasons) was playing classical music. It ended around 22 h.

Following the Honorary PhD ceremony for Michael Rabin another reception
was given in Oratorium Marianum on Friday evening.

On Sunday evening a reception of ASL took place in the Botanical Garden,
also with cold and warm buffet, and drinks.

There were 40 PC’s for access to Internet. Again, S and E were
present with book exhibitions, as well as G.

Lunch was served in the restaurant of the Informatics Institute.
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Most participants stayed in hotels HP P P, J P 2 P’
H, T, P, D, Z, C, and the student residence
O.

The temperatures the day before ICALP started were around 35◦ but went
down considerably to less the 20◦, with rain. Only on Friday noon it became
summer again with more than 30◦.

Altogether, ICALP, LICS, PPDP, LC, and the workshops were sucessfull, of
high quality, well organized, with quite a number of highlights. The atmosphere
was relaxed. Next ICALP will be held in R́ on Iceland, from July 6-13,
2008.

D W  V ́ R́.
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Pictures from LICS&ICALP 07 (by M. Kudlek)

Jerzy Marcinkowski Bernard Chazelle Lars Arge

Ying Xu Stephanie Naewe Rudy Raymond

Ashley Montanaro Matei David Ming-Yang Kao
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Hsin-Lung Wu Karl Wimmer Peter Bürgisser

Ivan Damgård Christian Cachin Tal Malkin

Payman Mohassel Aggelos Kiayias Lior Malka
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Thomas C. Hales Martin Abadi Magdalena Grüber

Fred B. Schneider Lutz Schröder Richard Min

Manuel Bodirsky Anuj Dawar Nicole Schweikardt
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Fedor V. Fomin Chung-Kil Hur Tarmo Uustalu

Pinyan Lu (track

A best paper)

Laurent Bienvenu Gary Miller

Sylvain Schmitz Takashi Suto Phokion Kolaitis
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Balder ten Cate Bernard Boigelot

(track B best paper)

Vinayak Prabhu

Marcin Jurdziński Wies law Zielonka Gordon Plotkin

Henrik Björklund Wong Karianto Pablo Barcelo
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Thomas Colcombet Michael Rabin Salvatore La Torre

Gennaro Perlato Steffen Lempp,

opening of LC

Leszek Pacholski,

opening LC

Andrew Pitts Martin Hyland Rosalie Iemhoff
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Alex Simpson Colin Stirling Cristiano Calcagno

Martı́n Escardó Samson Abramsky Ian Mackie

Ellie d’Hondt Simon Perdrix Elham Kashefi
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Pablo Arrighi Philip Scott Prakash Panangaden

Gheorghe Ştefănescu Masahito Hasegawa Pablo Oliva

Gordon Plotkin Peter Hines Duško Pavlović
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Awards and Prices

Peter Hyland Giorgio Ausiello Christian Cachin

Jin-Yi Cai, Pinyan Lu Andrzej Tarlecki,

Giorgio Ausiello,

Bernard Boigelot,

Julien Brusten

Dana Scott,

Giorgio Ausiello,

Wolfgang Thomas

Wolfgang Thomas,

Catuscia Palamidessi,

Prakash Panangaden

Martin Abadi,

Gordon Plotkin

Samson Abramsky,

Gordon Plotkin
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Wolfgang Thomas Dana Scott Luke Ong

Samson Abramsky Gordon Plotkin Mohammad Reza Mousavi

Receptions and Excursions

Paul Spirakis Lord Mayor Rafa l

Dutkiewicz

Jean-Pierre

Jouannaud and wife
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Leszek Pacholski,

Giorgio Ausiello

Manfred Kudlek Phokion Kolaitis,

Lauri Hella

Michael Rabin,

Leszek Pacholski

Michael Rabin,

Rafa l Dutkiewicz,

Leszek Pacholski

Miriam Ben-Peretz,

Ruth Rabin

Michael Rabin, Dana

Scott, Ruth Rabin

Paul Spirakis,

Giorgio Ausiello

Leszek Pacholski,

Michael Rabin

Prakash Panangaden,

Astrid Kiehn

Mariangiola Dezani,

Pierpaolo Degano

Branislav Rovan,

Jean-Pierre Jouannaud
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Quartet Cztery Pory Roku Aula Leopoldina Students Choir

Michael Rabin

receiving Hon. PhD

Ruth and Michael Rabin,

Leszek Pacholski

Michael Rabin

Prakash Panangaden,

Samson Abramsky

Gordon Plotkin, Dana

Scott, Samson Abramsky

Bakh Khoussainov,

Petr Hájek

Gheorghe Ştefănescu,

Samson Abramsky

Chairlady Anna

Lysyanskaya

Anuj Dawar, Martin

Hyland, Leszek Pacholski
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R  AGT 2007

Algorithmic Game Theory workshop, Warwick, 2007

Mary Cryan, University of Edinburgh

The University of Warwick, which has a long-standing history in Algorithms
& Complexity, was recently awarded an EPSRC/HEFCE grant to establish a new
Centre for Discrete Mathematics and its Applications (DIMAP). The support
given has enabled the establishment of one Professorship in Computer Science,
three permanent lectureships (in Computer Science, Mathematics, and Operations
Research), and the appointment of several postdoctoral research fellows and PhD
students. DIMAP also has plans to hold workshops, and host visitors, in the area
of Discrete Algorithms. More details can be found on the DIMAP website, at
http://www.dcs.warwick.ac.uk/dimap/.

This “conference report” is reporting on the first DIMAP event, the interna-
tional workshop on Algorithmic Game Theory (AGT), which was held during
March 25 - 28th, 2007. The AGT workshop took place in the (relatively) new
Mathematics and Computer Science buildings on the University of Warwick cam-
pus, located in the West Midlands region of the UK. The five keynote speakers for
the workshop were Noam Nisan, Christos Papadimitriou, Tom Roughgarden, Eva
Tardos and Vijay Vazirani. There were 23 other invited speakers, including many
well-known figures from the world of Algorithmic Game Theory. Added to this
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were many students, faculty and researchers from the UK, Europe, and the rest of
the world, making a total of about 75 enthusiastic participants.

The workshop started early on the morning of Sunday 25th, with Uri Zwick
giving the opening talk on “Simple Stochastic Games, Mean Payoff Games and
Parity Games”, standing in for keynote speaker Vijay Vazirani, whose plane had
been delayed. Vijay eventually arrived after lunch, and in the afternoon presented
his talk about algorithms for computing equilibria in classical and modern mar-
kets, including some applications for Google’s AdWords. The day’s program
ended with two talks on unrelated machine scheduling, by Yossi Azar and Elias
Koutsoupias. The evening meal took place in Radcliffe House on campus.

The first talk on Monday was given by Éva Tardos, who presented game the-
oretic results for price-setting in Networks in a perfect-information setting. The
main theme on Monday was Nash Equilibria, and in particular different notions
of approximation for Nash Equilibria. Kousha Etessami discussed the complex-
ity of finding an ε-close approximation to a Nash equilibrium vector, and related
this problem to the Sqrt-Sum problem. After lunch Christos Papadimitriou pre-
sented work on a different notion of approximation: the ε-approximate Nash
Equilibrium (where no player may improve by more than ε by changing strat-
egy). He discussed this problem in the context of pure and mixed strategies. For
mixed strategies, there is no PTAS for this problem unless PPAD=P; however
a 0.38-approximation is known to exist. In the afternoon, Paul Spirakis contin-
ued the subject of ε-approximate NE, in particular well-supported ε-approximate
NE. On Monday evening there was a short reception to mark the official opening
of DIMAP, followed by a panel discussion on the future of Algorithmic Game
Theory. Members of the panel had differing opinions on the amount of remain-
ing work to be done on Algorithmic Game Theory; however everyone was able
to come up with open problems. These varied from specific questions such as
resolving the approximation status of the ε-approximate NE problem, to Frank
Kelly’s hopes for a game-theoretic solution to the problem of email spam.

Tim Roughgarden kicked off Tuesday’s program with a talk about Moulin
Mechanisms with low social cost, giving a broad overview of what has been done
in this area, as well as presenting recent results for the network design problem.
Most of Tuesday’s talks continued on the theme of network design and congestion
in networks. Talks ended early at 3pm for the workshop excursion to Kenilworth
Castle, a large ruined castle about 3 miles from the University. It was a sunny day
so we spent a couple of hours looking through the buildings and walking round
the gardens. After that we took the scenic route (via a pub) to the Cross restaurant
in Kenilworth town, where an excellent dinner was served.

The final set of talks took place on Wednesday morning. The last talk of the
workshop was given by Piotr Krysta, who spoke about approximation algorithms
and NP-hardness results for different multi-product pricing systems.
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I have only mentioned a few of the talks in this report. The complete and final
schedule of the workshop (with slides for each of the talks) can be seen at http:
//www.dcs.warwick.ac.uk/dimap/EVENTS/AGT-2007/schedule.html.

The AGT workshop organisers were Artur Czumaj, Marcin Jurdzinski, Mike
Paterson, and Rahul Savani, all from the University of Warwick. They did an ex-
cellent job of taking care of registration, email facilities, and showing us around
Kenilworth on Tuesday. Many participants were captured on camera by Artur
Czumaj, Mike Paterson and Michal Rutkowski. The photos appear online at
http://www.dcs.warwick.ac.uk/~agt2007/GALLERY/
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R WG 2007

The 33rd International Workshop on
Graph Theoretic Concepts in Computer Science

Fedor V. Fomin

From June 21 – 23, 2007, the 33rd International Workshop on Graph-
Theoretic Concepts in Computer Science, WG 2007, took place in a nice castle
at Dornburg (which is near Jena), Germany.

The program consisted from 30 regular (out of 99 submissions) and 2 invited
lectures. The invited talks were given by Ming-Yang Kao on Algorithmic DNA
Assembly and by Klaus Jansen on Approximation algorithms for geometric inter-
section graphs. There were 73 participants.

Each of the 30 accepted papers was presented at the meeting. The talks showed
a variety of topics concerning graphs, with many of their aspects in relation to
computer science. The overall quality of the presented results and the presenta-
tions was high. These talks and the two invited lectures made an excellent scien-
tific program.

The social program was highly cultural. It consisted of a nice organ concert
in an old church in Dornburg and an excursion to Weimar, die Stadt von Goethe
und Schiller. The conference dinner was in a restaurant on the top of the tower,
120 m high over Jena. Nice location together with Thuringian Cuisine created an
unforgettable experience.

The excellent organization, the very interesting and dense scientific program,
nice local beer, and the pleasant atmosphere among the participants made this a
very enjoyable meeting.

WG 2008 will be held in Durham, UK, and this is the first time the workshop
is leaving continental Europe. We are looking forward to it!
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Abstract

Programming languages developers are blessed with the availability of efficient,
powerful tools for parser generation. But even with automated help, the imple-
mentation of a parser remains often overly complex.

Although programs convey an unambiguous meaning, the parsers produced
for their syntax, specified by a context-free grammar, are most often nondeter-
ministic, and even ambiguous. Facing the limitations of traditional deterministic
parsers, developers have embraced general parsing techniques, capable of explor-
ing every nondeterministic choice, but at the expense of any unambiguity war-
ranty. The real challenge in a parser development lies then in the proper identifi-
cation and treatment of ambiguities—but these issues are undecidable.

In this thesis, we show two ways to better deal with nondeterminism while
keeping the guarantee of unambiguity: the use of noncanonical parsers, through
the examples of the Noncanonical LALR(1) and Shift-Resolve constructions, and
a conservative ambiguity detection algorithm. Both can be seen as the result of
a static analysis on the grammar. Guided by the intuition that most parsing tech-
niques operate a form of left-to-right depth-first walk in the derivation trees of
the grammar, we define the position graph of a grammar as the set of all these
walks, and a position automaton as a quotient of a position graph by an equiva-
lence relation between positions in derivation trees. We obtain various levels of
approximation when we choose refined or coarser equivalences, and thus posi-
tion automata provide a fairly general approximation framework, in which several
classical parser generation techniques can be expressed. In particular, the states
of a position automaton generalize the notion of items usually employed to denote
a position in a grammar. Besides the generation of noncanonical parsers and the
detection of ambiguity, we also apply position automata to two small problems,
namely the recognition of derivation trees by means of a finite state automaton,
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and the generation of canonical bottom-up parsers for LR(k) and strict determin-
istic grammars.

The two noncanonical parsing techniques that we study, called Noncanoni-
cal LALR(1) and Shift-Resolve parsing, contribute to the range of practical non-
canonical parsing methods, until now mostly reduced to Noncanonical SLR(1)
parsing. Noncanonical parsers rely on the remaining text to help choose between
parsing actions; they are able to perform parsing actions in this right context, and
pull back in order to use the information gathered there to help with resolving
earlier conflicts. They enforce both the unambiguity of the grammar and a linear
time parsing bound. Our Noncanonical LALR(1) construction is more than just
a step from simple lookaheads to contextual ones, as it can be seen as a generic
construction of a noncanonical parser from a canonical one. The Shift-Resolve
parsing construction further exploits position automata to compute the reduced
lookahead lengths it needs for each parsing action, but keeps these lengths finite
in order to preserve the linear parsing time complexity. It solves a major drawback
of noncanonical parsers, which are either limited to a reduced lookahead window
of fixed length, or in contrary not limited at all but with a quadratic parsing time
complexity in the worst case.

Our conservative algorithm for ambiguity detection follows some of the princi-
ples we designed in noncanonical parser constructions. The algorithm is designed
to work on any position automaton, allowing for various degrees of precision in
the ambiguity report, depending on the chosen position equivalence. Our method
is conservative in that it cannot return false negatives, and it is therefore safe to
employ a grammar it reports as unambiguous, for whatever level of approximation
we might choose. Thanks to the generality of the position automata framework,
other means for ambiguity detection can be compared formally to our technique,
and we prove that it generalizes in particular the LR-Regular tests. The practical
experiments conducted so far support the adequacy of the algorithm, and suggest
several developments that should be undertaken in the future.
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Abstract
The task of debugging can be arduous. A bug can be evident with a single glance,
or it can be hidden in the deepest lurking place of our program. Nevertheless,
surprisingly, debugging is one of the software processes that has been mostly
abandoned by the scientific community, and the same debugging techniques used
twenty years ago are still being used today.

The situation is not different regarding declarative languages. Or it is indeed
worst; because declarative languages can pose additional difficulties due, for in-
stance, to the lazy evaluation mechanism.

In this thesis, we revise the current debugging methods for declarative lan-
guages and we develop some new methods and techniques which are based on
profiling, program slicing, and algorithmic debugging. In short, the main contri-
butions of the thesis are:

• The definition of a profiling scheme for functional logic programs which
is based on the use of cost centers and that allows us to measure different
kinds of symbolic costs.

• The formulation of a new dynamic slicing technique based on redex trails,
its application to debugging and its adaptation for the specialization of mod-
ern multi-paradigm declarative programs.

• The introduction of a new algorithmic debugging scheme which combines
conventional algorithmic debugging with program slicing.

• The definition of three new strategies for algorithmic debugging.

• The development of a comparative study and a subsequent classification of
program slicing techniques and algorithmic debugging strategies.
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Abstract

The thesis is about a breadth-first exploration of logical concepts in cryptography
and their linguistic abstraction and model-theoretic combination in a comprehen-
sive logical system, called CPL (for Cryptographic Protocol Logic). We focus on
two fundamental aspects of cryptography. Namely, the security of communica-
tion (as opposed to security of storage) and cryptographic protocols (as opposed
to cryptographic operators). The logical concepts explored are the following.
P : the modal concepts of belief, knowledge, norms, provability,
space, and time. S : belief with error control, individual and
propositional knowledge, confidentiality norms, truth-functional and relevant (in
particular, intuitionistic) implication, multiple and complex truth values, and pro-
gram types. The distinguishing feature of CPL is that it unifies and refines a va-
riety of existing approaches. This feature is the result of our wholistic conception
of property-based (modal logics) and model-based (process algebra) formalisms.
We illustrate the expressiveness of CPL on representative requirements engineer-
ing case studies. Further, we extend (core) CPL (qualitative time) with rational-
valued time, i.e., time stamps, timed keys, and potentially drifting local clocks,
to tCPL (quantitative time). Our extension is conservative and provides further
evidence for Lamport’s claim that adding real time to an untimed formalism is re-
ally simple. Furthermore, we sketch an extension of (core) CPL with a notion of
probabilistic polynomial-time (PP) computation. We illustrate the expressiveness
of this extended logic (ppCPL) on tentative formalisation case studies of funda-
mental and applied concepts. Fundamental concepts: (1) one-way function, (2)
hard-core predicate, (3) computational indistinguishability, (4) (n-party) interac-
tive proof, and (5) (n-prover) zero-knowledge. Applied concepts: (1) security of
encryption schemes, (2) unforgeability of signature schemes, (3) attacks on en-
cryption schemes, (4) attacks on signature schemes, and (5) breaks of signature
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schemes. In the light of logic, adding PP to a formalism for cryptographic proto-
cols is perhaps also simple and can be achieved with an Ockham’s razor extension
of an existing core logic, namely CPL.

Moreover, we define: (1) message meaning; (2) message information content;
(3) protocol meaning; and, based on all that, (4) protocol information content.
From the meaning of a cryptographic message, we obtain (1) an equational def-
inition of its context-sensitivity, and (2) a formalisation of the first of Abadi and
Needham’s principles for prudent engineering practice for cryptographic proto-
cols. From the meaning of a cryptographic protocol, we obtain natural definitions
of the concepts of (1) a protocol invariant, (2) protocol safety, and (3) protocol
refinement. Last but not least, we show that protocol agents can be conceived as
evolving Scott information systems.

Keywords applied formal logic, information security.

URL http://library.epfl.ch/en/theses/?nr=3845

Contact simon.kramer@a3.epfl.ch
http://mtc.epfl.ch/~skramer/
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HISTORY AND ORGANIZATION

EATCS is an international organization founded in 1972. Its aim is to facilitate the exchange of
ideas and results among theoretical computer scientists as well as to stimulate cooperation between
the theoretical and the practical community in computer science.

Its activities are coordinated by the Council of EATCS, which elects a President, Vice Presidents,
and a Treasurer. Policy guidelines are determined by the Council and the General Assembly of
EATCS. This assembly is scheduled to take place during the annualInternationalColloquium on
Automata,Languages andProgramming (ICALP), the conference of EATCS.

MAJOR ACTIVITIES OF EATCS

- Organization of ICALP;

- Publication of the “Bulletin of the EATCS;”

- Award of research and academic careers prizes, including the “EATCS Award,” the “Gödel Prize”
(with SIGACT) and best papers awards at several top conferences;

- Active involvement in publications generally within theoretical computer science.

Other activities of EATCS include the sponsorship or the cooperation in the organization of vari-
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Theoretical Aspects of Computer Science), MFCS (Mathematical Foundations of Computer Sci-
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tectures), Workshop on Graph Theoretic Concepts in Computer Science, International Conference
on Application and Theory of Petri Nets, International Conference on Database Theory, Workshop
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Benefits offered by EATCS include:

- Subscription to the “Bulletin of the EATCS;”

- Reduced registration fees at various conferences;

- Reciprocity agreements with other organizations;

- 25% discount when purchasing ICALP proceedings;

- 25% discount in purchasing books from “EATCS Monographs” and “EATCS Texts;”

- Discount (about 70%) per individual annual subscription to “Theoretical Computer Science;”

- Discount (about 70%) per individual annual subscription to “Fundamenta Informaticae.”

(1) THE ICALP CONFERENCE

ICALP is an international conference covering all aspects of theoretical computer science and
now customarily taking place during the second or third week of July. Typical topics discussed
during recent ICALP conferences are: computability, automata theory, formal language theory,
analysis of algorithms, computational complexity, mathematical aspects of programming language
definition, logic and semantics of programming languages, foundations of logic programming,
theorem proving, software specification, computational geometry, data types and data structures,
theory of data bases and knowledge based systems, data security, cryptography, VLSI structures,
parallel and distributed computing, models of concurrency and robotics.
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(2) THE BULLETIN OF THE EATCS
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The Bulletin is a medium forrapid publication and wide distribution of material such as:

- EATCS matters;
- Technical contributions;
- Columns;
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(3) OTHER PUBLICATIONS
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lication within theoretical computer science.

These include theEATCS Textsand theEATCS Monographspublished by Springer-Verlag and
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and A. Salomaa (Turku). Potential authors should contact one of the editors.

EATCS members can purchase books from the series with 25% discount. Order should be sent to:
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who acknowledges EATCS membership and forwards the order to Springer-Verlag.
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